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In so-called advanced materials such as structural ceramics, ceramic and
metal-matrix composites, polycrystalline intermetallic alloys, interfacial and
intergranular fracture are common and may, in large part, determine the material’s
overall mechanical response. The crack tip stress singularities are an important
factor for interfacial and intergranular fracture. The stresses near the tips of the
crack are proportional to r! where A is the eigenvalue. Therefore, determination
of the eigenvalue is an interesting research topic.

Williams [1] was probably the first to carry out tip singularity analysis in
dissimilar media by using the eigenfunction method. He has shown that the
eigenvalues for interface cracks in linear elasticity are complex and the real part
of the lowest eigenvalue is 1/2. Later, Zak and Williams [2] used the same
method to analyse the stress singularities of a crack tip in a material which
terminates perpendicularly at the interface between two materials. The result
shows that the eigenvalues are real, the lowest one, however, is not 1/2 and
depends on elastic constants of the bimaterial. It gives strictly a monotonic decay
of stress. This behaviour is characteristically different from the associated case
[1] when the crack lies along the interface.

This paper gives numerical results of the eigenvalues of a crack tip which
terminates at the inclined interface (Fig. 1). The inclined angles ¢ = 0° and
¢ = 90° correspond to the cases studied in [1,2].

Consider a semi-infinite crack in material 1. The crack terminates at the
inclined interface between material 1 and material 2 as shown in Fig. 1. Assume
a polar coordinate system at the crack tip with the interface along 6 = ¢.
Poisson’s ratio and the shear modulus for each material are v,and p, i = 1,2.

Using William’s method [1,2] and introducing product solution of the
biharmonic equation

Ur®)=r"'F®), i=123 (1)
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where

F.(8)=a,sin(A+ 1)+ b,cos(A+ 1) +¢;sin(b— 1)+ d, cos(A— 1) (2)

Three stress functions are required in order to pose this three region problem.
The stresses and displacements are:

_U; 13U *UF @)+ (A + 1)F,(®
O, e r o =r"" [F;(0)+ (A + 1)F;(0)]
oU,;
O == =AA+ 1)r'* " 'F(6)
or
10°U;, 19U,

_ 4 L .2 P (3)
YT 5 o T )

U, = —Zir"{—(K +1)F;(0)+ (1 +x;)[c; sin(A— 1)8 +d; cos(A—1)0]}

1
Uy =

& =g {-Fi®) = (1+ %) [¢;cos(h—1)B ~d;sin(h— 1B}

The boundary conditions-traction free crack surface and continuity of traction and

displacements across the interface provide twelve equations in twelve unknowns
(a,b,c,d, i=12,3).

0,1=0 0 =+m (4.1)
Too1 =0 0= +n (4.2)
Op1 = Oyp2 0= d) (43)
Tro1 = Troz =¢ (4.4)
Upl = Upz 0=4¢ (4.5)
Uy = Upg 0=4¢ (4.6)
Ops = Oy 0=¢—m (4.7)
Tro2 = Tres 0=¢—m (4.8)
Upy = Upg 6 = ¢ -7 (4.9)
Uge = Ups 0= QS - (4.10)
O3 =0 0=—=x (4.11)
i S (4.12)
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Because the equations are homogeneous, a solution exists only for those
where the determinant of the coefficient matrix for the system of linear equations

vanishes. The values which make the determinant zero are the eigenvalues of the
problem. The determinant can be written as

fA)=det |A =0 ()
It is a tiresome task to derive the characteristic equation from (5). The
derived analytic equation will be a complicated transcendental equation which can
only be solved by the iterative method. Therefore, we use directly the Gaussian
elimination method with partial pivoting to evaluate numerically determinant (5)
and Muller’s iterative method [3] to find the eigenvalues instead of deriving the
characteristic equation.

The Muller’s method is based on quadratic interpolation of the last three
estimates. We give the solution procedure as follows:

Ay A, A, are the initial estimates.

fo=fy), =), =) (6)

2, == 1)/ =2 (7)

Iterative algorithm: (i > 2)

=1+z

8; =fi-2zi2 _f;—lsiz +fi(z;+9)

2£5;
T (8)
8 i\/8i2“4fi5izi(fi—2zi —fi-10:+ 1)
hivi =2, —h
M =h+h,

we are concerned only with those values of A which may lead to singularities in
the stress at the crack point. It can easily be shown that this condition
corresponds to a requirement that the real part of A lies between 0 and 1.
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Numerical results are shown in Tables 1,2,3. Tables 1-3 give the eigenval-
ues for three cases: (1) v, =v,=0.3; (2) v, =0.3,v,=0.35and (3) v, = 0.35, v, =
0.3. Based on the results obtained in the study, the following conclusions can be
drawn:

1) It is interesting to note that as material M1 becomes harder with respect to
M2, that is M1 has a larger elastic modulus than M2, the strength of the
singularity, which is equal to (A - 1), increases. In fact in the limit as p/p, — oo,
it can be shown that the strongest singularity, A — 0, is produced.

2) There is a critical angle ¢_ for various material combinations /i, V,/0,.
The eigenvalues are real if ¢ > ¢_and otherwise it will be complex. For example,

q)c = 100 WhenDI:U2=O_3 ul/p’l?_ 5
¢c =(0°when Vv, =0,= 03 ul/u2 =1
¢, =90° whenv, =0.3,0,=0.35, p/u,=1

3) In most cases we have either two real eigenvalues or a pair of conjugate
complex. For ¢ =90 ° the eigenvalue is a real number which is consistent with
results obtained in [2,4].
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Figure 1.
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