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ASYMPTOTIC FIELDS NEAR THE CRACK TIP IN
ELASTIC-PERFECTLY PLASTIC CRYSTALS

WANG TZU-CHIANG
Institute of Mechanics, Academia Sinica, Chinese Academy of Science, Beijing

Abstract—The basic equations of plane strain problem for the elastic—perfectly plastic crystals with double
slip systems have been presented in the basis of three dimensional flow theory of crystal plasticity. Using
these equations the stationary crack tip stress and deformation fields are analysed for tensile load. The
fields involve an elastic angular sector and are fully continuous. An asymptotic solution is also obtained
for the steadily growing crack that consists of five angular sectors: two plastic angular sectors in the front
of the crack tip connected with the boundary on which the associated velocity field has discontinuities;
a secondary plastic angular sector near the crack face; two elastically unload angular sectors connected
with the boundary on which the discontinuity of the associated velocity field occurs. The asymptotoic
solution is not unique. A family of solutions is obtained. Finally, the application of these solutions on
both FCC and BCC crystals is discussed.

1. INTRODUCTION

RECENT YEARS crack tip stress and deformation fields for elastic—plastic crystals have attracted
scientists’ attention. The first reason for that may be denoted to the developments of micro fracture
mechanics. The second reason is due to application of crystal element on engineering practice which
shows some special advantages.

Rice and Nikolic[1] have firstly presented the analysis of elastic—perfectly plastic crack tip
response of crystals in anti-plane shear. For stationary cracks they got complete field solution. For
growing cracks, they obtained the asymptotic solution.

The strain hardening effect has been considered by Rice and Saeedvafa[2] and the solution of
HRR singularity type has been obtained.

The nearest work given by Rice[3] shows the crack tip stress and deformation fields for tensile
loaded perfectly plastic crystals. The crack tip fields are assembled by four angular sectors and
shown to change discontinuously from sector to sector for a stationary crack. The asymptotic
solution of growing crack consists also of four angular sectors.

But as pointed out by Rice[3], the asymptotic solution is not unique. This paper presents
the analysis of crack tip stress and deformation fields for tensile loaded elastic—perfectly plastic
crystals.

The basic equations of plane strain problem for the elastic—perfectly plastic crystals with
double slip systems have been presented in the basis of three-dimensional flow theory of crystal
plasticity.

Using these equations the stationary crack tip fields are analysed for tensile load.

The fields are assembled by three angular sectors: a plastic zone in the front of the crack; a
plastic zone near the crack face; an elastic zone between two plastic zones. The stress and
displacement fields are fully continuous.

In the plastic zone ahead of the crack there is a concentrated plastic shear zone between two
rays: the first ray is along the active slip direction traces and the second ray is perpendicular to
the active slip plane traces.

In the plastic zone near crack face there is also a concentrated plastic shear zone.

The assembly of growing crack tip field involves five angular sectors: two plastic
zones ahead of crack; a secondary plastic zone near crack face; two elastic unloaded zones
between them. The present solutions contain a free parameter and give a family of crack tip
fields.

Finally the application of these solutions on the FCC and BCC crystals are considered and
associated crack tip stress and strain fields are obtained for FCC and BCC crystals.
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2. BASIC EQUATION

For the sake of simplicity, we start from the analysis of double slip plane model of crystal
proposed by Asarof4]. In the sixth section of this paper, the application of the present results on
FCC and BCC crystals will be discussed.

As shown in Fig. 1, the plane model of double slip involves two slip systems: the primary slip
system and the conjugate slip system.

Using this model, Asaro[4] has successfully demonstrated the complex phenomena of latent
hardening and rotation of crystals.

Imagine the crack plane lies on the symmetric plane and set up a fixed Cartesian coordinate
system O0XYZ (Fig. 2) centered at the initial crack tip. The (x,, x,, x,) is the tensor description of
(x,y, z).

Let m®, n¥ be the unit vectors defining the slip direction and normal direction of slip plane
of primary slip system respectively.

Let m?@, n) be the unit vectors along slip direction and slip plane normal of conjugate slip
system, respectively.

Consider the plane strain problem of elastic—perfectly plastic crystals.

Assume the deformation gradient is small and the effects of rotation of crystal direction on
the equilibrium equation and deformation are neglected. Apparently both are important for future
work.

2.1. Yield condition

According to the Schmid rule, the yield condition for elastic—perfectly plastic crystals can be
expressed

1@ =1, 2.1

where t is the resolved shear stress of the ath slip system, t™ is the critical shear stress of the
ath slip system.

If we take the opposite slip as another slip system, there are four slip systems
altogether.

Consider only isotropic yielding and neglect the Bauchinger effect. We have

@W=1, a=1,2734
For resolved shear stress, we have formula
19 =¢: P® =0, Py, 2.2)
here
P® = {(m® ® n® + n” ® m®). (2.3)

For the sake of convenience, we can express the vector with a column and the second order
tensor with a matrix.

mth

(1)
n ¢O

n r

X
m(2) 8§ )
0

Fig. 1. Plane model of primary-conjugate slip systems. Fig. 2. Fixed cartesian coordinate system.
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We have
Y = { —sin ¢, cos@, O}F
m?={ cos g, —sing, 0T
n® = { —sin @, cosp, 0}F
[ —sin 2 —cos 2
P = % cos 2(,0(30 sir? ;(p‘:’o g 24
| 0 0 0
" —sin - 0
P® =% ——zos i(:::, sic: ;;Z"O 0 (2.5)
0 0 0
PO = —ph, PH=_PO,
From eqs (2.2), (2.4) and (2.5), it follows
1™ =3(0, — 6,)sin 29, + 7,,c0s 29,
1@ = (0, — 6,)sin 29, + 1,,€08 20, (2.6)
In the polar coordinates (r, §), we have
10 = — (64— 0,)sin 2(8 — @) + 7,008 2(6 — @),
1@ = (gy — 0,)sin 2(0 + @) — 7,4 C08 2(6 + @y). Q.7
2.2. Constitutive relation
The constitutive relation of crystals can be taken in the form,
D,= (—1—}"—) - %5,f¢kk +D?, (2.8)
where D is strain rate tensor. D} is plastic strain rate tensor,
D7 = il P@y@  p =4, 29

here y©® is the slip shear rate of the «th slip system. For continued active slip system §® > 0,
otherwise 7@ = 0.

The relation between strain rate tensor and velocity field is
D, =3(3V,/0x,+ 8V, /ox,). (2.10)
For plane strain, we have
Dy =D =D, =0

Noting

D%, = DI, = D{,= 0, we obtain

G3=06p=0,

Gy =v(d), + d5).
Using the above formulas, eq. (2.8) becomes

1. Voo
Da8=ﬂa¢!5-§;6¢ﬂaﬁp+D£B! (2.11)
where p is the shear modulus and y = E/2(1 + v). The Greek indices o, §, p, ran over 1 and 2 only.
The repeated indices imply summation convention.
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2.3. Stress function and stress components
The equilibrium equation is identically satisfied through introducing the stress function ¢,

e de

6, ==, O,=—s, T,=— .
Coy? Yooaxt 0x dy

The stress function ¢ of the asymptotic field can be expressed as
¢ =r’F(9) (2.12)
Using the stress function, the yield condition becomes
T =1F"sin 2(0 — o) — F’ cos 2(8 — @,) = 1.,
1@ = —1F"sin 2(6 + @) + F' cos 2(6 + @) = t.. (2.13)

3. STRESS AND DEFORMATION FIELDS NEAR STATIONARY CRACK

As shown in Fig. 3, the crack tip zone is assembled by three angular sectors. The domains
A and C are plastic zones and the domain B is an elastic zone.

Consider a pure mode I crack. Due to symmetry, we only consider the upper half plane.

In domain A, two slip systems will simultaneously attain yield. For the first equation of
formula (2.13), we obtain

A
F=%sin2(9-¢0)7°cos2(9—<0o)+/1?" G.1)

Hence the plastic zone is a constant stress zone. Noting 8§ =0, 7, = 0, it follows
Ay = —1.€08 20, /sin 2¢,,

Tc

= 3o o, [cos 20 + A,]. (3.2)

From eq. (3.2), we arrive at
1@ = — 1F"sin 2(0 + @,) + F'cos 2(8 + @) = ..

It means that the primary slip system and the conjugate slip system are simultaneously active
in domain A.
Similarly we obtain (in domain C),

k* T
=5 1 —cos29), k*=-—"_.
2 [1—cos20], & sin 2¢,
We have
W =19 = —7_, in domain C.

In elastic zone B, we have

*
F=%[l —c0s 28]+ B¥(1 —cos 2(6 + B)) + B¥(® — B —isin 2(0 + B)) + B¥ cos 20 + B} sin 26.

Is A

C A
B a

o
Fig. 3. Assembly of angular sectors for a stationary crack.
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On boundary I'p, since the stress components are completely continuous, it results in
B} = B¥ = BY =0. We obtain

*
F=]i2-[1 —cos 201+ B¥[0 — B — isin 2(0 + B)],

where f =n — B, B is the angle between the boundary I'y and the crack face.
From the complete continuity of stress components on boundary I',, we find

]%k(./?1 +cos 20) = I%*(l —~cos2a) + B¥[a + B —n —1sin 2(a + B)]
—k*sin 20 = k*sin 2a + B¥[1 — cos 2(x + B)),
—2k*cos 20 = 2k* cos 2o + 2B¥ sin 2(xx + f). (3.3)

The last two formulas of eq. (2.13) can be represented as

B¥sin 2(a + ) = —2k* cos 2,

B¥[1 —cos 2(a + B)] = —2k* sin 2a.

Eliminating B} from above formulas, we arrive at

cos2f —cos 2a = 0.

It means that o = f or f == —«; the latter case removes the domain B. It is not a true
solution, and must be ruled out. We have

o=pf, B¥=—k*/sin2a,
_ : (3.4)
A, =1+ 2(n ~ 2a)/sin 2a,
([ k* -
> [cos 260 + A,], in domain A
k* . Lo . .
F=< 7[1 —cos20]+ B¥ —3sin2(8 + B), in domain B
k*
L 7[1 —cos 20]. in domain C (3.5)

The angle a is an unknown parameter which needs to be determined in the following
discussion.
In domain B, we find

1= —1,+ B¥[cos 2(B + ¢,) — cos 2(6 — @)}, (36)
1@ = — 1 + B¥[cos 2(B + @) — ¢cos 2(0 — ¢,)},
) k*
‘d—r——- = — Sin 2(0 - ‘PO),
de sin 2o 7
dt® kx| ¢
30 = sna sin 2(6 — ¢,).

It can be seen that the extreme points of 1" are § = ¢, and 6 = (n/2) + ¢,, the extreme points of
1@ are 0 =(n/2) — @, and 9 =7 — ¢,.

At 8 = Py,

0 gy - 2SI+ @0)
T sin 24 sin 2¢,



934 WANG TZU-CHIANG

AtO =2+ 0,
2
L0 = *Zchosz(/} + @) _
mn sin 2at sin 2¢, ¢
At 8 =1 — @,
@ _ .2 — —21:0 Sinz(ﬁ + q’O)
T =Thn = T . — T
sin 2a sin 2¢,
n
At 0 == — g,
3 Do
2
T(Z) ‘—‘T(” _ 2‘l'-c COS ()B + (PO) 1

max — c*

sin 2¢, sin 2

Since the yield constraint condition should be satisfied in domain B, hence we have
a=B=q@a=p2(/2)— @,

In fact, if @ < ¢,, then the angle § = n — ¢, must lie in domain B, and t? =193 < —1..

On the other hand, if a < (n/2) — ¢,, the angle 8 =(n/2) + ¢, is within domain B and
W=7l < —1,.

Thus we confirm that

4
a = f > max {‘Po, 37 900}- (3.8)

Consider now the deformation field in domain A. From eq. (2.9), we find

D, = _%(?1 + 7,)sin 2¢,,
D3, =13(j, + 7,)sin 2, 3.9
DY, = %('}}1 — 72)C08 20,

{ D! = —Df =1{j,sin 20 — @y) — 5, 8in 20 + 9,)},

P _ L . (3.10)
D}y =31{yic0os 20 — @) — > c0s 2(0 + 9,)},

where DF, D}, D, are strain rate components in polar coordinates and 7,, y, are the slip shear rate
of primary and conjugate slip systems, respectively.

Because domain A is a constant stress zone, hence the elastic strain rate vanishes in the
asymptotic sense. The singularity part of strain rate is due to plastic strain rate.

Let

| |
= L5 =0
h=n0), F==7:(0),
eq. (2.10) has the form (in polar coordinates),

( av,
D =—=,
" or

10V, V,
1 De=o—r+ G.11)

LoV, ov, v,
| =Tty T
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Using the first two formulas of eq. (3.11), we find

V,= —h(6)In (R> —£5(6),

r

(3.12)
R
Vo=H(0)1n (7) — H(®)+ £,(0),
here
h(8) =47 sin 28 = o) — 7, in 28 + @o)),
H(0)=jh(6) dé. (3.13)
Substituting eq. (3.12) into the third formula of eq. (3.11), it follows
1 R 1 | . ~
=0 (F IO+ HON = (4 5 = F;cos 260 — 00) ~Fcos 26 + gl
Thus we obtain following compatibility equations:
H"(8)+ H(0)=0, (3.14)
o4 fo = 7208 2(8 + @y) — 7, €08 2(6 — @y). (3.15)
From eq. (3.14), we find
H(@@)=A,sin0 — A,cos 8,
{h(6)=Alcos0+A2 sin 6. (3.16)

Due to egs (3.13) and (3.15), we arrive at

{)7 = —{sin 2(0 + @o)[f o + /o] +cos 2(0 + @,)-2h(6)}/sin 4,
)= —{sin 2(0 — @,) [/ + fo] + cos 2(8 — @,)-2h(0)}/sin 4¢,. 3.17)
At 8 =0, V, =0, hence 4, =0. Domain B is an elastic zone, so that the strain rate and velocity
fields have nonsingularity.
For stationary crack, the normal component ¥ of velocity should be continuous across the

boundary I',.
Thus we have A4, =0. It results in

h(8) = H(®) = 0. (3.18)
{')Zx = —sin 2(6 + @o)[f4 + fol/sin 4g,,
Y, = —sin 2(0 — @) [ fo + fol/sin 4¢,.

If @o> (n/4), thus o = @,. In domain 0 <0 < (n/2) - ¢,, the functions sin 2(f — ¢,) and
sin 2(6 + ¢,) have different signs. In order to confirm that

720, 5,20, (3.20)

(3.19)

we must have
n -~ ~
Lfe+41=0, 0<05—¢o, N =7.=0.

In domain (n/2) — @yf < ¢y, the functions sin 2(8 + ¢,) and sin 2(# — ¢,) are minus. Hence the
constraint condition will be met if and only if

o +fo<0.

In a similar way, we find

P <0<

{[fg +£]=0,
h=9,=0.
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Anyway there is a concentrated strain zone in domain A. The strain rate has singularity of
type 1/r in domain

4
5—%9 < @,

Similarly, there is a concentrated strain zone in domain C.
It is worth noting that the angle o is a free parameter which needs to be determined from the
analysis of complete solution. But the following constraint condition should be met

n 1
Max{(l’o, 37 q’o} < “‘2‘-

4. STRESS AND DEFORMATION FIELDS NEAR GROWING CRACK TIP

As shown in Fig. 4, the polar coordinate system (r, ) is moving with crack tip. According
to McClintock[5], Slepyan[6], Rice et al.[7] and Gaof[8], the tip zone for a steadily growing crack
involves an elastic unloading zone and a secondary plastic zone.

Figure 5 shows an optional assembly of sectors for a steadily growing crack: the angular
sectors A and B are plastic zones; the sector D is a secondary plastic zone and the sector C is a
elastic unloading zone.

The stress function of asymptotic field can be expressed[7]

¢ =r’F(9)
(k* -
5 fcos 20 + 4], in domains A and B
ct % . . .
F(G):{ TI",(G)+T+C3+C4[I —cos 2(6 — B)]+ Cssin2(8 — B), in domain C 4.1)
k*
7[1 — cos 246], in domain D
-
k* = 1,/sin 20, @.2)
where
F,(0)=( —cos26)Insin 8 — 0 -sin 26 — cos? 6. 4.3)

As pointed out by Drugan and Rice[9], for a quasistatically growing crack, any moving surface
whose normal is inclined with the moving direction, is not a discontinuity surface. Hence on
boundary I'y and I'(, full stress components are continuous. We find that

C* Cc* k* _
—LF,(B) +—= B + Cy =— (4, +cos 2B),
4 4 2
* %
%‘—F;(ﬂ) +%+ 2C,= —k*sin 28, 4.4

CH(lnsin 8 — F,(f)) +4C,= —2k*cos 28,

0] X 8

o

Q

Fig. 4. Polar coordinates (r,8) centered at the moving Fig. 5. An optional assembly of four angular sectors for a
crack tip. steady growing crack.
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Cct Ccx

. k*
TFS()T)+—4—)7 + C;+ C[1 —cos2(f — B)) + Cssin 2(5 — B) =—2~[1 —cos 2y],

C* *
T‘F;(?) +§4—2-+ 2C,sin 2(7 — B) + 2Cscos8 2(7 — B) = —k* sin 2y, 4.5)

C¥(nsinj — F,()) + 4C,cos 2(7 — ) —4Csin 2(7 — ) = 2k* cos 2y,

here y is the angle between I'. and the crack face. 7 = n — y; the inclined angle of I'y with respect
to x axis.
Let

x¥=Ct/4, x¥=C¥/4
From egs. (4.4)—(4.5), it follows

ayx, + apx; = by,
ayx,+ apx;, =b,, (4.6)
ay x, + ayx; = by,

where

(a), = F/(7) +2sin 2 — B)[F.(B) — Insin B] — cos 2(7 — B)F;(B),

a,;=1-—cos2(y — B), 4.7
L b= —2k*sin 2y,

AL

(ay =Insin§ — F,(7) — [Insin f — F,(B)]cos 2(7 — B) +1F:(7) sin 2(7 — B),
‘Lazz = 3sin 2(7 — B), 4.8)

by=k*cos2

ay = F,(7) = F,(B) — [In'sin § — F,(B)}[1 — cos 2(7 — B)] — 3 F;(B) sin 2(y — B),
ap =7~ B —3sin2(5 — ), (4.9)
by=31k*[1 — 4, —2cos 2y].

For a given y, one can get the solution of x,, x,, 4, from eq. (4.6), then all coefficients
c¥, ¢, ¢, ¢4, cs and stress field near crack tip. But we need to check the solution in order to confirm
all constraint conditions to be satisfied.

Firstly the yield constraint condition should be met in domains C and D:

—1. < (l)s
{ ST St (4.10)

_rc g T(z) < Tc'

Secondly the velocity discontinuity may occur on boundary I', or I'y, I'¢, but they must obey
some additional constraint conditions. In the next section we will prove that

CitgB —C, <0, 4.11)
n
B = Max (%’ 5_%)' (4.12)

The calculation is carried out for @, = 54.74°. We do not find any suitable angle y, at which
the eq. (4.6) and the constraint conditions (4.10), (4.11) are simultaneously satisfied. Hence this
option is ruled out.

The other option is shown in Fig. 6. The assembly of sectors involves five angular sectors. The
domains A, B are constant stress zones; domains C, D are elastic unloading zones; domain E is
a secondary plastic zone. The velocity discontinuity may occur on boundary I'y, 'y and I¢.
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Fig. 6. Another optional assembly of five angular sectors for a steady growing crack.

As pointed out by Rice[3], the velocity discontinuity ray must have the direction of slip plane traces
or normal traces of slip plane. Hence we have

a = Min ((Po, L 990),
2
n

B = Max ((Po, 77 (Po)-

n

“=§“(P09 B =,

Thus the velocity jump is slip-type shear on I'y but kinking-type shear on I',.
The stress function of asymptotic field can be expressed as

- ¢ =r’F(9), (4.13)
7[1, +cos26], in domain A and B

When ¢, = (n/4), we have

* *
Ci —FEO+ CE g 1+ C[1—cos (6 — B)] + Cysin 20 — f), in domain C

F(8) = < (4.14)
*
D F(0)+ by —= 0 + Dy + D,[(—cos 2(0 — )] + Dssin2(@ — ), in domain D

k*
—2—[1 —¢os 20], in domain E.

~

Due to continuity of stress components on I'y, we find

r

k* ct Ccs
Cs == (4, +cos 28) — = Fs(B) — = 4,
q Co=— g:cos 2p —§4i(ln sin B) — F,(B), (4.15)
= - %singp - TED L

L 8

The continuity of stress components on I'j, results in

D
(D3=-—(I-—cos2y)———F(y)
k* .. Dt o -
< D4=—2—cos(2y)—T[ln sin 7 — F,(7)), (4.16)
*oo.o DY FQG) .
\Ds— 5 sin 27 — ) 3 s D3
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From the stress continuity on I'¢, it follows that

€20 g+ CE2PD g4 (¢ D)+ il —cos 2 — Bl + Cssin 28 — )
— D[l — cos 28 — 7)] + Dssin 2(f — ) = 0, 4.17)
i(CFr—D¥F.(B) +1(C¥—D3$)+2C,sin 2(f — B) + 2C; cos 2(f — B)
—2D,sin2(f —y) —2Dscos 2(f —y) =0, (4.18)
(C¥—D¥(Insin f — F,(f)) +4C,cos 2(f — B) — 4C;sin 2(f — B)
— 4D, cos 2(f — 7) — 4D, sin 2(f — §) = 0. 4.19)
On I, velocity jump occurs, we have

@=—1, (ort®W=—-1). (4.20)

On the other hand, the normal velocity component must be continuous across I',, it yields
(the proof will be given in the next section)

C¥sinff —C¥cosff =D¥sinff — D¥cos f. 4.21)

Hence we have

D¥=D¥cosf + C¥,
422
{D;“=D§sinﬂ+C§". (422)
In the next section we will find the following constraint condition:
D¥<0. (4.23)
Let
_¢ __c __b¢
x1—4tc, T4, T 4
From eqs (4.17)-(4.19), (4.20) and (4.23), it follows
a; X, + apx; = by,
a2|x| + a22x2 + (123)C3 = bz, (424)
a3 X| + apX; + apXxy = by,
here
(ay =F{(B)+2[nsin B — F,(B)sin 48 — F (B) cos 4,
a,=1—cosdf, b =-2,
ay = F{(B) + 2(Insin 7 — F,(7)]sin 2(8 —y) — F.(7)cos 2(B — ),
4 a22=1—C082(ﬂ—’y), b2=0,
(4.25)

ay=d, —dy, ap=dy—dp,,
a33 = d22 Sin ﬂ + d2| COS ﬂ,
(123 = a22 Sln ﬂ - a2| cos ﬁ,

L b, = cos 2B /sin 2¢,.
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dy = [Insin § — F,(B)] — [Insin § — F,(B)]cos 48 — 1F;(B) sin 4p,
d,=1sindf,  dy=1sin2(B —7y), (4.26)
dy = [Insin f — F,(f)] — [Insin § — F,(7)]cos 2(8 — y) — 1 F;(7) sin 2(8 — ).

For a given angle y, the solution of x|, x,, x; is obtained from eq. (4.24). Then get all
coefficients. Check now the following constraint conditions:
On domains C, D, we have

e <,
{|T(2’| <. 4.27)
For coefficients C¥, C¥, D¥, we have
C¥tgf—C¥<0,
{ D ég : (4.28)

The calculation is carried out for ¢, = 54.74°. Thus a = 35.26°, B = @, = 54.74°.

The calculation shows that the correct solution is obtained for each y when 9.009° <y < 12.7°.
The solutions satisfy all asymptotic equations and full constraint conditions.

For y =12.7°, the present result is completely coincident with the result given by Rice[3].

The stress distribution along circumferential direction is shown in Fig. 7. The velocity field
is continuous across the boundary I',.

Hence the difference between domains A and B is only the strain rate field. There is a
concentrated shear strain on domain B.

The resolved shear stresses " and t® are shown in Fig. 8, for y = 12.7°. On the front crack,
W = 1@ = 1_; near the crack face, 1) = 1@ = —z_. It means that, the primary and conjugate slip
systems are simultaneously active on domains A and B, but sliding in opposite directions on
domain E.

Figure 9 shows the stress distribution along circumferential direction for y =9.009°.
Figure 10 shows the resolved shear stress for y =9.009°.

The calculation confirms that the boundaries I', I'y and I'c have a velocity jump.

5. VELOCITY AND DEFORMATION FIELDS NEAR GROWING CRACK TIP

The analysis of velocity field is an essential part for asymptotic solution of a steadily growing
crack.

]
20 40 80 100 120 140 160 180 8°

Fig. 7. Stress distribution at the crack tip along the circumferential direction for the elastic—perfectly plastic
crystals undergoing double slips in the case y = 12.7°.
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Fig. 8. Resolved shear stresses at the crack tip along the circumferential direction for the elastic—perfectly
plastic crystals the same as Fig. 7.
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Fig. 9. Stress distribution at the crack tip for the crystals the same as Fig. 7 in the case y = 9.007°.
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Fig. 10. Resolved shear stresses at the crack tip for the crystals the same as Fig. 9 in the case y = 9.007°.
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For a fixed material point, the polar coordinates (r, 8) are the functions of the crack length

a and the material coordinates x,, x,. We have

x;=Aa +r cos @,
X,=Aa + rsin 0,

Aa =a —q,

<g—;> = —cos 8,
M
<g> =3sin#.

5.1. Velocity fields in domain A and B

We have
V,=H(8)In ) —f0(0),
= H(®) ln ) — H(0) + £,(6),

{ 1= — {sin 2(0 + @o) (f7 +£;) + cos 2(6 + @,)- 2h(0)}/sin 4¢,,
o= — {sin 200 + @, ) (S5 + fo) + €05 2(8 + @) 2h(8)}/sin 4¢,,
h(6)=A,cosf, . .

{H(B) — A, sind, in domain A
h(8)= B,cosf + B,sinf, . .

B

{H(B) — B sinf — B,cosp, ™ domain

At 0 =0,

F1 = —{sin 20, (f§ + f3) + cos 2, 2h(0)}/sin 4o,
= —{ —sin 2¢,(f§ + /) + cos 2¢,-2h(0)}/sin 4¢,.

Due to 7, = 0,7 >0, it follows

24, =2h(0) < ~[tg 200(f5 + fo)o=ol <O.

The normal velocity component is continuous across the boundary I, it results in

B, =Bycosa + A4,, B, = B, sina,
h(6) = Bycos(@ —a) + A, cos 6,
H(0)= B,sin(@ —a)+ A, sin 6.

(5.1)

(5.2)

(5.3)

(5.5

(5.6)

5.7

(5.8)

The plastic deformation work rate is non-negative when a material element passes through

the boundary I',. Thus we have
Tns[Vs]rA 2 0
It results in B, < 0.
When ¢, = (n/4), we have a = (n/2) — @y, f = @,.
In domain A, 0<0 < (n/2)—~

sin 2(6 — o) <0, sin2(8 + ¢y) = 0.
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Let
€05 2(0 — @q)
o =2h0) 6 ———|. 5.9
§+Jo=2h( )[6 20— (59)
Substitute into eq. (5.4), we find
5, = —8-2h(0)sin 2(8 — @,)/sin 4¢,.
Noting #(0) = A, cos 8 <0, while 4, #0, we obtain § >0
- -sin 4 ) )
7= {Mé—L(Zo) + 6 sin2(0 + qoo)}Zh (8)/sin 49,
1 sin 2(0 + @,)
=2h(0 o =0. 5.10
h( ){sin 20 —90) T ° sindg, (5-10)
Hence if 4, #0,6 >0 and eq. (5.9) holds true, we confirm that y, >0, y, > 0.
When A4, =0, we arrive at
{ 2 +j.:° =0 in domain A
Nh=7=0
Consider now the velocity field in domain B. We have
B, <0, h(0)<0.
When B, or A, is not equal to zero, assume that
cos 2(0 — ¢,)
o =2h0)| 6 ———+——1|
0 +Jo=2h( )[ sin 20 — ¢o)
If § >0, thus 7,>0. We find
- 1 sin 2(0 + ¢y)
=2h(0 .
"= 2h( ){sin 30 —o0) T 0 sindo,
In order to keep 7 = 0, & must be small enough.
5.2, Velocity field in elastic unloading zone
The stress rate function in domain C is
¢ = arf(6), (5-11)
S(68)=F'(0)sinB — 2F cos 6. (5.12)
It results in
0.'9 = 1.:,9 = 0,
.oa_,, 5.13
6, =S1" +1). G5
Using above equations and formula (4.1), we find
G, = g [C*cos 8 + C¥sin 0]. (5.14)
The elastic constitutive equations have the form
p,=0="s 0=V v o4 crsing,
2u 2u r
Dy=— g =— " hO
3 2 (1=v) r (5.15)
D,.g = 0,
11— .
(@) =" 2;4V) a[C* cos 6 + C¥ sin 6].

-

EFM 35/6—B
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From the first two formulas of eq. (5.15), it follows

V,= —h(8)In <R> A0

¥

R v

Substituting the above formula onto the third formula of eq. (5.15), we obtain

}-m(ﬁ)[H"WLH]—l g+f0]+3[ -—1}11(9):0.
¥ ¥ ¥ r

H(8) + £o(0).

v

(t—v)

Hence we have
H'+H=0,

14 — —._Y_..... —
0 +ﬂ)—((l ) 1>H(9).
Apparently eq. (5.17) is met, because

H(0)=Jh(6)d9 =j(1

Z‘HV)a[cr cos § + C¥ sin 6] d6

_a-v)

a[C¥sinf — C¥cos 8]+ C¥.

Let C¥ =0, eq. (5.17) is satisfied.

Define

(1-v)
2u

h(8)=C,cos 8 — C,sin 8,
H(@)=C,sinf — C,cos 6.

l_.
U=V er, =420
2u

| =

acy.

We have

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

Comparing eq. (5.16) with eq. (5.3), one can see that the major singularity term of velocity
is the same on both the elastic unloading zone and plastic zones A and B, but the nonsingularity
term of velocity is a little bit different. If and only if v = 1/2, the nonsingularity term is the same.

Consider now the constraint condition for coefficients C, and C,.

The normal velocity component has non-jump on the boundary I'y. Hence we have

C,sin f — C,cos f = B, sin § — B, cos §.
It follows

CitgB — Cy=(Bycoso + A)tg f — Bysina = Bysin(f —a)/cos B+ A, tg B <0

It is the constraint condition (4.11) and (4.18).
In a similar way, we obtain the velocity field on domain D:

h(@)y= D,cos8 + D,sin 8,
H(8)=D,sin8 — D,cos 8,

(I1-v)
2u
(-v)
2u

The continuity of normal velocity on I', yields
C,sin f — C,cos f = D,sin f — D,cos f.

D, = aDn¥,

2 ab¥.

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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Thus
C¥*sin f — C¥cos f = D¥sin fD#* cos f. (5.26)
It is the formula (4.21). From eq. (5.26), we arrive at

{Di“ =D¥cos f+ C¥,

5.27
¥=D¥sinf + C*. (3.27)

When a material element transverses across the I'., the plastic work rate should be
non-negative. Thus

DF<0. (5.28)

6. APPLICATION ON FCC AND BCC CRYSTALS

The crystal axis coordinates for FCC and BCC crystals are shown in Fig. 11. The x,, y,, z,
axes are along the [100], [010], [001] directions, respectively. The fixed Cartesian coordinates 0XYZ
used in the previous sections are also shown in Fig. 11.

The crack plane lies on (010). Crack tip is along [10T]. Obviously such cracked crystals will
undergo the plane strain deformation when external load is parallel to the plane 0XY and
distributed uniformly along the Z axis direction.

The second orientation has the crack line rotated at 90° anticlockwise from the above
orientation which provides also a plane strain solution.

The four slip planes of FCC crystals are (111), (117), (T11), (117).

There are three slip directions [101], [170] and [0T1] on the slip plane (111). The equal slip along
the [170] and [0T1] directions on the slip plane (111) will result in slip along [121], and yield plane
strain deformation. In fact designating (111) [110] as a 2A slip system which have slip direction
m{Y and unit normal n® of slip plane.

The slip system (111) [011] is designated as a 2B slip system which have slip direction m{ and
unit normal n® of slip plane. Both slip systems are simultaneous and have equal amounts of slip
and result in the same shear rate j@. Thus the associated plastic strain rate DF is

D” = (P + PR/
=3{(m? + m) @ n® + n? ® (P + m§)}7?
= _\/_5 (m® @n? + n? @ M}y
2
- \/5 POy, (6.1)

fcc Crystal

y § x(010] crack plane (010}

tip along [107]

Fig. 11. A FCC crystal with crack on (010) plane at tip along [10T) direction.
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where
P? = !m?®n® + n® @ m?)
m@ + m§ = /3 m?. (6.2)
Similarly, for slip systems (117) [011] and (T11) [110], we have

D® = /3 Py, (6.3)

where
PO =im"@n" + n"@m®). (6.4)

From eqs (6.1) and (6.3), we find

DP = \/g POy 4 POGD), (6.5)

Comparing eq. (6.4) with eq. (2.9), it can be obtained that the problem of FCC crystals
discussed here is equivalent to the corresponding problem of double slip crystals, if we take \/5 A
and \/3 7@ considered here to be equal to y and 7@ of that considered on double slip crystals.

Exactly speaking, the equal amounts of slip on both slip systems (T11) [101] and (11T) [101]
will also result in plane plastic strain:

D = {{hO ® @ + nf) + (Y +0P) @ BV} = 21,/ 3By (6.6)
where
PO = L0 @ 9 + 0 @ h).

However, if the stress state does not attend yielding on those slip systems, then the crack
problem of FCC crystals considered here is actually equivalent to the corresponding problem of
double slip crystals.

The yield condition is now discussed. The resolved shear stresses of slip systems 2, and 2, are

P =6:P%, 1P=0:PY.
When both slip systems are simultaneously active, we have
. PP=c¢:PP=1,
where 7 is the critical shear stress of slip systems 2, and 2;. We find
¢:PO=1 % =1,. (6.7)

It means that the critical shear stress 7. of double slip crystals is equal to 2\/5 1.
On the other hand, for slip systems (111) [101] and (117) [101], we have

o f"j’ =g f'g” =1, (6.8)
o BPO=_ /37 =1r. (6.9)
The eqgs (6.7) and (6.9) can be represented as
2
1, =8in2¢,°3(0, — 0,) — 7,, €08 200y = —=1, (6.10)
NE
T,=4/31 =11, (6.11)

7. CONCLUSION AND DISCUSSION

Based on the above analysis, one can draw the following conclusions:
(1) The plane double slip model of crystals[4] is adequate for explaining the crack tip fields
of FCC and BCC crystals in the case of plane strain.
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The asymptotic solution is not unique for a stationary crack. In order to confirm the continuity
of full stress components, the crack tip zone must involve an elastic angular sector. This paper
presents an asymptotic solution which consists of three angular sectors and satisfies all governing
equations of asymptotic fields and is full of constraint conditions. It is confirmed in this paper that
there is a shear strain concentrated zone at the front of the crack, which is coincident with the
experimental observation[10, 11}.

(2) The asymptotic fields for growing crack of double slip crystals involve five angular sectors:
two plastic zones ahead of the crack connected with the boundary across which the velocity jump
usually occurs; a secondary plastic zone near crack faces; two unloading elastic zones connected
with discontinuity boundary.

(3) The above results can be immediately applicated on plane strain crack problems of the
FCC and BCC crystals.

For the case of the crack on the (010) plane with growth in the [101] direction and the case
of a crack on the (101) plane with growth in the [010] direction, the above analyses are applicable.
Thus one can get the crack tip stress and deformation fields for FCC and BCC crystals under tensile
loading. This paper neglects the effect of finite deformation. The rotation, especially the rotation
of crystal axes, is important which needs to be taken account in the future work.
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