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This paper points out that viscosity can induce mode splitting in a uniform infinite cylinder of
an incompressible fluid with self-gravitation, and that the potential energy criterion cannot be
appropriate to all normal modes obtained, i.e., there will be stable modes with negative
potential energy (2 «0). Therefore the condition X > 0 is not necessary, although sufficient,
for the stability of a mode in an incompressible static fluid or magnetohydrodynamics (MHD)
system, which is a correction of both Hare’s [Philos. Mag. 8, 1305 (1959)] and
Chandrasekhar’s [ Hydrodynamic and Hydromagnetic Stability (Oxford U.P., Oxford, 1961),
p. 604} stability criterion for a mode: These results can also be extended to compressible

systems with a polytropic exponent.

I. INTRODUCTION

In a fluid or magnetohydrodynamics (MHD) system,
the study on normal modes of small motion near the equilib-
rium state and mode changes, or mode splitting, under var-
ious conditions is of great significance for stability analysis,
stability control, and bifurcations.' Therefore it is interest-
ing to study the stability conditions not only for equilibrium
states, but also for individual modes.

For rotating Newtonian stars, Friedman and Schutz*
discussed the instability of normal modes, and showed that
the sign of canonical energy E, (not total energy of a mode)
is irrelevant to the question of viscosity-induced instability.
For static Newtonian stars, putting & =0 in Eq. (73) of
Ref. 4, we obtain

dE,
dt

where E_ is also the total energy and does not change sign
with time. So, if

<0, (D

E, <0, (2)
the mode is unstable; if
E >0, 3

it is stable.

Is the sign of potential energy % of a mode relevant to the
question of viscosity-induced instability? For the stability of
a mode in a static, incompressible, viscous fluid, or MHD
system with infinite electrical conductivity, a prevalent crite-
rion, given by Hare® and Chandrasekhar,® is that a necessary
and sufficient condition for stability should be 2 > 0. The
deduction in Refs. 5 and 6 is as follows.

Suppose that all the quantities describing the perturbed
state have the time dependence e”, where o takes the place of
io in Ref. 6; then an equation,

FAl+o0d+4+2=0, (4)

is obtained, where X, ®, and I are real functionals of eigen-
function £4. (The dependence of 2, ®, and I on §* of a
mode also shows that the criterion of both Hare and Chan-
drasekhar refers only to a single mode, but not to the whole
system.) Equation (4) gives
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o, =120 — ® + (9? —4I2)'?]. (5)

Hare and Chandrasekhar arrived at their criterion from this
equation immediately. In fact they had the implicit supposi-
tion, without any proof, that both o and o _ are true eigen-
values of a given §*’. Though it is obvious that there must be
one true eigenvalue in the two roots at least, their supposi-
tion for two roots to be true eigenvalues cannot be proved in
general. Schutz’ pointed out that for some rotating systems,
of the two roots of the equation similar to Eq. (4), only oneis
a true eigenvalue. However, even if we know that Eq. (5)
gives one false eigenvalue without knowing which one is
false, we can only say that neither the necessity nor the un-
necessity of 2 > 0 for mode stability can be deduced from Eq.
(5). Inorder to prove that the condition X > Ois unnecessary
for mode stability, we must prove that there are stable modes
with 2 <0 in the system discussed by Hare and Chandrasek-
har. So far, such a proof has not yet appeared in the litera-
ture. In the present paper we show that viscosity can induce
mode splitting in a uniform infinite cylinder of a static in-
compressible fluid with self-gravitation, and that among
those modes obtained, there are an infinite number of stable
modes with 2 < 0. The mode splitting induced by viscosity is
also of great interest in itself, because it is similar to the
Zeeman and Stark effects in atomic physics.

Il. MODE SPLITTING INDUCED BY VISCOSITY

Consider a uniform infinite cylinder of a static, incom-
pressible, self-gravitational, and viscous liquid with equilib-
rium radius R, density p, and kinematic viscosity v. In a
cylindrical coordinate system, we take the axis of symmetry
as the z axis. In the unperturbed state, the pressure p, and
gravitational potential B, are
Po=mGp*(R*— 1), 6)
B — {2qupR‘2 In(#/R) + 7GpR?, if r>R,

7 lwGpr?, if <R,

where G is the gravitational constant. Consider the axisym-
metrical perturbation of surface radius (m = 0),

7, = R + ¢, exp(ikz + ot), (3)

(N

where €, is a small constant. The equations governing small
departures from equilibrium are
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ou _ — VII + vV, 9
at

Vau=0, V*B=0, (10)
IT1=6B + 6p/p, (1)

with boundary conditions ul,_,, 8B|,_,, and II},_, all
finite;

lim 68 =0, (12)
B*r:r,«&-o:Birzr,—O’ (13)
» _a »
orlr=r,+0 or lre=r,—0
ar
== — R 15
3{ urlr—ﬂ ( )
du, du )
L z = (), 16
(32 + ar r=R ( )
du,
(P0+5P—2VP‘“” =0, (17
ar r=r,

whereu(u,,u, ) is the velocity perturbation of fluid, and dp is
the pressure perturbation. Equations (6)-(17) give

= ve (k% + &2) (szl,(x)f,(xr)

’ 1,(x) >+ 3L ()
—I,(kr))exp(ikz+at), (18)
v - vea(k? + «2) (nyI,(x)Io(xr)
: il (x) (x2 + ¥, (y)
- Io(kr))exp(ikz + ot), (19)
and the characteristic equation®
I](x)
2002 + ) ——
x y2 Iy(x)
(1o 2D )
>+ LI (x)
_ 47GpR *xI,(x) (K Lo L ) 20
'—“—"—1/210():) o(x) o (x) 2 s (20)
where
o=v()? —x*)/R? y=«R, x=kR; (21

Iy(x), I,(x), and Ky(x) are, respectively, the Bessel func-
tions of order O and 1, and the Hankel function of order 0, for
a purely imaginary argument.

In an inviscid fluid, we know that each mode can be
represented by a set of numbers (k,m) or (x,m),® and that
the modes (x,0) in the range

O<x <xo( = 1.0668) (22)
are unstable, and those in the range x > x, are stable, x, being
the root of equation

Ko(x)y(x) —4=0. 23)

* Consider the case of condition (22). It can be proved

that for a given x, Eq. (20) has a pair of real roots + y,,
which satisfy
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>x

Then, Eq. (21) gives 0, > 0, so that Eqs. (18) and (19} give
out an exponentially divergent mode u,. Furthermore, Eq.
(20) also has denumerably infinite pairs of conjugate, purely
imaginary roots. In order to prove this, let y = if; then Eq.
(20) becomes

I{(x)
2x2 2ﬂ__ 2 1 (1
[ (x*—B%) Lo

_ 2BLIT B )
(x> = BB} (x)

Iy(x)

xI, (x) [ Ko(x) (%) — 4]

= 47GpR */¥*, (24)

where J, () is the Bessel function of order 1. Here J, (8) has
denumerably infinite zero points on the real axis. They are
denoted by +a, (1=0,1,2,...), where g, is equal to zero,
and the rest of the a’s are all positive. For 150, when
B-a, + 0, the left-hand side of Eq. (24) tends to F «, so
Eq. (24) has at least one real root between a, and
a, . ; (I #0). Thus Eq. (20) has denumerably infinite pairs
of purely imaginary roots,

+y, = +iB, (n=12..). (25)

Substituting Eq. (25) into Eq. (21), we obtain o, (n5£0)
<0. Let k=k, =y,/R (n#0); then Egs. (18) and (19)
give denumerably infinite exponentially damping velocity
functions. Since different velocity functions u,,u,,..., repre-
sent different distributions of velocity, thus they really repre-
sent different modes of motion, which are stable, because
o, <0 (ns£0). Itis obvious that for mode splitting, the con-
dition (22) is not necessary; so, in viscous fluid, each mode is
represented by a set of numbers (x,m,n). We believe that
viscosity can also induce mode splitting in other systems of
fluid or MHD. The mode splitting induced by viscosity is
similar to the Zeeman and Stark effects in atomic physics,
induced by external fields.

—x“-{—ﬁ‘]

fll. DISCUSSION ON POTENTIAL ENERGY CRITERION
FOR MODE STABILITY

Let the potential energy of the equilibrium state of the
cylinder be zero. The potential energy is determined by sur-
face shape, but is independent of viscosity. Therefore the
formula of potential energy per unit length under inviscid
conditions,'®

S = — 27Gp*R 2[Ky(x) Iy(x)

—})6 exp(20,1), (26)

can be adopted, where 2 must be negative in the case of Eq.
(22). But all modes (x,0,7), except n = 0 modes, are stable,
so that X > 0 is not a necessary condition for mode stability.
Since the zero magnetic field is a special instance of MHD,
our liquid cylinder can also take the role of an example in
MHD opposite to the stability criterion given by Hare and
Chandrasekhar. This conclusion can also be extended to
compressible systems with a polytropic exponent.

In addition, for the stable modes given above, each ca-
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