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S U M M A  R Y 

The predictton o f  cracktng direction m composite matertals is o f  significance 
to the design of  composite structures. This paper presents several methods for  
predwtmg the crackmg dtrection in the double grooved tenston-shear 
spectmen which gives mtxed-mode crackmg. Five different criteria are used m 
thts analysis- two o f  them have been used by other mvesttgators and the others 
are proposed by the present authors. The strain energy denstty crtterton 
proposed by G. C. Sih is modified to take account o f  the mfluence o f  the 
antsotropy of  the strength on the dtrection o f  crack. The two fatlure criteria o f  
Tsar-Hill and Norris are extended to predwt the crack orientatton. The stress 
dtstributtons in the near-notch zone are calculated by usmg the 8-node 
quadrilateral isoparametric fintte element method The predtcttons o f  all the 
crtteria except one are m good agreement wtth the experimental 
measurement. In addition, on the basts o f  the F E M  results, the size o f  the zone 
m whwh the smgular term ts dommant is esttmated 

1 INTRODUCTION 

In strength analysis, in structural destgn or in designing against fracture m 
anisotropic materials, especially fibre-reinforced composite materials, 
prediction of crack initiation and growth direction are of great importance. 
In fracture analysis or the numerical simulation of  fracture processes, the 
crack direction should be determined in advance. Many difficulties have 
been encountered for lack of a proper criterion of this kind. Thus, for 
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example, in finite element simulation, mesh-formation is only possible after 
the cracking direction is measured by laboratory test methods. However, no 
universal s~gmficance can be obtained from such limited tests. Attention has 
been paid to this aspect by some investigators (e.g. Ref. 1) recently, but 
further endeavour is required in order to obtain fully satisfactory results. 

In Ref  1, three criteria for pre&cting the cracking direction were 
mtroduced and employed for unidirectional continuous fibre laminae with 
central cracks. These crlterm are the normal stress ratio criterion, the 
tensor polynomial criterion, and the stress energy density criterion. In the 
present paper, the applicability of  two of  these criteria is studied for random, 
short-fibre composites under interlaminar shear fracture conditions in 
which mixed-mode cracking is involved. Owing to the incompetence of  the 
strain energy density criterion, it has been modified to take account of the 
effect of  strength anlsotropy on the cracking direction and a strain energy 
density ratio criterion ~s proposed. Furthermore,  the Tsai-Hill criterion 2 
and Norris criterion 3 which are widely used as fadure criteria are extended 
to predict the cracking direction. Comparison between predictions and 
experimental measurement  has also been made. Details of  the experimental 
and finite element (FEM) stu&es of  interlaminar shear fracture of tension- 
shear specimens of  CSM-GRP can be found in Refs 4-6. 

In addition, with the F E M  solution of  the stress field and the 
characteristics of  the normal stress ratio and the strain energy density ratio 
m the near-notch zone, the size of  the zone m which the singular term is 
dominant  is estimated. 

2 CRITERIA FOR P R E D I C T I N G  C R A C K  INITIATION A N D  
G R O W T H  D I R E C T I O N  

Because of the lack of  suffioent material properties data, the tensor 
polynomial criterion is hard to apply here, the remaining two criteria m Ref. 
1 are therefore adopted for a mixed-mode cracking analysis of  CSM-GRP. 

2.1 Normal stress ratio criterion 

This criterion, proposed by Gregory and Herakovich, 1 assumes that the 
cracking direction is determined by the ratio of  normal stress acting on a 
radial plane, aoo, to the related strength, Too. Cracking will take place in the 
direcuon m which the ratio at a given distance, ro, from the tip, R(ro, 0), is of  
maximum value. Here, R(ro, 0) Is defined as (see Fig. 1) 

R(r o, O) = tr°° 
T00 ,=r ° (1) 
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Fig. 1. 
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Normal  stress ratio parameters. 

where Too is the tensile strength, i.e. the critical value of  the stress acting on 
the radial plane and defined as: 1 

Too = Xsin 2 fl + Zcos  2 fl (2) 

and a00 is the normal stress which can be calculated from: 

tr x + a~ trx - a~ cos 20 + ~z sin 20 (3) 
a°° - 2 + 2 

where fl is the angle between the radial direction and the principal direction, 
1, of  the material, Xand  Z are the tensile strength in the principal directions, 
1 and 3, of  the material. 

Equation (2) shows that Too does not reflect the influence of  shear strength 
on the cracking direction, m other words, this criterion assumes that the 
shear strength has no effect on cracking direction. 

2.2 Strain energy density criterion 

This criterion was first proposed by Slh, 7 and IS also sometimes called the 
Strain Energy Density Factor Criterion. It supposes that crack initiation 
occurs in the radial direction, along which the local strain energy density 
possesses a minimum value, i.e. 

t3S t~2S 
- -  = 0 and - -  > 0 at 0 = 0 c (4) 
t~O t~O 2 

where 

r 
S = ~(~rx~, + az~, + r~rx,) (5) 
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is so-called strain energy density factor. This criterion has been widely used 
m lsotropic materials since it was first proposed, and it has also frequently 
been used for composite materials (e.g. Ref. 8). But for composites, the 
results are commonly  found to have significant deviations from experi- 
mental data (e.g. Ref. 1): this can also be seen in the present paper. 

According to eqn (5), strength properties of  the material are not involved, 
and the mfluence of  strength anisotropy on cracking &rectmn is not 
reflected in this criterion. However,  for anlsotroplc composite materials, the 
amsotropy of  strength Is much stronger than that of  elastic properties. For  a 
uni&rectlonal lamina, for example, the longRudlnal modulus may be larger 
than the transverse modulus by a factor of  10, whereas the strengths in the 
two &rectlons may &ffer by as much as two orders of  magmtude. This is 
probably the reason for the failure of  the strain energy density criterion. As a 
modification of  the criterion, a stram energy density ratio criterion is 
proposed by the present authors. 

2.3 Strain energy  density  rat io  criterion 

Firstly, the stress and strain ratios are introduced. Stress ratios are defined as 
ratios of  the stress components  m the material principal direction to the 
related failure strengths, i.e. 

0"1 0"3 T13 (6) 
~l = ~ ,  #3 = ~-, fl3 - S 

where X and Z are the tensde strengths in the material principal (1- and 3-) 
directions, S is the shear strength, and tr l, tr3 and z 13 are stress components  in 
the material coordinate system. Similarly, the stram ratios are the ratios of  
strain components  in the material principal directions to their related critical 
strains, i.e. 

el (7) 
/~lc 

If  the material behaves elastically, 

81c -- 

then, we have 

Similarly, 

X 

El1  
(8) 

E3383 G13~13 
g 3 -  Z Y t 3 - - - - ~ -  (9b) 

E 1 ~El1~ 1 
el - -  - - -  (9a) 

X / E l l  X 
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where E 11, E33 and G13 are the moduli  in the material principal directions 
and ex, e3 and ~ 3  are related strain components.  Thus, the strain energy 
density ratio can be defined as 

,,J~= 2J'(#lgl "l- e3g 3 "-[" "~13~13) (10) 

Obviously, the stress and strain ratios are dimensionless parameters, and the 
strata energy density ratio is also dimensionless. Subst i tut ing the 
stress-strain relation into eqn (10) gives a stress formulation of  S 

_ 1 S = ~ I/_~../2 _l_ /_.~t 2 V13 f E l l  E33X~ 

The strain energy density ratio criterion can be stated as follows. For  
anisotropic materials, crack initiation and propagat ion are assumed to 
occur in the radial direction along which the local strain energy density ratio 
possesses a minimum value. Clearly, this criterion will reduce to Sih's strain 
energy density criterion when the material is isotroplc. 

Motivated by eqn (11), which is very similar to the expressions of  the 
Tsai-Hil l  criterion 2 and the Norris  dlstortional energy criterion 3 which are 
normally used as failure criteria, one can extend these two criteria for 
predicting the crack Initiation and growth direction. 

2.4 Extended  T s a i - H i l l  criterion 

The Tsai-Hlll  criterion 2 is based on the distortional energy of  materials. It 
assumes that failure occurs when the distortional energy, Sru, reaches unity, 
where 

SrH = + ~ + (12) 

F rom the similarity between eqn (11) and eqn (12), when used for 
predicting the cracking direction one supposes that the dlstortional energy, 
SVH, will reach a minimum value in the cracking direction. 

2.5 Extended Norr i s  criterion 

In the same way as section 2.4, one supposes that the local Norris '  
distortional energy, 3 Sr~, given by: 

o,o  
sN= + (13) 

will possess a minimum value in the cracking direction. 
One now uses the above five criteria to predict the mixed-mode cracking 

direction of  the specimen shown in Fig. 2 under tensile loading. 
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Fig. 2. 
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A double-grooved tension-shear speomen 

o, 

3 C A L C U L A T I O N  A N D  D I S C U S S I O N  

The specimen shown in Fig. 2 is a double-grooved tension-shear specimen 
for measuring the lnterlaminar shear strength as specified by British 
Standard BS4993 0973). Details of  the experiments can be found in Ref. 4. 
The material used is a laminated plate made of  9 layers of  chopped strand 
mat (CSM) of  glass fibre impregnated with polyester resin, the glass fibre 
content, V r, being about  0-30. From video recordings of  the experiment, 
cracks are seen to initiate and propagate along a direction of  about  18 ° to the 
tensile axis from the corners of  the roots of  the notches (see Fig. 3). 

There is still no analytical solution available for the plane-strain problem 
shown in Fig. 2. Thus an 8-node quadrilateral, isoparametric, finite-element 
analysis is used here. The material is considered to be orthotropIc, with its 
principal direction being defined in the global coordinates (see Fig. 2). The 
F E M  mesh pattern is given in Fig. 4 and an enlarged view of  the near-notch 
area is shown in Fig. 5. 

The dimensions of  the specimen are as follows (see Fig. 2): l = 25'0 mm; 
t = 8'0 mm; a = 4'0 mm; and b = 1-5 mm. Only a part of  the specimen, with a 
total length of  44-0mm, has been calculated. The material properties 

Fig. 3. A photograph of the speomen showing cracks at the corner of a notch 
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Fig. 4. 

! 
Flmte element mesh pattern 

are: 4 Ell  =9"81GPa, E33 =5.20GPa, v13 =0.34, GI3= 1.43GPa, X =  
120'0 MPa, Z =  9'0MPa, S =  29'0 MPa. 

Boundary conditions are that the left-hand end of the specimen is fixed 
and the transverse displacement of the mid-point at the right-hand end is 
constrained. A uniform traction is applied to the right-hand end. 

Before cracking, the material behaves basically in a linear elastic manner. 
Thus the analysis is restricted to the range of linear elasticity. The deformed 
mesh pattern obtained by FEM is shown in Fig. 6. 

3.1 Analysis of the notch-tip fields 

The calculations, wtth the precedmg crtteria, are all performed on a circle 
which has its center at the tip (or corner) of the notch. The radius of the circle 

Fig. 5. Enlarged view of the mesh pattern near the notch root 
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Fig. 6. Deformed fimte element mesh pattern 

should be chosen so that the circle is within the zone in which the crack-tip 
singular terms dominate. Within the singular fields, the radius, to, can be 
chosen arbitrarily. But here, the F E M  technique gives a global solution, and 
it is therefore necessary to have an evaluation of  the size of  the singularity- 
dominated zone before predicting the cracking direction. 

Figures 7-9 show the variations of  the stresses near the corner as functions 
of  0 at different radii, r o, where 0 is defined as in the legend of  Fig. 7. Figures 
10 and 11 show the normal stress ratio and the strain energy density ratio as 
functions of  0 respectively 

In Figures 7-9, the stress curves are basically similar to each other on 
different radii within the range of  0°-180 °, but  when 0 > 180 °, the stress field 
is severely affected by the other tip and the ligament and the shapes of  the 
curves also change notably. The shapes of  the curves remain unchanged in 

o,/~, 
1L, 

Fig. 7. 

10 

135  

Varlat,on of  al/~ ~ with 0 for different radn 
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Fig. 9. Variation of  z t3 /a~ with 0 for 
different radii 

the range of  r0 < 0"45 mm, but  changes occur when r0 --- 0'75 mm, and the 
changes become more severe with the increase of  the radius. 

In Fig. 10, when r o >_ 0'75 mm, the second peak generally arises with the 
radius increased, the curves changing very regularly. 

As for the strain energy density ratio in Fig. 11, the positions of  minimum 
values are almost located at the same angles when the radius, r0 < 0-45 mm. 
Outside this range of  radii, the positions of  the minimum values deviate 
significantly and the shapes of  the curves change pronouncedly. 

Thus, we are able to estimate that the dominant  zone of  the singular field is 
within a circle of  radius 0-45 mm, 1.e., the size of  the singularity-dominated 
zone is about  one third of  the width of  the notch. 

3.2 Prediction of the cracking direction 

Having thus estimated the size of  the singularity-dominated zone, we can 
now choose a proper  radius and calculate the values of  the normal stress 
ratio, the strain energy density, the strain energy density ratio, and the 
Tsai-Hil l  and Norris  dlstortional energies as functions of  0. The radius of  
the circle chosen is r o = 0' 15 mm, along which the above five functions are 
computed. The results are shown in Figs 12 to 16. The directions predicted 
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Fig. 12. Prediction of cracking dlrecUon 
by the Normal Stress Ratio Criterion. 
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Fig. 13. Prediction of the cracking dwec- 
tion by the Strain Energy Density Criterion. 
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TABLE 1 
Predicted Cracking Directions and their Deviations 

(Experimental value 108 °) 

Crlterwn Predtcted a n g l e  Devtatwn from 
(degree) experiment (degree) 

Normal stress ratio 98 - 10 
Strain energy density 155 47 
Strata energy density ratio 109 I 
Extended Tsai-Hlll 105 - 3 
Extended Noms 108 0 

by the criteria ment ioned  above are listed in Table 1, in which deviat ions o f  
all the predicted values f rom experimental  measurements  are also given. 

F r o m  Table 1, we note tha t  all o f  the criteria, except the strain energy 
densi ty criterion, predict  good  results. The deviat ion o f  the normal  stress 
rat io cri terion is shghtly larger than  the predict ions o f  the last three criteria, 
p robably  because o f  the exclusion of  the shear s t rength f rom the s trength 
expression, but  the results are approximate ly  correct. The deviat ions o f  the 
last three criteria fall within the scatter o f  the experimental  data.  In the 
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Fig. 14. Prediction of the cracking direc- 
tion by the Strata Energy Density Ratio 

Cntenon. 

S,,/(~.) '  ( GPa)-' 

r.=015ram [ 

8O0 

6O0 

400 

2O0 

0 910 11~0 270 
e ( degree ) 

Fig. 15. Prediction of the cracking direc- 
tion by the Extended Tsai-Hill Criterion. 
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Fig. 16. 
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Prediction of the cracking direction by the Extended Noms  Criterion_ 

experiments, it has been found that not all the cracking directions are the 
same. Cracking does not lead to the formation of  a straight, smooth crack, 
and the cracks deviate slightly from their original directions at later stages of  
cracking. All of  these reasons may account for the deviations of  the 
predicted cracking directions from the measured values. Generally speaking, 
the results predicted by the last three criteria are satisfactory. 

The difference predicted by the extended Tsai-Hlll and Norris criteria is 
3 °. This suggests that strength parameters play an important  role in 
predicting the cracking direction since the only difference in their 
expressions is that different strength parameters are revolved m the coupled 
terms, namely, the former is X z (see eqn (12)) and the latter X Z  (see eqn (13)). 
But whether the Polsson ratio IS considered or not has less effect on the 
prediction (see eqns (11) and (13)). 

In addition, It has been observed that all of  the energy-type criteria (apart 
from the normal stress ratio criterion, four others are of the energy-type) 
predict the cracking direction by minimum values of  the functions, which is 
coincident with Slh's criterion for Isotroplc materials. This can be explained 
by reference to the system potential energy, as demonstrated in Ref 7 If a 
cracked body is subjected to tractions only, then the potential energy is equal 
to the negative of the strain energy. A minimum value of strain energy 
corresponds to a maximum value of potential energy, which implies an 
unstable equilibrium state. So the strain energy density criterion predicts 
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cracking along the direction of  minimum strain energy density. The other 
energy-type criteria have interpretations similar to that for the strain energy 
density criterion. In some cases, there occur more than one minimum va lue  
in this case, the cracking direction clearly associates with the maximum one 
of  these values. On account of  the fact that for all points at an unstable state, 
the strain energy (or the energies with other forms) must associate with the 
stress and strain levels, cracking tends to occur at higher levels of  stress and 
strain 

F rom the point  of  view of  applications, the normal stress ratio criterion, 
al though with some inaccuracy, may have a broader application especially 
in F E M  simulations of  fracture processes, for it predicts the cracking 
direction with maximum value. This is a very convenient characteristic of  the 
criterion. 

4 C O N C L U S I O N S  

In summary, we may draw the following conclusions: 

I. Predictions of  the strain energy density ratio criterion, extended 
Tsal-Hil l  criterion and extended Norris  criterion may give satisfactory 
results. The normal stress ratio criterion can also give a reasonably good 
result, although with some Inaccuracy. However,  owing to ignorance of  the 
effect of  the strong anisotropy of  the material strength, the strain energy 
density criterion cannot  be applied. 

2. The F E M  technique estimates the size of  the singularity-dominated 
zone which has a radius less than b/3. 

3. Four  energy-type criteria predict the cracking direction by minimum 
values. When more than one minimum value appears, the cracking &rection 
associates with the largest of  these values. 
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