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A method to determine fracture toughness using cube-corner
indentation
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For the cube-corner indenter, an approximate linear relationship between the ratio of hardness (H) to reduced modulus (Er) and
the ratio of unloading work (Wu) to total loading work (Wt) is confirmed by finite-element calculations and by experiments. Based
on this relationship a convenient method to determine the fracture toughness (KIC) of brittle materials, especially for those at small
scale, using cube-corner indentations is proposed. Finally, the method is calibrated by indentation experiments on a set of brittle
materials.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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With the development of nanostructured materi-
als and the miniaturization of electromechanical devices,
the measurement of mechanical properties, including
fracture toughness, of small volumes or thin films of
materials is in demand. For the determination of frac-
ture toughness at a small scale, which is of interest in
this paper, and cannot be achieved by conventional
methods [1–3], the indentation test using a sharp pyra-
midal indenter may be a feasible solution. A well-known
formula exists for determining the fracture toughness of
brittle materials using indentation tests:

KIC ¼ d
E
H

� �1=2 F m

c3=2
; ð1Þ

which was initially developed by Lawn et al. [4] for
indentation tests using the Vickers indenter, a four-sided
pyramid, on the assumption that half-penny cracks pre-
dominate. In Eq. (1), E and H are the elastic modulus
and the hardness of the test material, respectively, Fm

is the peak load of the indentation cycle, c is the length
of the radial crack trace on the material surface after the
indenter withdrawing, and d is an empirical constant
independent of the material. Other researchers [5–7]
have shown that Eq. (1) is effective when radial cracks
other than half-penny cracks predominate or other
pyramidal indenters such as Berkovich (three-sided,
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having the same depth-projected area ratio as a Vickers
indenter) and cube-corner (three-sided, in the shape of
the corner of a cube) are used. The parameter, d, takes
different values for different indenters: 0.016 for Vickers
and Berkovich [6,8]; 0.032–0.040 for cube-corner [6,7,9].
Compared with Vickers and Berkovich, the cube-corner
indenter can reduce cracking thresholds by 1–2 orders
due to its much sharper included angle [7]. Therefore
the cube-corner indenter is more suitable for determin-
ing the fracture toughness of brittle materials at a small
scale. However, the latest cube-corner indentation meth-
od [7] developed has two shortcomings. Firstly, the test
procedure is complex as two kinds of indenters are
needed: a cube-corner indenter to produce radial cracks,
and a Berkovich indenter to measure E and H according
to standard nanoindentation techniques [10]. Secondly,
there may be significant errors in measuring E and H
when “pile-up” occurs.

In this paper, the approximate linear relationship be-
tween the ratio of hardness H to reduced modulus Er

and the ratio of unloading work Wu (W u ¼
R hm

hp
Fdh—

see Figure 1a and Refs. [11–13]) to total loading work
Wt (W t ¼

R hm

0
Fdh—see Figure 1a and Refs. [11–13])

for cube-corner indentations is confirmed by finite-ele-
ment method (FEM) calculations and by experiment.
Based on this relationship, a method for determining
fracture toughness at a small scale using a single cube-
corner indenter is proposed. While taking advantage
of the low cracking thresholds of the cube-corner inden-
ter, this method can avoid the two shortcomings
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http://dx.doi.org/10.1016/j.scriptamat.2009.10.025
mailto:zhangth@ lnm.imech.ac.cn
mailto:zhangth@ lnm.imech.ac.cn


Figure 1. Analyzing parameters of the proposed method: (a) peak load
(Fm), unloading work (Wu), total loading work (Wt); (b) length of
radial crack (c).

Figure 2. Relationship between H/Er and Wu/Wt for the cube-corner
indenter.
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mentioned above. Firstly, only the cube-corner indenter
is used, which simplifies the test procedure. Secondly,
Wu and Wt, instead of E and H, are the input parame-
ters, and the use of these can avoid the possible errors
in determining E and H when pile-up occurs.

There has been much work [11,12,14] on estimating
the relationship between H/Er and Wu/Wt for geometri-
cally self-similar indenters. The approximate linear rela-
tionship between H/Er and Wu/Wt for indenters with
certain included angles or for several kinds of materials
has been confirmed. However, it is still unclear weather
there is also such an approximate linear relationship for
the combination of the cube-corner indenter and brittle
materials, especially when friction between the indenter
and the material surface is considered.

For this reason, extensive FEM calculations were car-
ried out using ABAQUS [15] to examine the relationship
between H/Er and Wu/Wt for the cube-corner indenter.
In the FEM model, the cube-corner indenter is simpli-
fied as a rigid conical indenter with its half-included an-
gle, a = 42.3�. The stress–strain (r–e) relationship of the
examined materials under uniaxial tension is assumed to
obey:

r ¼ Ee for e 6 Y =E;

r ¼ Y ðE=Y Þnen for e P Y =E;
ð2Þ

where Y is initial yield stress and n is the work-harden-
ing exponent. In the calculations, n is assumed to be 0.0,
0.1, 0.3 and 0.5. For each n, Y/E varies from 0.001 to
0.1. For all combinations between n and Y/E, Poisson’s
ratio, m, is assumed to be 0.25. The friction coefficient, f,
between the indenter and examined materials is assumed
to be 0.15. The reduced modulus Er is calculated by:

1

Er
¼ 1� m2

i

Ei
þ 1� m2

E
; ð3Þ

where Ei and mi are the elastic modulus and Poisson’s ra-
tio of the indenter, respectively. If the indenter is consid-
ered rigid in the calculations, Eq. (3) reduces to:

1

Er
¼ 1� m2

E
: ð4Þ

Hardness, H, is calculated by:

H ¼ F m

Ac
; ð5Þ

where Fm is the peak indenter load, and Ac is the pro-
jected contact area. Wu and Wt are calculated by inte-
grating the unloading and loading part of the
indentation load–depth (F–h) curve, respectively. H/Er

and Wu/Wt for every combination of n, Y/E, m and f
are plotted in Figure 2.

To assess the validation of the FEM calculations,
cube-corner and Berkovich indentation tests using a
Nano Indenter XP (Agilent Technologies, Oak Ridge,
TN) were carried out on three brittle materials: fused sil-
ica, Pyrex7740 glass and ZnS. Berkovich indentation
tests were performed to measure E of the test materials
as E is essentially independent of the indenter used. The
details are according to ISO14577 [13]. Er is calculated
using Eq. (3) with Ei = 1140 GPa and mi = 0.07. H/Er

and Wu/Wt of each material are also plotted in Figure
2. It can be seen that there is an approximate linear
relationship:

H
Er
¼ k

W u

W t
; ð6Þ

for the cube-corner indenter. Least-squares fitting on the
FEM calculation results data yields k � 0.527.

As the elastic moduli of most brittle materials are
much smaller than that of the diamond indenter, Eq.
(4) also works well for most brittle material–diamond
indenter combinations. Furthermore, the Poisson’s ra-
tios of most brittle materials are �0.25. Inserting Eqs.
(4) and (6) into Eq. (1) with assuming m = 0.25,
k = 0.527, we can obtain the formula for the method
proposed in this paper:

KIC ¼ k
W u

W t

� ��1=2 F m

c3=2
; ð7Þ

where Wu and Wt can be calculated by integrating the
unloading and loading data of the F–h curve of the
cube-corner indentation test, respectively, Fm can be ob-
tained on the F–h curve, c can be measured by micros-
copy (see Fig. 1b), and k is a constant number
independent of the material. It should be noted that
the hardness H in Eq. (1) must be determined using
the cube-corner indenter rather than the Vickers inden-
ter [6] or the Berkovich indenter [7], i.e. d in Eq. (1)
should be a different constant number between 0.032
and 0.040 when inserting Eqs. (4) and (6) into Eq. (1).
Hence, the constant k must be determined by calibrating
Eq. (7) by indentation tests on a set of brittle materials
for which KIC is known.



Table 1. KIC of test materials for calibration of Eq. (7).

Material KIC (MPa �
ffiffiffiffi
m
p

)

Fused silica 0.58a

Soda-lime glass 0.75b

Pyrex7740 glass 0.63b

Si(1 1 1) 0.7a

a Ref. [7].
b Ref. [8].

Figure 3. Calibration of the proposed method by experiments on
brittle materials.

T. Zhang et al. / Scripta Materialia 62 (2010) 199–201 201
To calibrate Eq. (7), four brittle materials—fused sil-
ica, soda-lime glass, Pyrex7740 glass and Si(1 1 1)—were
chosen as test materials. The indentation tests were car-
ried out using a Nano Indenter XP. The fracture tough-
ness of the test materials are obtained from Refs. [7,8]
(see Table 1). For each test material, five peak loads,
Fm = 12.5, 32, 80, 200 and 500 mN, were applied. The
radial crack lengths were measured using scanning elec-
tron microscopy (SEM). The data of (Wu/Wt)

1/2c3/2KIC

and Fm are plotted in Figure 3. When measuring radial
crack length, c, the radial cracks affected by chipping in
the material surface are excluded. For each material,
Wu/Wt with Fm = 12.5 mN is used for all five peak loads
because indentation curves (F–h) are smooth for all
materials when Fm = 12.5 mN. By least-squares fitting
of the test data in Figure 3, we can obtain k � 0:0695
for Eq. (7).

In addition to the calibration of Eq. (7), we also
found some interesting results from the indentation test
observations. Firstly, the emergence of discontinuity on
an F–h curve always accompanies obvious chipping in
the material surface according to the post-indentation
SEM observation, whereas no such chipping is observed
for a smooth F–h curve. Secondly, for a certain material,
Wu/Wt with different peak loads do not vary much if
their F–h curves demonstrate no obvious discontinuity.
Therefore we suggest that the indentation tests with
smooth F–h curves make sense when using Eq. (7).

In summary, we established, by FEM calculations
and by experiments, an approximate linear relationship
of H/Er and Wu/Wt for the cube-corner indenter when
friction is considered. Based on the linear relationship,
we proposed a method to determine fracture toughness
of brittle materials using a single cube-corner indenter,
and calibrated the method by experiments on a set of
brittle materials. The method proposed can simplify
the test procedure while greatly reducing the cracking
thresholds. The method uses the readily measurable
Wu and Wt, instead of E and H, as input parameters.
In the future, more brittle materials should be studied
to assess the effectiveness of Eq. (7). The effects of crack
systems induced by different peak loads should also be
studied in detail. These studies are in process.
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