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Abstract Using the level-set method and the contin-
uum interface model, the axisymmetric thermocapil-
lary migration of gas bubbles in an immiscible bulk
liquid with a temperature gradient at moderate to large
Marangoni number is simulated numerically. Constant
material properties of the two phases are assumed.
Steady state of the motion can always be reached. The
terminal migration velocity decreases monotonously
with the increase of the Marangoni number due to the
wrapping of isotherms around the front surface of the
bubble. Good agreements with space experimental data
and previous theoretical and numerical studies in the
literature are evident. Slight deformation of bubble is
observed, but no distinct influence on the motion oc-
curs. It is also found that the influence of the convective
transport of heat inside bubbles cannot be neglected
at finite Marangoni number, while the influence of the
convective transport of momentum inside bubbles may
be actually negligible.
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Introduction

A fluid particle (gas bubble or liquid drop) floating in
an immiscible bulk fluid with a temperature gradient
can be moved by the non-uniform surface tension at
the particle interface. This motion is well known as
the thermocapillary or Marangoni migration. It plays
an important role in many natural physical processes
as well as a host of industrial activities, particularly
in space material processing and many other scientific
and engineering applications in microgravity. Thus, it
attracts much more interests of researchers all over
the world along with the progress of human space
activities. However, most of the work on this subject is
relatively recent, as summarized in the monograph by
Subramanian and Balasubramaniam (2001). Focusing
upon the present topic, only studies relating to the
thermocapillary migration of gas bubble are briefly
reviewed here.

Thermocapillary migration was first analyzed by
Young et al. (1959) in the case of infinitesimal Reynolds
and Marangoni numbers, in which convective transport
of momentum and heat can be neglected comparing
to molecular transport of these quantities and the gov-
erning equations can then be linearized. They derived
the named YGB theory predicting the following steady
migration velocity

VYGB = 2U
(
2 + 3μ2

/
μ1

) (
2 + k2

/
k1

) (1)

where U = −σT∇T∞ R
/
μ1 is the named thermocap-

illary velocity, R is the bubble radius, μ is the dy-
namic viscosity, k is the thermal conductivity, σ T is the
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rate of change of interfacial tension with temperature,
∇T∞ is the temperature gradient imposed in the con-
tinuous bulk fluid. The subscripts 1 and 2 denote
the material properties of the continuous bulk fluid
and the fluid particle, respectively. The Reynolds and
Marangoni numbers are defined as Re = U R

/
ν1 and

Ma = U R
/
λ1. Here, ν denotes the kinematic viscosity,

λ denotes the thermal diffusivity. If the Prandtl number
is defined as Pr = ν1

/
λ1, one can obtain Ma = PrRe.

The analysis of Young et al. (1959) was extended
by many others to include convective influence. For
example, Bratukhin (1975) used a regular perturbation
expansion in which the Reynolds number was used as
a perturbation parameter. He determined the migra-
tion velocity correction at O(Re) is zero. Thompson
et al. (1980) extended this expansion to the next higher
order term and determined a nonzero correction to
the migration velocity at O(Re2). Using the method
of matched asymptotic expansions, Subramanian (1981,
1983) provided a correction to the migration velocity,
in which the Marangoni number was used as a pertur-
bation parameter. It was shown to be useful only for
Ma < 0.5. An extension of Subramanian’s results to
O(Ma3) by Merritt (1988) was shown to be useful for
Ma < 2, while Shankar and Subramanian (1988) con-
structed an improved series that was useful up to
Ma ≤ 25. Crespo et al. (1998) obtained an asymptotic
analysis for small Marangoni number case when the
velocity field in continuous bulk phase is given by po-
tential flow, which implies large Reynolds number and
small Prandtl number in that case. For large Marangoni
number case, Crespo and Jimenez-Fernandez (1992a,
b) and Balasubramaniam and Subramanian (1996) pro-
vided asymptotic analyses for the thermocapillary mi-
gration of spherical gas bubbles in both small and large
Reynolds number limits.

On the other hand, Shankar and Subramanian
(1988), as well as Oliver and De Witt (1994), studied nu-
merically the thermocapillary motion of gas bubbles at
zero Reynolds number and Marangoni number as high
as 200. They employed the finite difference method to
solve the energy equation, but used analytical results
for the velocity field. Thermocapillary migration of gas
bubbles at moderate to large Reynolds number was
also studied numerically by Szymczyk and Siekmann
(1988), Balasubramaniam and Lavery (1989), Chen and
Lee (1992), Nas and Tryggvason (1993), Welch (1998),
and Ma (1998) for the Marangoni number as high
as 1,000. The results are qualitatively consistent with
the asymptotic predictions of Balasubramaniam and
Subramanian Balasubramaniam and Subramanian
(1996). Undeformable bubbles, however, was usually

assumed in most studies except Welch (1998), in
which a finite volume method with interface tracking
capability on a moving unstructured mesh was used
to address the effect of bubble deformation on the
transient thermocapillary migration in microgravity.

In addition to theoretical and numerical develop-
ments, there are some results from experiments in
earth-based laboratories, as well as in reduced gravity
conditions. Because of the non-linearity of the problem,
the thermocapillary motion with finite values of the
Reynolds and the Marangoni numbers can be observed
experimentally only in microgravity environment in
order to avoid the buoyant convection. Hadland et al.
(1999) and Kang et al. (2008) reported some experi-
mental results on the thermocapillary migration of air
bubbles in silicone oil aboard a NASA space shuttle
and the 22nd Chinese recoverable satellite RS-22, re-
spectively, both two experiments cover a wide range of
the Reynolds and Marangoni numbers. Some ground-
based experiments, for example, Treuner et al. (1996),
were also carried. The blend of transients caused both
by the short-term microgravity environment utilized
and by the thermocapillary migration itself makes their
observations fraught with uncertainty.

In the present paper, a numerical study on the ther-
mocapillary motion of deformable bubbles at moderate
to large Marangoni number is reported. The results
of the thermocapillary migration velocity will be com-
pared with experimental data of Hadland et al. (1999)
and Kang et al. (2008), as well as some asymptotic
predictions and previous numerical simulations. The
structures of the flow and temperature fields will be
presented to help understanding the characteristic of
this phenomenon.

Mathematical Formulation and Numerical Method

The thermocapillary migration of a single deformable
bubble in an immiscible bulk liquid is considered here
with the following assumptions: (1) the fluids in both
phases are Newtonian, viscous and incompressible; (2)
the material properties are constant and not influenced
by the temperature; (3) the surface tension depends
linearly upon the temperature; (4) the motion in both
phases is axisymmetric and laminar.

To capture the interface of the bubble, the level-set
method (Osher and Sethian 1988) is used. The level-set
function is denoted as ϕ which is positive in the con-
tinuous bulk fluid and negative inside the bubble. So
the interface between two phases is the zero level-set of
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ϕ, which can be advanced by the following convection
equation:

∂ϕ

∂t
+ uuu · ∇ϕ = 0 (2)

where uuu denotes the velocity vector. A third-order
Runge–Kutta method in time and a fifth-order WENO
method in space are used to solve the equation.

In the numerical simulation, however, ϕ will no
longer be a distance function as the interface evolves. In
order to keep ϕ approximately equal to signed distance,
the re-initialization equation (Sussman et al. 1994)

∂ϕ

∂τ
= sgn (ϕ0) (1 − |∇ϕ|) (3)

needs to be solved to steady state periodically during
simulation with the following initial condition

ϕ (xxx, 0) = ϕ0 (xxx) (4)

where τ is the virtual time, ϕ0 is the level-set function
at the time t and sgn() is the smoothed sign function.

Furthermore, to guarantee the mass conservation of
the bubble the following Hamilton–Jacobi equation is
also solved to steady state periodically during simula-
tion (Son and Dhir 2007)

∂ϕ

∂τ
+ (V0 − V)

(
a + bκc) |∇ϕ| = 0 (5)

where V0 is the initial total volume of the bubble and V
is the total mass corresponding to the level-set function
ϕ(τ ), κ is the surface curvature. The parameters a, b
and c are chosen in the present study as 1, 0 and 0,
respectively. In the present study, the change of bubble
volume was no more than 1% in all cases.

Thus, based on the level-set function and the con-
tinuum interface model, the dimensionless governing
equations can be written as

∇ · uuu = 0 (6)

∂uuu
∂t

+ uuu · ∇uuu

=− 1

ρ ′

⎧
⎪⎪⎨

⎪⎪⎩

∇ p + μ′∇ · (∇uuu + ∇Tuuu
)

Re

+
[

1−Ca(T − T0)

We
κnnn+ (I−nnnnnn) ·∇T

Re

]
δ(ϕ)

⎫
⎪⎪⎬

⎪⎪⎭

(7)

ρ ′cp
′
(

∂T
∂t

+ uuu · ∇T
)

= k′

Ma
∇2T (8)

in which R, U , and |∇T∞| R are used as the character-
istic length, velocity and temperature, respectively. T0

is a dimensionless reference temperature which is set
as 0, or the value at the initial position of the center of
the bubble in the present study. The other dimension-
less parameters appeared in the above equations are
defined as follows

ρ ′ = ρ

ρ1
, μ′ = μ

μ1
, cp

′ = cp

cp1
,

k′ = k
k1

, Ca = μU
σ0

, We = ReCa.

The last two dimensionless parameters are the capillary
and Weber numbers, which determine the deformation
of the bubble.

The unit surface normal, the surface curvature and
the delta function appeared in the above equations are
also defined as follows

nnn = ∇ϕ
/|∇ϕ| (9)

κ = ∇ · nnn (10)

δ (ϕ) =
⎧
⎨

⎩
1 + cos

(
2πϕ

3h

)/
(3h) (|ϕ| < 1.5h)

0 (|ϕ| ≥ 1.5h)

(11)

where h is the grid spacing.
Furthermore, in order to avoid numerical instability

caused by their jumps across the interface, the material
properties of the fluids are smoothed by the Heaviside
function

ς = ς2 + (ς1 − ς2) H (12)

where ς represents ρ, μ, and so on. The Heaviside
function H is defined as

H =

⎧
⎪⎪⎨

⎪⎪⎩

1 (ϕ ≥ 1.5h)
1

2
+ ϕ

3h
+ sin

(
2πϕ

3h

)/
2π (|ϕ| < 1.5h)

0 (ϕ ≤ −1.5h)

(13)

The projection method is used to solve the above gov-
erning equations with uniform staggered grid of equal
spacing at the following initial conditions

u = υ = 0, T = z (t = 0) (14)
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and boundary conditions:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u = υ = 0, T = −A (z = −A)

u = υ = 0, T = B (z = B)

u = ∂υ

∂r
= ∂T

∂r
= 0 (r = 0)

u = υ = 0, T = z (r = C)

(15)

where z = −A, z = B, and r = C denote the bottom,
top, and the outer boundaries, respectively. The center
of the bubble locates at the point (0, 0) at the beginning,
and A is always set as 3.

Resolution Test and Validation

In order to estimate the accuracy of the numerical
algorithm, the method described above is first ap-
plied to several test cases. The dimensionless num-
bers except Re and Ma are chosen as ξ = ρ2

/
ρ1 =

1/1000, α = μ2
/
μ1 = 1/1000, β = k2

/
k1 = 1/30, χ =

cp2
/

cp1 = 1/4, and Ca = 0.2.
Figure 1 shows the comparison between the numer-

ical result for a test case of Re = 0.01 and Ma =
0.01 and the analytical prediction of YGB theory. A
computational domain of 15 × 5 and a grid of 300 ×
100 are used. A good agreement is evident since the
effects of convective transport of momentum and heat
are negligible in this case.

Before the above validation, the influence of the grid
spacing is firstly studied at Re = 1 and Ma = 100 with a
computational domain of 15 × 5, namely A = 3, B = 12,
and C = 5. It is found that the difference of the terminal
migration velocity is no more than 1% between two
grids of 300 × 100 and 450 × 150. The influence of
the computational domain is also studied with the same
grid spacing corresponding to the first one of the above
cases. It is also found that differences of the terminal
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Fig. 1 Comparison between the numerical result and the YGB
theory

migration velocity are no more than 1% among three
computational domains of 15 × 5, 20 × 5, and 15 ×
7. Thus, all results reported in the present paper are
obtained with the computational domain of 15 × 5 and
the grid of 300 × 100.

Influence of Dimensionless Parameters

Figure 2 presents evolutions of bubble migration veloc-
ity for different Marangoni number at a fixed Reynolds
number of 1. The other dimensionless parameters are
the same as those in Fig. 1. The early transients of
the motion, caused by the preternatural initial con-
ditions used in the numerical simulations, show the
same characteristics as those reported by Oliver and
De Witt (1994) and Welch (1998). Steady state of the
thermocapillary migration can be reached, which we
mainly concerned with. It is evident that the migration
velocity is a monotonically decreasing function of the
Marangoni number, which is consistent with the pre-
vious theoretical and numerical studies for the case of
nondeformable gas bubbles.

The dependence of the migration velocity on the
Marangoni number can easily be explained by the
isotherms surrounding the bubble, which are shown in
Fig. 3 equally-spaced with dimensionless temperature
increments of 0.4. Obviously, the enhanced convective
transport of momentum and heat with the increase of
the Marangoni number results in the wrapping of the
isotherms around the front of the bubble, leading to a
substantial reduction in the surface temperature gradi-
ent and diminishing the driving force for the motion of
the bubble over much of the front surface.

In theoretical and numerical studies of the thermo-
capillary migration of gas bubbles, the influence of the
gas phase inside the bubble are usually ignored, and

0 5 10 15 20 25
0.0

0.1

0.2

0.3

0.4

0.5

100

 10

 Ma=1

d
im

en
si

o
n

le
ss

 v
el

o
ci

ty

dimensionless time

YGB

Fig. 2 Influence of Marangoni number on evolution of bubble
migration velocity
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Fig. 3 The temperature fields
at different Marangoni
number. a Ma = 1,
b Ma = 10, c Ma = 100

A) Ma=1  B) Ma=10 C) Ma=100 

then the limits of α = 0 and β = 0 are assumed. The
finite values, however, of the material parameters of
real gas may have some influence on the thermocap-
illary migration of gas bubble. Figures 4 and 5 show re-
spectively the influences of the viscosity ratio α and the
thermal conductivity ratio β on the terminal migration
velocity at Re = 1 and Ma = 100. The other parameters
are the same as those in Fig. 1.

In these figures, the terminal migration velocities V
of bubbles are scaled using the corresponding values
predicted by the YGB theory. Thus, according to Eq.
1, the scaled velocities are equal to 1 for any values
of α and β in the absence of convective transport
of momentum and heat. On the contrary, the results
shown in Figs. 4 and 5 indicate a different trend in
which the scaled velocity decreases with the decrease
of α or β. Furthermore, the scaled velocity may keep
a nearly constant value if α < 0.1, while a monotone
decrease of the scaled velocity can be observed with
the decrease of β throughout its possible range. Thus,
the influence of the convective transport of heat inside
bubbles cannot be neglected, while the influence of the
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Fig. 4 The scaled migration velocity as a function of dynamic
viscosity ratio

convective transport of momentum inside bubbles may
be actually negligible.

Comparison with Space Experimental Data

The thermocapillary motion of deformable air bubbles
in silicone oil is studied numerically using the above
algorithm at the same conditions as those in the space
experiments of Hadland et al. (1999) and Kang et al.
(2008). Constant material properties, however, are
assumed to be independent of temperature. The fol-
lowing values are adopted for the dimensionless para-
meters in the problem, namely ξ = 0.0013, α = 0.0035,
β = 0.21, χ = 0.63, and Pr = 83.3. Furthermore, a
much larger value for the capillary number, i.e. Ca = 0.2
which is still much less than 1 to guarantee no distinct
deformation of the bubble, is used here than those in
the space experiments, which are of the order of 10−2 or
less, in order to prevent the virtual flow caused by the
strong jump of the normal stress across the interface of
bubbles.
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Fig. 5 The scaled migration velocity as a function of thermal
conductivity ratio
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Fig. 6 Evolutions of bubble migration velocity at different
Marangoni number

Figure 6 shows evolutions of bubble migration veloc-
ities at different Marangoni number. A steady state can
always be reached for the thermocapillary migration
of air bubbles. The predicted dimensionless terminal
velocity is a monotonically decreasing function of the
Marangoni number.

In Fig. 7, the predicted terminal migration veloc-
ities, which are also scaled using the corresponding
values predicted by the YGB theory, are compared
with the experimental data of Hadland et al. (1999)
and Kang et al. (2008), labeled respectively as HBWS-
1999 and KCHD-2008 for the brevity of the figure.
Generally, good agreements are evident. Asymptotic
analysis of Shankar and Subramanian (1988), SS-
1988, for small Marangoni number case and those of
Balasubramaniam and Subramanian (1996), BS-1996,
for large Marangoni number case are also plotted in
Fig. 7a for comparison, while numerical predictions of
Shankar and Subramanian (1988), Balasubramaniam
and Lavery (1989), and Ma (1998), labeled respectively
as SS-1988, BS-1989 and Ma-1998 are plotted in Fig. 7b.

In Fig. 7b, a nearly perfect agreement of the present
results with those of Shankar and Subramanian (1988)
should be considered as an incidental event, since the
influences of convective and molecular transports of
momentum and heat inside bubbles were ignored and
an undeformable bubble with a fixed spherical shape
were assumed in the latter. The scaled velocity will
increase if the influences of transports inside bub-
bles are taken into account because of the decrease
of the YGB velocity. Due to the same reason, the
differences between the present results and those of
Balasubramaniam and Lavery Balasubramaniam and
Lavery (1989) or Ma (1998) may be slightly enlarged.
On the other hand, a higher value of the Prandtl
number within the actual range in space experiments

is adopted here, which can lead to an underestimated
value of the Reynolds number. Furthermore, as men-
tioned above, a much larger value of the capillary num-
ber is also adopted here than that in space experiments.
According to the findings by Haj-Hariri et al. (1997)
and Yin et al. (2008) in their numerical studies of
the thermocapillary migration of liquid drops with or
without deformation, the terminal migration velocities
may increase with the increase of the Reynolds number,
particularly at high Marangoni number, and may de-
crease with the increase of the capillary number. Thus,
the differences may be diminished if these influences
are taken into account.

Isotherms in the terminal steady state of the thermo-
capillary migration for several typical cases are shown
as dashed lines in Fig. 8 in a meridian plane. Streamlines
are also plotted as solid lines in the same figure, in
which the left part is those in the local reference frame
attached to the center of the bubble and the right part
is those in the laboratory reference frame. As men-
tioned above, the enhanced convective transport of mo-
mentum and heat with the increase of the Marangoni
number leads to a substantial reduction in the surface
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Fig. 7 Comparison of the present numerical predictions of
the terminal thermocapillary migration velocity with experimen-
tal data and (a) asymptotic predictions, (b) other numerical
predictions
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Fig. 8 Isotherms (dashed
line) and streamlines (solid
line) at different Marangoni
number

A) Ma=2 B) Ma=50 C) Ma=500 

temperature gradient and diminishes the driving force
for the motion of the bubble over much of the front
surface. That is the reason of the fact that the migration
velocity decreases monotonically with the increase of
the Marangoni number.

An annular vortex can be observed inside the bub-
ble. The center of the vortex locates near the interface
of the bubble. As shown in Table 1, the transverse posi-
tion of the vortex is not changed with the Marangoni
number, while its longitudinal position moves down-
stream with the increase of the Marangoni number.
The reason for this fact should be found in the distri-
bution of temperature. According to Fig. 8, the tem-
perature gradient is nearly uniform along the bubble
interface at small Marangoni number, while a much
uneven distribution of temperature will be observed
at high Marangoni number. Although the surface tem-
perature gradient over whole surface decreases at high
Marangoni number, it becomes larger along the rear
surface than that along the front surface. Larger tem-
perature gradient means larger driving force and faster
motion, so the center of the vortex inside bubbles

Table 1 The locations of the center of the vortex inside bubbles
in the local reference frame attached to the center of bubbles (I)
and in the laboratory reference frame (II)

Ma (r, z)I (r, z)II

2 (0.68, −0.0312) (0.84, −0.0112)
5 (0.68, −0.0563) (0.84, −0.0163)
10 (0.68, −0.0699) (0.84, −0.0299)
20 (0.68, −0.0740) (0.84, −0.0240)
50 (0.68, −0.0802) (0.84, −0.0402)
100 (0.68, −0.0948) (0.84, −0.0548)
200 (0.68, −0.0958) (0.84, −0.0552)
500 (0.68, −0.0968) (0.84, −0.0568)

The origins of the two frames are located at the center of bubbles

moves downstream with the increase of the Marangoni
number.

Figure 9 shows the aspect ratio between the longitu-
dinal and transverse lengths of deformed bubbles in the
terminal steady state of the thermocapillary migration.
It decreases from 1 quickly with the increase of the
Marangoni number at Ma < 100, while the decreasing
rate lowers when the Marangoni number exceeds 100.
The aspect ratio smaller than 1 indicates the bubble
becomes a slightly oblate sphere, which is consistent
with Welch (1998). The biggest variation of aspect
ratio, however, is no more than 2% in the present
study. It ought to be pointed out here that the actual
deformation may be much smaller than the predictions
since the capillary number in space experiments has
much smaller values than that used here. Therefore,
no distinct influence of the deformation of bubbles can
occur in the thermocapillary migration of gas bubbles,
at least within the parameter ranges studied by Hadland
et al. (1999) and Kang et al. (2008).
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Fig. 9 Aspect ratio of the deformable air bubble at different
Marangoni number
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Conclusions

The thermocapillary migration of deformable gas bub-
bles has been studied numerically at moderate to large
Marangoni number. The axisymmetric governing equa-
tions are solved using the projection method with a
uniform staggered grid of equal spacing at appropriate
initial and boundary conditions. The level-set method
and the continuum interface model are used to account
for finite bubble deformation.

It is found from the numerical results that steady
state of the thermocapillary migration of deformable
gas bubbles can always be reached. The terminal mi-
gration velocity of bubbles scaled by the named YGB
velocity decreases with the decrease of the ratios of the
dynamic viscosity and thermal conductivity between
the gas and continuous bulk liquid phases. The scaled
velocity may keep a nearly constant value if the ratio of
the dynamic viscosity is less than 0.1, while a monotone
decrease of the scaled velocity can be observed with
the decrease of the ratio of the thermal conductivity
throughout its possible range. It is suggested that the
influence of the convective transport of heat inside
bubbles cannot be neglected, while the influence of the
convective transport of momentum inside bubbles may
be actually negligible.

The numerical results of the simulations under the
conditions corresponding to the space experiments of
Hadland et al. (1999) and Kang et al. (2008) are com-
pared with experimental data, asymptotic predictions
and other numerical simulations. Good agreement can
be observed. The structures of the flow and tempera-
ture fields are also presented to reveal the influences of
convective transport on the phenomenon. It is verified
by the present results that no distinct influence of the
deformation of bubbles can occur in the thermocapil-
lary migration of gas bubbles, at least within the para-
meter range studied by Hadland et al. (1999) and Kang
et al. (2008).
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