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Mitochondria experience continuous fusion and fission in a living cell, but their dynamics remains poorly quantified. Here a
theoretical model was developed, upon a simplified population balance equation (PBE), to predict the morphological changes
induced by mitochondrial fission and fusion. Assuming that both fission and fusion events are statistically independent, the
survival probability of mitochondria staying in the fission or fusion state was formulated as an exponentially-decayed function
with time, which depended on the time-dependent distribution of the mitochondrial volume and the fission and fusion rates.
Parametric analysis was done for two typical volume distributions. One was Gamma distribution and the other was Gaussian
distribution, derived from the measurements of volume distribution for individual mitochondria in a living cell and purified
mitochondria in vitro. The predictions indicated that the survival probability strongly depended on morphological changes of
individual mitochondria and was inversely correlated to the fission and fusion rates. This work provided a new insight into
quantifying the mitochondrial dynamics via monitoring the evolution of the mitochondrial volume.
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Mitochondrial functionality is crucial to cell life and death.
In a live cell, mitochondria tend to form a highly interconnected network and undergo continuous fission and fusion
[1,2]. Such complex network is advantageous, as compared
to the isolated individual mitochondria, in cellular metabolism, mitosis, and apoptosis as well as in organelle biogenesis and energy conservation. For example, mitochondrial
fission regulates the cellular biological activity levels at
different sites [3], while the fused mitochondria coordinate
mass transport, energy transfer, and signal transduction,
which transmits membrane potential ΔΨm [4,5]. Moreover,
the isolated mitochondria can be fused in vitro to form the
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large-sized organelles [6]. Thus, the balance of mitochondrial fission and fusion is a prerequisite for regulating the
biological activities in a live cell.
It has long been noticed that the morphology of individual mitochondria is correlated with cell cycle, as observed
in a highly-tubular network at interphase but a highlyfragmented structure in mitosis [7]. One interpretation is
that mitochondrial fission makes it easier to allocate them
into daughter cells, but it is hard to understand why the
fraction of tubular network is increased at telephase [7]. The
knock-out of mitochondrial proteins also induces the dramatic morphological change of individual mitochondria [8],
but the underlying mechanisms for how mitochondrial
morphology varies with time are still unclear. Thus, it is
required to quantify the dynamics of morphological changes
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induced by mitochondrial fission and fusion.
A few studies have attempted to quantify, respectively,
the mitochondrial morphology and fission and fusion dynamics in a live cell at sub-cellular level. On the one hand,
for example, the spatial distribution of mitochondria in axons of living neurons was found to follow a Poisson distribution [9,10]. Morphological changes of mitochondrial
network were quantified using a Fourier imaging correlation
spectroscopy assay [11]. The fractal property of moving
trajectory of sub-cellular vesicles [12] and three-dimensional (3D) movement of cytoplasmic membrane vesicles
[13] were also investigated. These works, however, are
quite preliminary in quantifying the dynamics of mitochondrial morphology using the simplified models. On the other
hand, several analyses of mitochondrial dynamics were also
done in mitotic or budding yeast as well as in yeast in meiosis [14–16]. For example, the antetograde and retrograde
velocities of mitochondrial movement were balanced and no
net movement was found in budding yeast [14].
Mitochondrial fission and fusion rates yielded the same
values in mitotic yeast [15]. The fraction of fragmented
mitochondria was enhanced in yeast sporulation [16]. Although these pioneering works provided some quantitative
evidence for mitochondrial movement and dynamics, it is
still far away from quantifying the mitochondrial fission and
fusion at sub-cellular level with methodological difficulties
[17]. Therefore, not only the 3D mitochondrial network
needs to be visualized experimentally since it is inter-connected in 3D configuration and evolutes in a time-dependent pattern, but the theoretical prediction is also required to correlate the morphological changes of individual
mitochondria with their fission and fusion dynamics.
Here we developed a theoretical model, upon a modified
population balance equation (PBE) [18], to describe the
evolution of mitochondrial morphology mediated by their
fission and fusion activities. Experimental observations of
volume distribution of individual mitochondria in a living
cell or of purified mitochondria in vitro were employed to
predict the time dependence of survival probability of a
mitochondrion in fission or fusion state. Our modeling provided a new insight into the dynamics of mitochondrial fission and fusion from the viewpoint of morphological
changes.

Cells and reagents—Mitotrack-CMX-ROS was purchased
from Cell Signaling Technology (Boston, USA). All the
other reagents were from Beijing Chemical Reagents Company (Beijing, China) with the highest purity.
Human epithelial carcinoma (Hela) cells obtained from
ATCC were grown up in Dulbecco’s modified Eagle medium (DMEM) (Hyclone, Logan, USA) supplemented with
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10% heat-inactivated fetal bovine serum (Gibco, Tulsa,
USA) and 1% of penicillin and streptomycin each (Hyclone,
Logan, USA). Harvested cells were placed on a culture
plate with a transparent window, and treated with 1 μM
Mitotrack-CMX-ROS for 20 min before laser confocal microscopic observation.
Visualization of mitochondrial morphology—A twophoton laser scanning microscopy (Carl Zeiss LSM 510
Meta，Germany) was used to monitor the individual mitochondria in a living cell. A culture plate was placed onto the
stage of inverted microscope and the time-lapsed images
were recorded using a 60× oil immersed lens (Carl Zeiss
Z500, Germany). A single cell was sliced at 1 μm interval
along z-direction with a spatial resolution of 0.05–0.14
μm/pixel, and the scanning time per slice varied in 0.1–1.3 s
in a temporal resolution of 0.80–1.68 μs/pixel. One cycle of
cell slicing (including the scanning time for a specific slice
and switch duration between two sequential slices) was
pre-set at 12–15 s per cycle. Cell slicing was performed
consecutively from one to another slice until it was completed from the bottom to the top.
Three-dimensional (3D) reconstruction—A course 3D
reconstruction approach was developed to visualize the
time-lapsed evolution of mitochondrial volume in the x-y
plane and along the z-direction. Each slice was digitalized
as a black and white image and the contour of an isolated
mitochondrion was determined. For filtering out the background noise, a threshold of grey value was set for each cell
(Figures 1(a) and (c)). Individual mitochondria in arbitrary
three sequential slices were respectively colored in red,
green, and blue from the bottom to the top, and then aligned
together. This procedure was repeated from the bottom (z =
0) to the top (z = H, where H is the maximum thickness of a
cell) (Figures 1(b) and (d)). The volume of an isolated mitochondrion was calculated as the product of mean projected area and its height across all slices by simplifying it
as a cylinder with a uniform diameter. The volumes for all
the mitochondria in the cell were estimated in each cycle
and all the values obtained from the total 31–33 cycles were
then pooled together for further analyses.

2 Theoretical models
2.1

1 Experimental procedures

April (2010) Vol. 53 No. 4

Basic equations

In the current work, the population balance equation (PBE)
was used as the theoretical framework to quantify the dynamics of mitochondrial fission and fusion. The starting
point of our modeling was to describe the evolution of
number density, n(V, t), of the organelles [18],
∂n (V , t )
∂t

V

2

= ∫ ka ( w,V − w) n ( w, t ) n (V − w, t ) dw
V0
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+∞

− ∫ ka ( w, V ) n ( w, t ) n (V , t ) dw
V0
+∞

+

∫ k ( w) n ( w, t ) γ ( w) ρ ( w,V ) dw
d

s

V

− kd (V ) n (V , t ) ,

(1)

where V is the volume of organelle (V0 ≤ V ≤ +∞) at time t
(0 ≤ t ≤ +∞) (in μm3), V0 defines the minimum threshold of
V for available fission (as seen below) (in μm3), γ (w) is the
number of organelles with an arbitrary volume of w, ρs(w,
V) is the volume distribution of γ (w), and kd(V) and ka(w, V)
are the fission and fusion rates per volume, respectively (in
s−1 μm−3). The first term on the right-hand side describes the
fusion rate of two organelles whose volumes add up to V.
The second term represents the fission rate of organelles
with volume V by their collision and binding with an organelle with any volume. The third term accounts for the production of organelles with volume V by break-up of organelles with volume w (V ≤ w < +∞). The last term denotes
the disappearance of organelles with volume V due to their
break-up into organelles with volume w (0 ≤ w ≤ V).
Our modeling on mitochondrial fission and fusion was
based on three key assumptions: 1) A single organelle is
simplified as a cylinder-like rod with a uniform diameter
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and the fission or fusion takes place at an arbitrary element,
dw, with the same probability (Figures 1(e) and (f)); 2)
There exists a minimum threshold of V, i.e. V0, below which
the organelle is still able to bind with an organelle with any
volume but unable to break up into two smaller organelles
(Figure 1(e)); 3) Only a single collision between two organelles is taken into account at any time.
Since the analytical solution to eq. (1) is not available,
numerical simulations are required to calculate the fission
and fusion rates. Briefly, eq. (1) can be discretized using the
distribution of volume, V(ti), obtained from measurements
at a pre-set time series {t1, t2,..., ti,..., tN} (where tN is the end
moment of observation), and then solved by a finite differentiation method to estimate the time courses of kd(V) and
ka(w, V) [18]. Since the iteration is quite labor- and
time-consuming, an alternative theoretical approach was
proposed in the current work.
2.2

Simplified models

The simplification for mitochondrial dynamics is to decouple the fission and fusion processes by assuming that the
fission or fusion event is stochastically independent of each
other, that is, the probability of simultaneous occurrence of
fission and fusion is quite low for an isolated organelle.
This seemed to be reasonable from the observation that only

Figure 1 (a)–(d) Volume estimations of individual mitochondria in a mitotic Hela cell at two focus planes of z1 = 2 μm ((a),(b)) and z2 = 3 μm ((c),(d))
from the bottom (Bar = 2 μm). The white and black images were originally obtained from a dual-photon laser scanning microscopy ((a),(c)). The colored
images were the 3D reconstructed ones where one set of three sequential images at z j, zj+1, and zj+2 were colored by red, green, and blue, respectively, and
then superposed into a single image ((b),(d)). This process was repeated using another set of three sequential images at z j+1, zj+2, and zj+3, until all the images
were reconstructed from the bottom to the top of the cell within the entire duration. Arrows and numbers indicate two typical mitochondria. Note that the #2
mitochondrion, primarily observed as “two” individuals in the z1 = 2 μm panel, was finally confirmed as a “single” mitochondrion using the 3D reconstructed images ((b), (d)). (e), (f) Schematic of theoretical modeling for mitochondrial fission from (e) and fusion to (f) a volume element, dw. Here V is the
mitochondrial volume and V0 is the minimum threshold for fission. kd and ka are the fission and fusion rates, respectively.
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13.4% (15.2%, 8.1%, and 17.0% from three individual cells)
of mitochondria was found to present the simultaneous fission and fusion. In a typical measurement, one can monitor
the evolution of the number and size (or volume) and the
occurrence of fission or fusion events for individual mitochondria. It was also noticed that the organelle exhibited a
dynamic transition between fission and fusion with varied
volumes [7,8,19]. Here the survival probability of the organelle with volume V not to break up at time t, PdV, follows:
dPdV
= − ⎡⎣(V − V0 ) × kd ⎤⎦ PdV .
dt
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here Γ(α) is the Gamma function and α and β are the adjustable parameters. For the sake of fitting the measured
volume distribution, the accumulative probability function
is also given:
F (V ) =

Γ (α , β (V − V0 ) )

(for fission)

Γ (α )

(8a)

or
F (V ) =

(2)

Γ (α , β V )

(for fusion),

Γ (α )

(8b)

z

If we set PdV = 1 at t = 0 and V0 is a constant, the solution to
eq. (2) yields at a fixed V:
PdV = exp ⎡⎣ − (V − V0 ) × kd × t ⎤⎦ .

(3)

Similarly, the survival probability of an organelle with
volume V not to fuse at time t, PaV, gives:
dPaV
= − (V × ka ) PaV .
dt

0

The other possible volume distribution is the Gaussian
distribution, as observed in the size distribution for individual mitochondria purified from cells and re-suspended in
vitro in buffer solution [20], with the probability density
function,

(4)

Again, with PaV = 1 at t = 0, the solution to eq. (4) satisfies at
a fixed V:
PaV = exp ( −V × k a × t ) .

here Γ (α , z ) = ∫ t α −1e − t dt is incomplete Gamma function.

ρ (V ) =

ρ (V ) =

∫ P ρ (V ) dV ,
dV

F (V ) =

(for fission)

(9a)

1

σ 2π

e − (V − μ )

2

/(2σ 2 )

(for fusion),

(9b)

(10a)

1⎛
⎛V − μ ⎞⎞
⎜ 1 + Erf ⎜
⎟ ⎟ (for fusion),
2⎝
⎝ 2σ ⎠ ⎠

(10b)

or
F (V ) =

here Erf ( z ) =

or

/(2σ 2 )

1⎛
⎛ V − V0 − μ ⎞ ⎞
⎜ 1 + Erf ⎜
⎟ ⎟ (for fission)
2⎝
2σ ⎠ ⎠
⎝

(6a)

V0

2

and the accumulative probability function,

+∞

PdV =

σ 2π

e − (V −V0 − μ )

or

(5)

Note that an implicit assumption that the fission or fusion
rate (kd or ka) does not vary with time t was used when integrating eqs. (2) and (4) with time t, since the fission or fusion occurs at a commensurate volume element, dw with
same opportunity (Figures 1(e) and (f)). Moreover, there
exists a distribution of mitochondrial volume at a given time
t, that is, a probability density function ρ (V). Thus, the time
dependence of mean survival probability yields:

1

2

z

∫ exp ( −t ) dt
π
2

is the Gaussian error

0

+∞

PaV =

∫

PaV ρ (V ) dV .

(6b)

0

Two volume distributions were used in the current work.
One is the Gamma distribution with a probability density
function of V:

βα
α −1
ρ (V ) =
(V − V0 ) e − β (V −V ) (for fission)
Γ (α )
0

function, μ is the mean volume, and σ is the standard deviation of the mean.
Eqs. (6a) and (6b) contain analytical solutions when V is
Gamma-distributed. Substituting eqs. (3) and (7a) into eq.
(6a) or eqs. (5) and (7b) into eq. (6b) for the integral, we get
α

⎛ β ⎞
PdV = ⎜
⎟ ,
⎝ kd t + β ⎠

(7a)

(11a)

or

or

α

ρ (V ) =

β α α −1 − βV
V e
(for fusion),
Γ (α )

(7b)

⎛ β ⎞
PaV = ⎜
⎟ .
⎝ ka t + β ⎠

(11b)
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Note that shifting the lower limit of the integral in eq. (6a)
from V0 to 0 results in the same expression as the integral in
eq. (6b) (except the rates kd and ka) (eqs. (10a) and (10b)).
Again, substituting eqs. (3) and (9a) into eq. (6a) or eqs.
(5) and (9b) into eq. (6b) for the integral yields for Gaussian-distributed volume:
PdV =

(

⎛ kd t −2 μ + kd tσ 2
1
exp ⎜
⎜
2
2
⎝
⎛
⎛ μ − kd tσ 2 ⎞ ⎞
× ⎜ 1 + Erf ⎜
⎟⎟
⎜
2σ ⎠ ⎟⎠
⎝
⎝

(12a)

3
3.1

)

)

)

⎛ μ − kd tσ 2
⎜
2σ
⎝

⎞⎞
⎟ ⎟⎟
⎠⎠

.

(13b)

(12b)

Note that the integral eq. (6a) or (6b) is in the regime of (0,
+∞). Therefore, eqs. (12a) and (12b), which did not reach
unity at t = 0, were re-normalized to 1.0 at t = 0.

(

(

⎛ ka t −2 μ + ka tσ 2 ⎞ ⎛
⎛ μ − ka tσ 2
⎟ × ⎜ 1 + Erf ⎜
exp ⎜
⎜
⎟ ⎜⎝
2
2σ
⎝
⎝
⎠
PaV =
⎛
⎛ μ ⎞⎞
⎜ 1 + Erf ⎜
⎟⎟
⎝ 2σ ⎠ ⎠
⎝

⎟
⎠

⎛ ka t −2 μ + ka tσ 2 ⎞
1
⎟
PaV = exp ⎜
⎜
⎟
2
2
⎝
⎠
2
⎛
⎛ μ − ka tσ ⎞ ⎞
× ⎜ 1 + Erf ⎜
⎟⎟.
⎜
2σ ⎠ ⎟⎠
⎝
⎝

⎛ kd t −2 μ + kd tσ 2 ⎞ ⎛
⎟ × ⎜ 1 + Erf
exp ⎜
⎜
⎟ ⎜⎝
2
⎝
⎠
PdV =
⎛
⎛ μ ⎞⎞
⎜ 1 + Erf ⎜
⎟⎟
⎝ 2σ ⎠ ⎠
⎝

or

) ⎞⎟

or

(
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⎞⎞
⎟ ⎟⎟
⎠⎠

Determination of survival probabilities

We firstly predicted the evolution of individual mitochondria experiencing continuous fission and fusion. At a set of
parameters summarized in Table 1, both PdV (solid lines)
and PaV (dashed lines) decreased exponentially with time at
a fixed volume V = 4 μm3 (Figure 2(a)) or with volume at a
fixed time t = 200 s (Figure 2(b)). It was also indicated that
PdV or PaV shifted leftwards when kd or ka increased from
0.001, 0.005, to 0.01 s−1 μm−3 (Table 1), indicating that the
higher the activity of fission or fusion was, the lower the
survival probability yielded. Note that the rightwards-shift
of PdV (solid lines in Figure 2(b)), as compared to those for
PaV (dashed lines in Figure 2(b)), was attributed to the
minimum threshold V0 for mitochondrial fission, as seen in
eqs. (3) and (5).
3.2

(13a)

Results and discussion

Varied volume distributions with time

Different individual mitochondria have varied volumes at a

Figure 2 Time courses of survival probabilities PdV (solid lines) and PaV (dashed lines), calculated using eqs. (3) and (5), for mitochondrial fission and
fusion at a fixed volume V = 4.0 μm3 (a) or at a fixed time t = 200 s (b). Here the minimum threshold V0 was set to be 0.5 μm3, and kd and ka were set to be
0.001 (red lines), 0.005 (blue lines), and 0.010 (black lines) s−1 μm−3, respectively.

Table 1 Parameters used in the predictions
Parameters
kd (s−1 μm−3)
ka (s−1 μm−3)
(α, β) (•, μm−3)
μ ±σ (μm3)

0.001
0.001
(0.5, 1.0)
0.5 ± 0.5

0.005
0.005
(1.0, 1.0)
1.0 ± 0.5

Values
0.01
0.01
(1.5, 1.0)
1.5 ± 0.5

(1.0, 0.5)
1.0 ± 0.1

(1.0,1.5)
1.0 ± 1.0

WANG ShiQi, et al.

Sci China Phys Mech Astron

April (2010) Vol. 53 No. 4

685

given time, which yields a volume distribution [7,19]. Here
we measured the volumes for all the mitochondria in an
intermitotic Hela cell and fitted the accumulative probability distribution using eq. (8b). It was found that the prediction (line) was in excellent agreement with the data (points)
(Figure 3(a)), which returned the parameters of α = 1.00
and β = 0.68 μm−3 (R2 = 0.995). To monitor the variation of
volume distribution with time, we also determined the time
dependence of the parameters by fitting the data at different
time points (31 data sets at the interval of 15 s; R2 = 0.986–
0.998). As exemplified in Figure 3(b), both the parameters
of α (open circles) and β (solid circles) retained the similar
values at t < 220 s, and then exhibited an ascending phase to
reach the peaks at t~310 s followed by a descending phase
up to 450 s. The values were averaged over an entire period
of observation, which turned to be α =1.24±0.31 (dashed
line for the mean) and β = (0.93±0.38) μm−3 (solid line for
the mean) (Figure 3(b)). We also measured the goodness-of-fit for the volume distribution in a mitotic Hela cell
(33 data sets at the interval of 12 s; R2 = 0.982–0.997) and
obtained the mean values of α = (1.23±0.55) and β =
(1.70±1.35) μm−3 from the time course of the fitted parameters (data not shown). These results indicated that the
Gamma-distributed volume of individual mitochondria varied with time in a living cell and that the lower β promoted
the narrower distribution in an intermitotic Hela cell.
We further tested the volume distribution of individual
mitochondria purified from living cells and re-suspended in
buffer solution. This is still biologically-relevant since those
purified mitochondria were able to complete, at least, the in
vitro fusion and to form a large-sized organelle [6]. Here,
we borrowed the data sets of size distribution of purified
mitochondria from human embryonic T-Rex-293 kidney
cells where the diameter was most likely Gaussian-distributed [20]. We re-calculated the volumes of purified mitochondria using V = 1/6πD3 and obtained the accumulative
probability distribution of volume (points in Figure 3(c)).
The measured distribution fitted well with the prediction
using eq. (10b) (line in Figure 3(c); R2 = 0.987), which returned the parameters of μ = 0.79 μm3 and σ = 0.83 μm3.
Note that the time dependence of the parameters was no
longer tested since the volume distribution did not vary with
time in this regard.
3.3

Parametric analysis of mean survival probability

Next we tested the effect of mitochondrial fission and fusion rates on mean survival probabilities at a defined volume distribution. Note that both PdV and PaV have the
same forms when kd = ka whether the minimum threshold V0
is introduced or not. Upon the above predictions, (α, β)
were set to be (1.0, 1.0) (•, μm−3) for Gamma-distribution
and (μ, σ) to be (1.0, 0.5) (μm3) for Gaussian distribution.

Figure 3 (a) Typical volume distribution of individual mitochondria at
the interphase in a Hela cell. Data (points) was presented as the accumulative probability distribution of the mitochondrial volume before being
compared with the prediction fitted using eq. (8b) (solid line). (b) Time
dependence of parameters α (open circles) and β (solid circles) for a
Gamma distribution defined by eq. (7b). Dashed line and solid line are
denoted as the mean values of α and β with entire observation, respectively.
(c) Typical volume distribution of purified mitochondria from human
T-Rex-293 kidney cells. Data (points) adopted from our previous work [20]
was presented as the accumulative probability distribution of the mitochondrial volume before being compared with the prediction fitted using eq.
(10b) (solid line).

Time dependence of mean survival probability (same for
PdV and PaV ) was determined via eqs. (11a), (11b) and
(13a), (13b) at systematically-varied rates of kd = ka = 0.001,
0.005, and 0.01 s−1 μm−3 (Table 1). It was found that PdV
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or PaV decreased exponentially with time and the curve
shifted leftwards when kd or ka increased (Figures 4(a) and
(b)) whether the mitochondrial volume is Gamma- or Gaussian-distributed, which was the same as PdV or PaV found at
a fixed volume (Figure 2(a)). The predictions also indicated
that the higher the fission or fusion activity was, the lower
the mean survival probability yielded.
We further tested the impact of adjustable parameters at
the fixed rates of kd = ka = 0.005 s−1 μm−3. Here the survival
probability was compared between two sets of systematically-varied parameters of α = 0.5, 1.0, 1.5 at a given β of
1.0 μm−3 and β = 0.5, 1.0, 1.5 μm−3 at a given α of 1.0 for
Gamma-distributed volume (Table 1). The predictions
demonstrated that PdV or PaV shifted leftwards when α
increased from 0.5 (solid line), 1.0 (dashed line) to 1.5
(dotted line) (Figure 5(a)) but moved rightwards when β
increased from 0.5 (solid line), 1.0 (dashed line) to 1.5
(dotted line) μm−3 (Figure 5(b)), suggesting that high α
value accelerated the decay of mean survival probability
PdV or PaV whereas high β value slowed down the decrease of PdV or PaV with time. Parametric analysis was
also done for Gaussian–––distributed volume where two sets
of parameters of μ = 0.5, 1.0, and 1.5 μm3 at a fixed σ = 0.5
μm3 and σ = 0.1, 0.5, and 1.0 μm3 at a fixed μ = 1.0 μm3
(Table 1) were used for the prediction. Again, the survival
probability shifted leftwards when the mean value μ increased from 0.5 (solid line) to 1.0 (dashed line) and 1.5
(dotted line) μm3 (Figure 5(c)), indicating that high μ value
accelerated the decay of PdV or PaV . No significant difference, however, was found when the standard deviation σ
increased from 0.1 (solid line) to 0.5 (dashed line) and 1.0
(dotted line) μm3 (Figure 5(d)), implying the insensitivity of
effect of σ on PdV or PaV . Taken together, these predictions defined the time dependence of survival probability on

Figure 4
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varied volume distributions.
3.4

Impact of time-dependent volume distribution

It is evident that mitochondrial morphology depends on the
net rate of its fission and fusion. At an equilibrium state, the
fission rate is comparable to the fusion rate, which retains
the same volume distribution. By contrast, the large-sized
mitochondria have the low fraction in the pool of volume
when the fusion rate reduces or vice verse when the fission
rate lowers [7,19]. This was further confirmed in the current
work where low fraction of large mitochondrial volume was
observed in an intermitotic Hela cell with low mean value
of β ( β = 0.97 μm−3) (cf. Figure 3(b)), as compared to that
in a mitotic Hela cell ( β = 1.41 μm−3). It was also found
from Figure 3(b) that both α and β exhibited an ascending
phase followed by a descending phase. Thus, it is important
to quantify the impact of time-dependent Gamma distribution of mitochondrial volume on survival probability. Here
two sets of formulation were proposed to describe the time
dependence of α and β.

α ( t ) = α 0 exp ( −a1t ) ,

(14a)

β ( t ) = β 0 exp ( −a2 t ) (for descending phase);

(14b)

α ( t ) = α 0 + Δα (1 − exp ( −b1t ) ) ,

(15a)

and

and

β ( t ) = β 0 + Δβ (1 − exp ( −b2 t ) ) (for ascending phase). (15b)
Here α0 and β0 are the values at t = 0, α0+Δα and β0+Δβ are
the values at t→+∞, and a1, a2, b1, and b2 are the characteristic time constants (in s−1). Similar analytical solutions for

Time courses of mean survival probabilities PdV and PaV , calculated using eqs. (11a) and (11b) for the Gamma-distributed volume at α = 1.0

and β = 1.0 μm−3 (a) or using eqs. (13a) and (13b) for the Gaussian-distributed volume at μ = 1.0 μm3, σ = 0.5 μm3, where PdV or PaV was re-normalized to
1.0 at t = 0 (b). Here the fission and fusion rates kd and ka were set to be 0.001 (solid lines), 0.005 (dashed lines), and 0.010 (dotted lines) s−1 μm−3, respectively.
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and PaV , calculated using eqs. (11a) and (11b) for the Gamma-distributed volume when α

was varied by 0.5 (solid line), 1.0 (dashed line), and 1.5 (dotted line) at a fixed β = 1.0 μm−3 (a) or when β was varied by 0.5 (solid line), 1.0 (dashed line),
and 1.5 (dotted line) μm−3 at a fixed α = 1.0 (b) or using eqs. (13a) and (13b) for the Gaussian-distributed volume when μ was varied by 0.5 (solid line), 1.0
(dashed line), and 1.5 (dotted line) μm3 at a fixed σ = 0.5 μm3 (c) or when σ was varied by 0.1 (solid line), 0.5 (dashed line), and 1.0 μm3 (dotted line) at a
fixed μ =1.0 μm3 (d). PdV
−1

or PaV

was re-normalized to 1.0 at t = 0 for Gaussian distribution ((c), (d)). Here the fission and fusion rates were set to be kd =

−3

ka = 0.005 s μm .

mean survival probability PdV or PaV were obtained by
substituting eqs. (14a) and (14b) or (15a) and (15b) into eqs.
(6a) and (6b):
α (t )

⎛ β (t ) ⎞
PdV = ⎜
⎜ k t + β ( t ) ⎟⎟
⎝ d
⎠

(16a)

or
α (t )

⎛ β (t ) ⎞
PaV = ⎜
⎜ k t + β ( t ) ⎟⎟
⎝ a
⎠

and then were compared with those at α(t)≡α0 and β(t)≡
β0 (dashed lines) (Figure 6). Again note that both PdV and
PaV have the same forms when kd = ka (eqs. (16a) and

(16b)). The predictions indicated that PdV or PaV no
longer decreased monotonically with time but exhibited a
biphasic transition when it decreased at t < 100 s followed
by an increase for descending phase of α(t) (eq. (14a))
(solid lines), while PdV or PaV retained a monotonic de-

(16b)

crease at α(t) ≡ α0 and β(t) ≡ β0 (dash lines) (Figure 6(a)).
This resulted in a significantly different pattern in PdV or

For the simplification of the predictions, the parameters
were set to be α0 = Δα = 1.0 and β0 = Δβ = 1.0 μm−3 and a1
or PaV was tested at kd = ka = 0.001 (blue lines), 0.005 (red

PaV where it turned to be unity when α(t) approached zero
at t→+∞. For a Gamma distribution (eq. (7)), the distribution of mitochondrial volume tended to be compressed towards the zero-volume regime and PdV or PaV ap-

lines), and 0.01 (black lines) s−1 μm−3 (Figures 6(a)–(d)).
Four cases were involved in the following predictions:
α(t) was defined by eq. (14a) (Figure 6(a)) or (15a) (Figure
6(b)) when β(t)≡β0 and β(t) was defined by eq. (14b) (Figure 6(c)) or (15b) (Figure 6(d)) when α(t)≡α0 (solid lines),

retained a monotonic decrease for ascending phase of α(t)
(eq. (15a)) (solid lines) and shifted leftwards as compared to

.

= a2 = b1 = b2 = 0.005 s−1. And the rate dependence of PdV

proached unity at α→0. These predictions suggested that
the very small-sized mitochondria were not favorable for
their fission or fusion activities. By contrast, PdV or PaV
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Figure 6
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and PaV , between the time-dependent parameter set of α(t) and β(t) and the

constant value set of α0 and β0. Plotted are the probabilities when α(t) was defined by eq. (14a) (a) or eq. (15a) (b) at a fixed β(t) ≡ β0 = 1.0 μm−3 or when
β(t) was defined by eq. (14b) (c) or eq. (15b) (d) at a fixed α(t) ≡ α0 = 1.0 (solid lines). Also plotted are the probabilities at the constant values of α(t) ≡ α0
= 1.0 and β(t) ≡ β0 = 1.0 μm−3 (dashed lines). Here the parameters were set to be α0 = Δα = 1.0, β0 = Δβ = 1.0 μm−3, and a1 = a2 = b1 = b2 = 0.005 s−1. The
fission and fusion rates were set to be kd = ka = 0.001 (blue lines), 0.005 (red lines), and 0.01 (black lines) s−1 μm−3.

those at α(t) ≡ α0 and β(t) ≡ β0 (dashed lines) (Figure
6(b)), indicating that PdV or PaV decreased quickly and
mitochondrial fission or fusion was active. No biphasic
transition of PdV or PaV was found for either descending
or ascending phase of β(t) at α(t) ≡ α0 (Figures 6(c) and
(d)). Again, lower (Figure 6(c)) or higher (Figure 6(d)) PdV
or PaV was presented for descending (eq. (14b)) or ascending (eq. (15b)) β(t) (solid lines) than those at α(t) ≡ α0
and β(t) ≡ β0 (dashed lines), suggesting the higher or lower
fission and fusion activities for time-dependent β(t). Taken
together, these predictions indicated that the varied Gamma
distribution of mitochondrial volume was strongly correlated with their fission and fusion activities.
Finally, we developed a theoretical model to describe the
dynamics of volume evolution for mitochondrial fission and
fusion. The survival probability predicted from the model
was found to be inversely correlated with the fission or fusion rate (kd or ka), which is applicable in quantifying the
fission or fusion activities for mitochondrial physiology.
This model could also be used to estimate the fission and
fusion rates from the measurements of time course of survival probability and mitochondrial volume distribution in

the future works.
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