
lable at ScienceDirect

Vacuum 84 (2010) 315–320
Contents lists avai
Vacuum

journal homepage: www.elsevier .com/locate/vacuum
Influence of contact geometry on hardness behavior in nano-indentation

Min Li a, Weimin Chen b,*, Yang-Tse Cheng c, Che-Min Cheng d

a School of Aeronautic Sciences and Technology, Beijing University of Aeronautics and Astronautics, Beijing 100191, China
b Division of Engineering Science, Institute of Mechanics, CAS, Beijing 100190, China
c Materials and Processes Laboratory, General Motors Research and Development Center, Warren, MI 48090, USA
d State Key Laboratory of Nonlinear Mechanics (LNM), Institute of Mechanics, CAS, Beijing 100190, China
a r t i c l e i n f o

Article history:
Received 23 February 2009
Received in revised form
29 June 2009
Accepted 3 July 2009

Keywords:
Indenter tip roundness
Surface roughness
Hardness
Nano-indentation
* Corresponding author. Tel.: þ86 010 82543891; fa
E-mail address: wmchen@imech.ac.cn (W. Chen).

0042-207X/$ – see front matter � 2009 Elsevier Ltd.
doi:10.1016/j.vacuum.2009.07.001
a b s t r a c t

In this paper the influence of contact geometry, including the round tip of the indenter and the
roughness of the specimen, on hardness behavior for elastic-plastic materials is studied by means of
finite element simulation. We idealize the actual indenter by an equivalent rigid conic indenter fitted
smoothly with a spherical tip and examine the interaction of this indenter with both a flat surface and
a rough surface. In the latter case the rough surface is represented by either a single spherical asperity or
a dent (cavity). Indented solids include elastic perfectly plastic materials and strain hardening elastic–
plastic materials, and the effects of the yield stress and strain hardening index are explored. Our results
show that due to the finite curvature of the indenter tip the hardness versus indentation depth curve
rises or drops (depending on the material properties of the indented solids) as the indentation depth
decreases, in qualitative agreement with experimental results. Surface asperities and dents of curvature
comparable to that of the indenter tip can appreciably modify the hardness value at small indentation
depth. Their effects would appear as random variation in hardness.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction with depth such as surface work-hardened layer [10] and the error of
Instrumented nano-indentation has provided valuable informa-
tion on the mechanical property of materials in very small size in bulk
or as thin films and coatings. This modeling of indentation was
originally based on continuum mechanics regarding materials as
homogeneous and without internal structure. Commercial nano-
indentation systems usually employ pyramidal indenters such as the
Berkovich and Vickers indenters. Ideally each of these indenters
yields hardness values independent of the indentation depth in
indenting homogeneous elastic–plastic materials. In practice it is
commonly found that at small indentation depth of the order of
several tens of nanometers or more the nano-indentation measure-
ment system yields hardness value which tends to rise and deviate
more and more from being constant as the indentation depth
decreases. This phenomenon known as size effect [1–4] in indenta-
tion has been the subject of a large number of studies. On one hand,
the variation in hardness at small indentation depth is explained by
internal material structures such as strain gradient plasticity theories
and dislocation density model [5–8] at very small size. On the other
hand some authors attributed the variation of hardness to the surface
chemical effects such as an oxidation [9], material property variation
x: þ86 010 82338527.
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area function [11]. This paper examines how contact geometric
factors, i.e. tip roundness and specimen surface roughness may
influence hardness behavior at small indentation depth.

Real indenters are never ideally pyramidal since the tips are
always blunt. This by itself introduces at least one linear scale in the
mechanics of indentation [12–15]. Surface roughness has also been
looked at as another geometric factor [16–20]. Hardness behavior
by an indenter with round tip against typical flat elastic perfectly
plastic solids has been studied in authors’ previous work [15]. In
this paper the materials of indented solids are extended to being
elastic-plastic, and the influences of material properties including
yield stress and strain hardening index are explored. We idealize
the actual indenter by an equivalent rigid conic indenter fitted
smoothly with a spherical tip and examine the interaction of this
indenter with both a flat surface and a rough surface. In the latter
case the rough surface is represented by either a single spherical
asperity or a dent (cavity). Surface adhesion will be neglected.

Finite element simulation is carried out for elastic-plastic
materials with a range of yield stress and hardening index. Hard-
ness as a function of indentation depth is computed. Our results
show that at small indentation depth hardness value is no longer
constant because of tip roundness and surface roughness. And
hardness behavior depends on material parameter, i.e. non-
dimensional yield stress sY/E (sY is the yield stress and E is the
Young’s modulus) and strain hardening index n. For example, for
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solid with low value of yield stress sY/E and strain hardening index
n hardness rises to a maximum value and then decreases to
a constant value corresponding to the value by an ideally self-
similar sharp indenter as indentation depth increases, whereas for
solid with high value of yield stress sY/E and strain hardening index
n hardness rises monotonously and then approaches the constant
value due to an ideally self-similar sharp indenter as indentation
depth increases. Our results also show that surface asperities and
dents of curvature comparable to that of the indenter tip can
appreciably modify the hardness value at small indentation depth.
Their effects would appear as random variation in hardness.

The plan of this paper is as follows: in Section 2 results of finite
element simulation of the indentation of an idealized indenter into
a half space are presented to show the effect of the tip radius on
hardness. Section 3 shows the finite element simulation results of
the indentation of a rigid spherical indenter tip indenting an asperity
and a cavity to show to what extent their relative curvature may
affect hardness values. Section 4 contains our principal conclusions.
2. Indentation by an idealized conical indenter with
a spherical cap

In this section we first examine the problem of an idealized
indenter composed of a cone of semi apex angle 70.3� fitted
smoothly to a spherical cap of radius R indenting homogeneous
elastic–plastic materials. It is known that such an indenter can
simulate the Berkovich indenter at large indentation depth. The
specimen is assumed to have an ideally flat surface. This idealized
indenter is shown schematically in Fig. 1. We note that for contact
depth hc� R(1� sin w)¼ 0.059R, the indentation problem is iden-
tical to that of a rigid sphere indenting a flat specimen [21,22].

For such indenters acting on a general elastic–plastic material
characterized by the Young’s modulus E, yield stress sY, Poisson
ratio n and hardening index n, dimensional analysis [23,24] requires
that the hardness H can be expressed as

H ¼ Ef
�

h
R
;
sY

E
; n;n;w

�
;w ¼ 70:3� (1)

The indentation depth corresponding to hc/R¼ 0.059 (hc is contact
depth) will be denoted by hs.

From Eq. (1) we know that in addition to the indentation depth
h/R and semi apex angle w, material parameters, i.e. sY/E, n, n affect
hardness behavior. In this paper Poisson ratio n and semi apex angle
w are taken to be 0.3 and 70.3� respectively. And the influence of
material parameters, non-dimensional yield stress sY/E and strain
hardening index n, on the behavior of indentation hardness will be
explored.
2.1. Effect of yield stress sY/E on hardness

The finite element calculations are performed using the
commercial finite element code ABAQUS. Details of the formulation
Fig. 1. The ideal indenter – conic indenter with a spherical cap.
can be found in the ABAQUS theory manual [25]. The typical mesh
for finite element models are shown in Fig. 2. Four-node rectan-
gular elements and three-node triangular elements are used. Finer
meshes are employed near the region of contact in order to achieve
satisfactory accuracy. A refined mesh is used to obtain better
resolution in the elastic regime, for example the mesh spacing is
one-third of that of the of the standard mesh.

Finite element simulations are carried out on four elastic
perfectly plastic materials that are assumed to be isotropic and
homogeneous, where the real contact area is taken, by identifying
the surface node coming into contact and then obtaining the
contact radius, to calculate the hardness. The yield stress over
Young’s modulus ratios, sY/E, of two materials is equal to 0.003 and
0.0001 respectively. These two materials exhibit pile-up behavior.
The other two materials have values of sY/E ratios equal to 0.1 and
0.01 respectively and exhibit sink-in behavior. For each material,
numerical computation is carried out for two rigid indenters of the
ideal shape shown in Fig. 1, one has a tip radius of 50 nm and
another one has a tip radius of 400 nm. Observing Eq. (1) we note
that the hardness H depends on the non-dimension indentation
depth h/R, when the material parameters sY/E, n, n and indenter
apex angle w have been taken to be known values. So the finite
element predictions of hardness H are plotted against indentation
depth h/R in Fig. 3a–d respectively for a range of sY/E (0.0001, 0.003,
0.01, 0.1).

The hardness behavior of the four materials has a common
feature. As the indentation depth increases from zero hardness
increases and reaches a maximum value. It then decreases and
approaches asymptotically a limiting value equal to the hardness
due to an ideally sharp conical indenter as indentation depth
becomes sufficiently large. This behavior of hardness deviating
from constant values is due to the effect of tip roundness of
indenter and it was studied in the previous work [15].

In order to explore the influence of relative yield stress sY/E on
the hardness behavior, we examine the plot of relative hardness
H/H0 versus indentation depth h/R and the curves (only the results
for tip radius of indenter R¼ 400 nm are displayed) are shown in
Fig. 4. H0 is the hardness of ideally sharp conical indenter, or the
limiting value of hardness when round tip radius R of indenter
approaches zero. As required by Eq. (1) H0 remains constant for
given values of semi apex angle and material parameters. It is seen
that for material with low value of sY/E hardness reaches a higher
Fig. 2. Typical finite element mesh, composed of four-node rectangular elements and
three-node triangular elements.



Fig. 3. Computed hardness versus indentation depth h/R using the ideal indenter indenting materials with divergent value of yield stress sY/E (here n¼ 0). a. sY/E¼ 0.1; b.
sY/E¼ 0.01; c. sY/E¼ 0.003; d. sY/E¼ 0.000.
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peak value at a smaller indentation depth. For example, the relative
hardness H/H0 for a material with sY/E¼ 0.0001 reaches the peak
value, 1.72, at indentation depth h/R¼ 3.5�10�4. And when sY/
E¼ 0.1 the relative hardness H/H0 reaches the peak value, 1.06, at
indentation depth h/R¼ 2.0�10�1. That is to say, the peak value of
H/H0 increases as the yield stress decreases. The initial increase of
hardness with indentation depth was observed by experimental
studies [26]. Since for materials with low values of sY/E the
maximum hardness is reached at an indentation depth smaller
than hs¼ 0.059R z 10 nm, hardness measurements should be done
at very small indentation depth so as to observe this part of the
Fig. 4. Effect of sY/E on hardness at small indentation depth.
hardness versus indentation depth curve. So we may say that scale
effect of indentation hardness is more pronounced for materials
with low values of relative yield stress.

2.2. Effect of strain hardening index n on hardness

Practical engineering materials strain harden in the plastic
range, in this section we will explore the effect of strain hardening
index on the indentation response. Here it is assumed that beyond
the elastic limit the deformable material satisfies J2 flow theory
with isotropic hardening, and with the total strain obeying
a piecewise linear/power law. In uniaxial tension, the stress s is
related to the strain 3 by following formulas

s ¼
�

3E for 3 � sY=E
3ns for 3 � sY=E

(2)

where n is strain harden index, s is the strength coefficient, and to
ensure continuity the equation s ¼ sYðE=sYÞn should be satisfied.

In finite element simulations the hardening index n of the
deformable materials is taken to be 0.0, 0.01, 0.1, 0.2, 0.3, 0.4 and
0.5, and yield stress sY/E is taken to be 0.01, 0.003 and 0.0001
respectively. The indenter tip radii are 50 nm and 400 nm. The
influence of hardening index n on the hardness is explored, and
selected results of finite element prediction are shown in Fig. 5a–c
(tip radius of indenter is R¼ 400 nm) by plotting relative hardness
H/H0 against non-dimension indentation depth h/R. We can see
that at large indentation depth the hardness value approaches
a constant value, i.e. H/H0 / 1, but at small indentation depth
hardness behaves very differently.

Generally speaking, the value of the hardening index n influ-
ences the behavior of the relative hardness H/H0 versus the non-
dimensional indentation depth h/R curve in a significant way.



Fig. 6. Schematics of the contact geometry of a rigid sphere with: 1) another sphere, 2)
a spherical cavity.
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Taking hardness behaviors for material with sY/E¼ 0.003 (shown in
Fig. 5b) as an example, we can see that for the material with a high
value of n, e.g. n¼ 0.5 and 0.2, at small indentation depth values of
relative hardness are always smaller than 1.0, or the hardness H at
smaller depth is always smaller than the hardness at larger
indentation depth. That is to say, the curves of hardness versus
depth are monotonic and do not have peaks. However, for the
material with a low value of n, e.g. n¼ 0.0 and 0.01, at small
indentation depth the relative hardness increases and reaches
a peak value exceeding the value of 1.0. For elastic perfectly plastic
material (n¼ 0.0 and sY/E¼ 0.003) the maximum value, H/H0¼1.15
is reached at depth h/R¼ 9.8� 10�3.

It is also seen that higher peaks of hardness occur at smaller
indentation depth. And the highest peak corresponds to n¼ 0,
namely when the material is elastic perfectly elastic. This behavior
of hardness at small indentation depth can be observed in
experimental results [2,17,26]. Considering the initial increase of
hardness at indentation depth much smaller than hs may easily
be missed in hardness measurements, we may say that the size
effect for material with low value of hardening index is more
pronounced.

3. Indenting a sphere and cavity by a rigid sphere of radius R1

Real surfaces are never flat so that the initial contact of the
indenter with the specimen surface will be either with an asperity
of positive curvature 1/R2 or, if the tip of the indenter is sharp
enough, with a cavity of negative curvature �1/R2. In this section
we model this situation by the contact between a rigid sphere of
radius R1 with a deformable sphere of radius R2 and with
a deformable spherical cavity of radius R2 (shown in Fig. 6). Again,
the material being indented is taken to be elastic perfectly plastic
with yield stress sY/E¼ 0.003.
Fig. 5. Computed hardness versus indentation depth h/R using the ideal indenter inde
The contact problem between elastic spheres was first solved by
Hertz. A similarity solution for elastic–plastic contact has been
given by Storaker et al. [27]. But its range of application is too
restricted for the present purpose. Numerical simulation to deal
with larger plastic deformation was done by Mesarovic and Fleck
[21,22] in their study of compaction of spherical pellets. The present
paper extends their results to contact between two spheres and
between a sphere and a cavity. For more information readers may
refer to Refs. [28–30].

Similar to Eq. (1) hardness in this case can be expressed func-
tionally as
nting strain hardening materials. a. sY/E¼ 0.01; b. sY/E¼ 0.003; c. sY/E¼ 0.0001.



Fig. 7. Computed hardness versus indentation depth between a rigid sphere (R1) and
either a spherical (R2) asperity or a spherical cavity (�R2).
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H ¼ Ef
�

h
R1
;
�R2

R1
;
sY

E
; n;n;w

�
(3)

where the plus sign applies to contact between spheres and the
negative sign applies to the contact between sphere and cavity.

In Fig. 7 hardness is plotted against the indentation depth for
a range of the parameter �R1/R2. The indentation depth hs below
which the sphere/sphere and sphere/cavity models simulate the
contact of the ideal sphere capped indenter discussed in the last
section is marked in the figure by fully filled symbols. In the case of
the ideal indenter discussed in the last section, hardness must
approach a limiting value for indentation depth much larger than
hs. This limiting value H0 is also shown in Fig. 7.

An interesting feature of the curves in Fig. 7 is that the hardness
values for indentation depth below hs can either be significantly
lower or higher than H0 depending on the algebraic value of the ratio
�R1/R2. This means that surface roughness can appreciably alter the
hardness readings of instrumented indentation measurement in
a random manner. Another interesting observation is that the value
of H relative to H0 and the sign of the slope of the hardness/inden-
tation depth curve at hs in Fig. 7 may introduce additional new
features such as peaks and dips in the hardness versus indentation
depth curves at depth beyond hs. It is also of interest to note that at
the indentation depth h/R z 0.06, the concept of reduced radius R*

lumping the two parameters h/R1 and R2/R1 into a single h/R* no
longer applies. At small indentation depth or for problem of small
deformation, based on Hertz contact theory, the radii of two con-
tacting spheres appear only in the combination (1/R1)þ (1/R2) in the
formulation of the contact problem, it can be replaced by a single
parameter (1/R*)¼ (1/R1)þ (1/R2), R* is known as the effective
radius. But at large indentation depth (h/R z 0.06), the concept of
reduced radius R* no longer applies because of large deformation.
Based on dimension analysis (Eq. (3)) two non-dimensionless
parameters h/R1 and R2/R1 are needed.

4. Conclusions

In this paper the influence of contact geometry, including the
round tip of the indenter and the roughness of the specimen, on
hardness behavior for elastic-plastic materials is studied by means
of finite element simulation. Our results show the following:

1. Due to the finite curvature of the indenter tip the curves of
hardness versus indentation depth rise or drop as the
indentation depth decreases. Scale effect is more pronounced
for materials with low values of yield stress and hardening
index. Indentation measurement at small depth is influenced
by many factors, therefore hardness value at very small
indentation depth should be used carefully.

2. Asperities and dents on the surface of the test specimen can
cause further changes in hardness values at small indentation
depth. This can be a cause of random scatter in experimental
measurements at small indentation depth.

3. In order to extract material property from indentation tests at
small indentation depth, it is necessary to first remove the
effects of geometric factors such as those studied in this work
from the indentation data.
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