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Abstract

Dynamic “forced” shear and quasi-static tensile tests were performed on a typical Vitreloy 1 bulk metallic glass (BMG). The nano-
scale shear band is found to initiate in a local plastic region, then propagates with a well-defined front. A theoretical model that takes into
account momentum, energy and free-volume balance is developed to quantitatively describe the dissipation system of shear-band prop-
agation in the local plastic region. The analytical expressions for shear-localization time, shear-band thickness and critical energy dissi-
pated within the band are obtained. Calculations demonstrate that the shear-band propagation process is dominated by the free-volume
softening, rather than the thermal softening. The latter increases the band thickness slightly but decreases the corresponding critical dis-
sipation energy somewhat. The concept of shear-band toughness is further introduced to measure the inherent resistance capability of
materials to the propagation of shear bands in BMGs. These results assist in more comprehensively understanding the evolution mech-
anism of the shear bands, and in guiding alloy design to enhance the toughness of BMGs.
� 2011 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Shear-banding instability continues to afflict bulk metal-
lic glasses (BMGs) [1–3], although these materials have
room-temperature (RT) strengths and elastic limits signifi-
cantly in excess of those of polycrystals with comparable
compositions [4–6]. The multiplication of shear bands can
contribute considerably to global compressive [7–9] or
bending ductility [7,10], but is almost helpless for improv-
ing tensile ductility. Therefore, it is still necessary to under-
stand the nature of the shear-banding process in these
glassy alloys. In this respect, areas of interest involve the
geometrical configuration of shear bands, such as thickness
[2,11,12], length and spacing [10,13–16], the structural
change [17–19] and temperature rise [19–21] that occurs
in shear bands, the propagating mode [19,22–26] and veloc-
ity of shear bands [27–29], and the deformation accommo-
dated by shear bands, including plastic strain and its strain
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rate [30,31]. In fact, the critical plastic energy Cc dissipated
in a shear band prior to catastrophic fracture is of central
importance in the development of ductile BMGs. Once the
energy release C overcomes the critical plastic energy Cc,
the shear banding will mature as a runaway shear crack
[32,33]. In this regard, a larger Cc indicates more significant
toughness or ductility of BMGs. Cc therefore determines
the shear-band susceptibility, which measures the intrinsic
resistance of materials to propagation of shear bands. In
our previous work [24,31], whether the shear band initiates
easily or with difficulty can be characterized by the internal
length and time scales for shear instability. Recent studies
[32,33] have focused on the energy release C, and further
experimentally determined the Cc. However, how to theo-
retically describe the inherent susceptibility Cc to shear-
band propagation in BMGs has not been resolved yet. In
the present work, we develop a concept of shear-band
toughness, introduced by Grady [34,35], to characterize
the shear-band susceptibility in BMGs, based on meticu-
lous investigations of the propagating mode of mature
shear bands in a typical Zr-based BMG. The underlying
physics are discussed as well.
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2. Experimental

Master alloy ingots with the nominal composition
Zr41.2Ti13.8Cu10Ni12.5Be22.5 (Vitreloy 1) were prepared by
arc-melting the elements Zr, Ti, Cu, Ni and Be (with a pur-
ity of 99.9% or better) together in a Ti-gettered high-purity
argon atmosphere. To ensure homogeneity, the ingots were
re-melted several times and subsequently suction-drawn
into copper molds to form rods (U8 � 80 mm) and plates
(100 � 20 � 2 mm). As shown in Fig. 1, the glassy nature
Fig. 1. XRD patterns of as-cast Vitreloy 1 BMG rod and plate.

Fig. 2. (a) Hat-shaped specimens and (b) their geometrical configuration (dime
shaped specimen.
of these rods and plates were checked by X-ray diffraction
(XRD) in a Philips PW 1050 diffractometer using CuKa
radiation. The XRD patterns showed only broad diffrac-
tion maxima and no peaks of crystalline phases were visi-
ble, indicating glassy structures.

Hat-shaped specimens have been used successfully to
study the shear banding in various crystalline metals or
alloys [36–39]. Here, we applied this configuration to
BMG materials for the first time. The hat-shaped speci-
mens (see Fig. 2a) were obtained by lathe machining the
as-cast Vitreloy 1 rods using coolant. The dimensions of
hat-shaped specimen were specially designed, as illustrated
in Fig. 2b. By adjusting the height x of the top bar and con-
trolling the striker velocity, different degrees of shear defor-
mation with different strain rates could be achieved.
Dynamic “forced” shear tests were performed with a split
Hopkinson bar (Fig. 2c) following this procedure. First,
the hat-shaped specimen was sandwiched between the inci-
dent and transmitted bars, as shown in the inset to Fig. 2c.
The launched striker driven by high-pressure gas was
impacted onto the free end of the incident bar. At the
moment of impact, the elastic wave generated in the inci-
dent bar compresses the top bar, which is displaced into
the bottom ring. This produces shear localization in the
connection area between the bar and the ring, as marked
by the red areas in Fig. 2b. Dogbone-shaped specimens
with gauge sizes of 3 � 2 � 2 mm were machined from
the as-cast plates for tensile tests. Quasi-static tension tests
nsions in mm). (c) Schematic for a dynamic “forced” shear test of the hat-
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were conducted with an MTS-810 machine [40]. After test-
ing, an FEI Sirion high-resolution scanning electron micro-
scope with a spatial resolution of 1.5 nm and a Veeco DI
MultiMode atomic force microscope (AFM) with spatial
resolutions of 1 nm (horizontal) and 0.1 nm (vertical) were
used to characterize the shear bands of all specimens.

3. Results

3.1. “Forced” shear test

The inset to Fig. 3a shows a deformed specimen with the
initial height x(�0.5 mm) of its top bar. Since the top bar is
totally compressed into the bottom ring, the macroscopic
shear displacement is about 0.5 mm. The width of the shear
zone size normal to the shearing direction is prescribed to
be about 0.05 mm. Thus, the shear strain rate can reach
�2 � 105 s�1 at the present striker velocity (�11.5 ms�1).
In order to examine such a dynamic shear localization pro-
cess, we first cut the specimen parallel to the shear direc-
tion, as illustrated in Fig. 3a. The cut section was
polished using 0.5 lm diamond particles. Fig. 3b shows
the left shear zone as marked by “L” in Fig. 3a. It can be
seen that the crack with the well-defined tip does not pen-
etrate through the shear zone. This implies that the local
material has a high resistance to the present large shear
deformation. Fig. 3c is a magnified scanning electron
microscopy (SEM) picture corresponding to the area
marked in Fig. 3b. The shear is along the vertical direction.
As shown in Fig. 3c, the boundary line between the lighter
region and the darker region clearly denotes a nanoscale
shear band ahead of the crack tip. The presence of the
lighter and dark regions is due to the angled irradiation
of the electron beam. However, the right shear zone,
marked “R” in Fig. 3a, displays a distinct feature. Under
the same macroscopic shear displacement, the local mate-
rial undergoes the full cracking that would be induced by
a shear band, as shown in Fig. 3d. This observation indi-
cates that, even for a given BMG, the resistance to shear
deformation varies from one local material site to the next.
This point is further confirmed in the following. The inset
to Fig. 3e presents the AFM three-dimensional (3-D) land-
scape of the shear band in Fig. 3c, and clearly exhibits a
well-defined tip nucleated at an inhomogeneous site. A
more precise structure of the shear band is shown in
Fig. 3e. Fig. 3f gives the surface profile across the shear
band, i.e. the section “O” in Fig. 3e. One can clearly see
that the shear band has a thickness of �20 nm. Fig. 3g
presents the surface profile along the shear band, i.e. the
section “P” in Fig. 3e, showing a relatively smooth mor-
phology with a height fluctuation of less than 10 nm.

Furthermore, a specimen (see the inset to Fig. 4a) with
the same macroscopic deformation as that in Fig. 3a was
cut perpendicular to the shear direction, as indicated in
Fig. 4a. The material in the shear zone (circled by the red
line in Fig. 4a) should be subject to identical shear defor-
mation. However, it is surprising to note that shear bands
and cracks exist alternately along the circumferential direc-
tion in the shear zone, as shown in the inset to Fig. 4b.
Such alternative existence eliminates the effect of asymmet-
rical loading. This is the reason why asymmetrical failure
can be observed in the shear zone on an arbitrary vertical
section plane (e.g. Fig. 3). A close-up view of the region
marked in the inset to Fig. 4b is displayed in Fig. 4b.
Clearly, the crack is led by a shear band. In order to obtain
the detailed information about shear banding, we scanned
this area (marked in Fig. 4b) by using AFM again. A crack
was probed, and its 3- and 2-D landscapes are shown in
Fig. 4c and d, respectively. In front of the crack, an obvi-
ous shear band can also be observed, as shown in
Fig. 4e. Its 2-D image is presented in Fig. 4f.

3.2. Uniaxial tension test

A fractured tensile specimen is presented in Fig. 5a,
showing a shear-dominant failure mode with a main
shear-fracture plane [40]. Fig. 5b shows the top view of
the fracture plane. The fracture surface is relatively
smooth, and micrometer-scale river-like vein patterns are
visible. Fig. 5c is a high-magnification micrograph of the
area circled in Fig. 5b, displaying a side view of a stopped
shear-failure plane. It can be seen from this figure that the
evolution of a shear band can lead to a crack formation
and failure. As indicated in Fig. 5d, a melted droplet on
the main shear plane is cut into two parts by the shear
band in front of the crack. The displacement between the
two parts of the droplet along the shear direction is mea-
sured to be about 30 nm. The crack ensues immediately
after the shear band (see Fig. 5c). This implies that the nec-
essary displacement of a shear band to develop into a
crack is also tens of nanometers even in the quasi-static
case. Fig. 5d provides solid support for the shear strain
(�100%) of a shear band, which is consistent with the esti-
mated strain, i.e. 1–10, in a bent sample [41]. It is noted
that the crack on the neck of the shear band has an open
displacement of only tens to hundreds of nanometers, as
shown in Fig. 5e. At the final stage of the crack, a signifi-
cant melted belt can be observed, as marked in Fig. 5c,
which indicates that the temperature rise during the final
failure event may exceed the melting temperature of the
alloy.

3.3. Information extracted from experiments

In order to gain a fundamental knowledge of shear-band
propagation in BMGs, it is important to highlight several
unique shear-banding behaviors:

(1) Shear banding occurs in a progressive fashion,
namely, it initiates from a localized front and then
propagates. This shear-band propagation mode has
been widely observed in the literature [1–3,6,13,21–
23,25,26,42,43] and in our previous study [24]. If the
crack could be arrested, the propagating shear band



Fig. 3. (a) Longitudinal section of a deformed hat-shaped specimen (Inset). (b) SEM image showing the area marked “L” in (a). (c) Details corresponding
to the area marked in (b). (d) Right shear zone marked “R” in (a). (e–g) AFM results of the shear band in (c).
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would finally penetrate the entire sample to reach the
opposite surface. In this case, the shear band would
operate in a simultaneous fashion; this is expected
to occur in some ductile systems. Recently, Cao
et al. [19] captured the transition of shear-banding
mode from the progressive at small sample strains
to simultaneous fashion at very larger strains, using
molecular dynamics simulations.



Fig. 4. (a) Horizontal section of a deformed hat-shaped specimen (Inset). (b) Shear zone marked in (a) at different magnifications. (c–f) AFM results of the
area marked in (b), showing the 3- and 2-D cracks and shear bands.

M.Q. Jiang, L.H. Dai / Acta Materialia 59 (2011) 4525–4537 4529
(2) For the present dynamic shear or quasi-static tension
of Vitreloy 1 BMG, the shear band is very susceptible
to developing into a shear crack with a shear dis-
placement increase in only tens of nanometers. Based
on the observation of polishing scratches, Yang et al.
[21] measured shear displacements ranging from tens
to hundreds of nanometers from the tip to the end of
a shear band in a Zr-based BMG under quasi-static
tension. These measured values are close to the shear
offset at the surface of samples that must be due
solely to a shear-banding process. Hampel and Neu-
häuser [44] captured images of the formation of shear
offsets on the surface of a metallic glass ribbon
deformed in bending through the use of an optoelec-
tronic technique. They found that the shear offsets
ranged from 30 to 120 nm. A similar shear offset
value (�100 nm) was also observed by Chen et al.
[45] in Al-based ribbons in bending. Remarkably, a



Fig. 5. Fracture features of Vitreloy 1 BMG under quasi-static tension. (a) Side view of the fractured specimen. (b) SEM image showing a top view of the
main fracture surface. (d–f) Details corresponding to the area circled in (b), clearly showing a nanoscale shear band followed by a crack.
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smaller shear displacement of the order of a few
nanometers is expected in nanoindentation [46]. Note
that shear displacements of a micrometer up to tens
of micrometers were observed in quasi-static com-
pressive tests [32,43,47], although the cracking
unavoidably interferes. In order to encompass the
above scenarios, the critical shear displacement of a
shear band evolving into the crack is reasonably esti-
mated to lie in range 100 nm to 10 lm.

(3) The shear band has a characteristic thickness of
�10 nm, suggesting its structural origin [11,12,20].
More specifically, the shear-banding instability in
BMGs is dominated by local free-volume softening
[12,30,48]. In addition, the heat-affected zone
(HAZ) around the shear band observed by Yang
et al. [42] and Guo et al. [43] as well as the melted belt
at the final fracture surface (Fig. 5) imply that ther-
mal softening could also play a role in shear band for-
mation in BMGs [12,20,21,31,49].

(4) The evolution of a shear band into a crack is an extre-
mely localized process within a BMG. In crystalline
alloys, the shear banding or inhomogeneous plastic
instability usually occurs after the entire sample expe-
riences plastic deformation. However, the shear
banding in BMGs initiates at some local regions
where the viscosity or the resistance of the material
to deformation is greatly reduced. Outside of these
weak regions, the materials may still deform elasti-
cally [50,51].

These features pose a big challenge to quantitatively
characterize the shear-band propagation in BMGs. This
concern is considered further in the next section.

4. Shear-band toughness

4.1. Local evolution model for shear band

Unlike crystalline alloys, BMG specimens do not
undergo full-field global plastic deformation when sub-
jected to an external loading at RT. Instead, some local
regions preferentially yield via the cascade of a number
of individual atomic jumps around free-volume sites [52]
or shear transformation zones [50,51], forming local plastic
regions, as illustrated in Fig. 6. The shear bands then nucle-
ate simultaneously or successively in these local plastic
regions. Finally, one of the nucleated shear bands will
dominate and cause a catastrophic fracture of the material.

The nucleation of a shear band was treated in our previ-
ous studies [2,24,31]. Here, we concentrate on the process



Fig. 6. Schematic diagram of shear band initiating in local plastic regions
in a BMG subjected to external loading.
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of shear-band evolution/propagation at the stage of growth
in a local plastic region until it matures. It is well known
that the shear-banding process is a dissipation system
[2,10,15,16,31–33,37,53]. In addition to conventional ther-
mal/energy and momentum/viscous dissipation, the free-
volume dissipation should be involved here due to the
unique atomic structure of BMGs. Three types of dissipa-
tion effects can be traced during the in situ or post-
shear-banding process. For example, Lewandowski and
Greer [20] have experimentally shown a significant
temperature rise within the shear bands using tin-coated
specimens, although such a thermal phenomenon is a
secondary effect [11,19,31]. Moreover, the strain rates or
time scales of loading often affect the spatiotemporal char-
acteristics of shear bands [15,25,54]. In particular, a density
fluctuation [17,55] and thus a viscosity drop [27,31,47] usu-
ally accompanies the shear-band evolution, implying the
loss of short-to-medium-range order [19] or equivalently
the coalescence of free volume [18,31] within the band.

Without losing the generality, the domain of interest
only includes the half-space of local plastic region where
a Lagrangian coordinate system (x, y) is attached. The
coordinates x and y are normal and parallel to the direction
of shear flow, respectively. In order to highlight the essen-
tial physics, we assume that the shear band initiates along
the slip plane x = 0 at time t = 0, as shown in Fig. 7a.
The shear band has a certain thickness a of the order of
�10 nm [11,12], which should be much smaller than the
size l (usually ranging from millimeters to micrometers
[15]) of the considered domain. The plane x = 0 corre-
sponds to the center of the shear band. In order to render
the theoretical derivation tractable, we adopt here the
assumption of the constant shear-band thickness following
Grady [34,35,56]. Hence, details of the shear band can be
collapsed to a boundary displacement condition at x = 0.
At initial time t = 0, the stress field (Fig. 7a) is

sðx P 0Þ ¼ sy ð1Þ
where sy is the flow stress of the material. This means that a
homogenous shear flow is achieved in the local plastic re-
gion. The velocity field is given by

vðxÞ ¼ _clx ð2Þ
where _cl is the average shear strain rates in the local plastic
region.

Three modes of dissipation, as discussed above, occur
within the propagating shear band. These several dissipa-
tion mechanisms lead to shear stress relaxation within the
shear band as deformation evolves. This stress relaxation
is related to the shear displacement w at boundary x = 0
obeying a softening law. When the shear stress s(w) at
the shear band vanishes (or the shear displacement reaches
a critical wc), the shear band is regarded as being fully
mature, and a finite amount of energy is expended. On
the other hand, the dissipations lead to free-volume, ther-
mal and momentum diffusion out of the shear band and
into the neighboring medium; thus stress release also
occurs in the undisturbed medium.

We previously revealed that the free-volume diffusion
determines the shear band thickness itself [12]; in the fol-
lowing, we will further verify this point. The momentum
diffusion results in a rigid–plastic interface at the position
x = f1, where f1 is the distance from the shear band center
to the boundary of the shear relaxed region (or rigid
region), as shown in Fig. 7b. In the current analysis, the
material is assumed to be rigid–ideal plastic for simplicity.
The thermal diffusion produces a HAZ (0 < x < f2) adja-
cent to the shear band. During the propagation of the shear
band, the two interfaces (x = f1 and x = f2) move away
from the band. Since the momentum diffusion is much fas-
ter than the thermal diffusion, f1� f2 and thus
v1 ¼ _clf1 � v2 ¼ _clf2. The velocity of the rigid region is
therefore controlled by the momentum diffusion rather
than the thermal diffusion. Thus, the velocity field at later
times, t > 0, is given by

v1ðx; tÞ ¼
_clf1ðtÞ ð0 6 x 6 f1ðtÞÞ
_clx ðf1ðtÞ 6 x < lÞ

�
ð3Þ

The momentum of the semi-local plastic region per unit
area of the y plane corresponding to the velocity filed in
Eq. (3) can be calculated as:

py ¼
Z f1ðtÞ

0

q _clfðtÞdxþ
Z l

f1ðtÞ
q _clxdx ð4Þ

The motion of the adjacent rigid region is obtained by
equating the time derivative of momentum in Eq. (4) to
the misbalance of the shear stresses on its upper and lower
boundaries, that is

dpy

dt
¼ sy � s ð5Þ

Generally, s is considered as a function of the boundary
displacement w or shear band displacement, the time rate _w
of such displacement and some internal state variables
Ii(i = 1, 2, . . .), and is given by



Fig. 7. Local evolution model for shear bands in BMGs. (a) Initial material field (left) and corresponding stress and velocity fields. (b) Material response
(left) and corresponding stress and velocity fields during shear-band evolution.
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s ¼ sðw; _w; I iÞ ð6Þ

Furthermore, it is noted that the rigid region 0 < x < f1

moves at a constant velocity of

v1ð0Þ ¼ v1ðf1Þ ¼ _clf1 ð7Þ
This compatibility condition requires that the boundary

displacement at x = 0 satisfies

dw
dt
¼ _clf1 ð8Þ

If a specific form of the softening law (6) is determined,
Eqs. (5), (6), and (8) can be solved numerically for a full
solution for shear-band evolution of BMGs. However, a
full solution of this system is not pursued here. In the pres-
ent study, we undertake an analytical calculation to provide
an approximate solution, focusing specifically on the critical
energy dissipation during the shear-band propagation.

4.2. The Grady–Kipp solution

We first look back to the Grady–Kipp solution
[34,35,56] in order to establish some basic and important
relationships. Grady [34] applied the Mott solution [57]
of dynamic fracture growth to an adiabatic shear-localiza-
tion problem, assuming a linear relationship between stress
release and boundary displacement in Eq. (6):

s ¼ sy 1� w
wc

� �
ð0 6 w 6 wcÞ ð9Þ

This particular form for stress relaxation with boundary
displacement (or equivalently shear band growth) can lead
to explicit analytic solutions. Substitution of Eq. (9) into
Eq. (5) results in an ordinary differential equation:
q_clf1

df1

dt
¼ sy

wc

w ð10Þ

Then

€f1 þ
1

f1

ð _f1Þ2 ¼
sy

qwc

ð11Þ

Combining Eqs. (8) and (11) with their initial condi-
tions, w(0) = n(0) = 0, leads to a solution for the rigid–
plastic interface,

f1 ¼
sy

6qwc

t2 ð12Þ

and boundary displacement,

w ¼ sy _cl

18qwc

t3 ð13Þ

When w = wc, a critical time for shear-band evolution is
obtained,

tc ¼
18qw2

c

sy _cl

� �1=3

ð14Þ

This relationship indicates that the duration for shear-
band evolution depends on the density and flow stress of
the material, the critical displacement accommodated in a
shear band and the local strain rate in the vicinity of a
shear band.

If we do not consider the softening nature of the linear
stress–displacement relationship (9) for a while, Eq. (14)
allows us to estimate the critical time for shear band to
fully mature in BMGs. For the present Vitreloy 1 BMG
[30], q = 6125 kg m�3 and sy � 1 GPa. Following Zhang
et al. [15], we choose the local strain rates _cl varying from
103 to 109 s�1 that are expected to encompass the



M.Q. Jiang, L.H. Dai / Acta Materialia 59 (2011) 4525–4537 4533
macroscopic loading rates from the quasi-static to dynamic
range. In fact, in our previous analysis [31], we found that
the _cl can reach �103 s�1, even at a macroscopic loading
rate of 10�2 s�1. Fig. 8 shows the variations of the critical
time in Eq. (14) with the local strain rate at different critical
displacements. It can be seen from this plot that the critical
time for the shear-band evolution into a crack increases
with decreasing _cl and increasing wc. The predicted value
of critical time tc ranges from a few nanoseconds to a
few microseconds. For very high strain rates, the shear
band hardly propagates because tc! 0. This result
explains why even state-of-the-art infrared and optical
techniques with a high temporal resolution (from ms to
ls) are not able to observe the complete shear-banding pro-
cess [21,22,25,58,59]. The hat-shaped specimen technique
could be an effective method to capture the shear-band
propagation via frozen deformation [24,36–39]. It is also
noted that the time for shear-band propagation is much
smaller than the time scale for shear-band nucleation
[31]. This implies that, in a monolithic BMG, the shear
band initiates with difficulty, but propagates very easily.
Once the shear band starts to propagate, it is very hard
to stop it. Thus, it is expected that controlling the initiation
of shear bands in favor of their multiplication or even
homogeneous deformation is a more valid ductility
enhancement methodology [7–9].

4.3. Shear-band dissipation energy and toughness

More and more works [12,15,16,18–21,31,47,49,59] have
indicated that the shear-banding formation in BMGs is a
coupled thermomechanical process, dominated by local
free-volume softening and assisted by thermal softening.
In order to capture such a coupling nature, we replace
the shear stress softening relation in Eq. (9) with the form:

s ¼ syð1� a � tÞð1� b � hÞ ð15Þ
where a is a free-volume softening coefficient, t = n � n0 is
the increase in free-volume concentration with initial value
Fig. 8. The critical shear time vs. the local strain rate with different critical
shear displacements.
n0, b is a thermal softening coefficient and h = T � T0 is the
temperature rise from an initial temperature T0. Although
the elementary constitutive relation in Eq. (15) is very sim-
ple, it highlights the softening properties of the shear band,
i.e. the free-volume softening, the thermal softening and
their interaction. In order to obtain an analytical solution,
we neglect the cross-term that is small compared to the
individual terms due to either the free-volume softening
or the thermal softening. Therefore we have,

s ¼ syð1� a � t� b � hÞ ð16Þ
Through Eqs. (9), (13), and (16), the time dependence of

the increase in free-volume concentration of the shear-band
can be determined from the mechanical solution, given by

t ¼ sy _cl

18aqw2
c

t3 � b
a

h ð17Þ

This relation indicates that, at the later stage of shear
banding, the temperature rise decreases the increase in
free-volume concentration, which is consistent with the
previous numerical results [31,49]. However, it has been
found that, during the process of the nucleation of shear
band, the increase in temperature slightly speeds up the
free-volume creation [31]. At t = tc, substituting Eq. (14)
into Eq. (17) yields

tc ¼
1� bhc

a
ð18Þ

where tc and hc are the critical values of free-volume con-
centration and temperature increase, respectively.

The free-volume evolution in the shear band can be
expressed as the following equation [2,31,48]:

@n
@t
¼ D

@2n
@x2
þ Gn ð19Þ

where D is the diffusion coefficient of free-volume concen-
tration and Gn is the net generation rate of free-volume
[52]. Defining Da = D/(a2/2) and further integrating its
weaker format of Eq. (19) over the critical time tc, we get

1� bhc

a
¼
Z tc

0

Gndt � Da

4
tc

1� bhc

a
ð20Þ

In addition, the energy balance requires that [53,54]

hc ¼
1

2ca
sywc �

va

4
tchc ð21Þ

where ca = qca/2 with specific heat c, and va = v/(a2/2),
with v being the thermal diffusivity. It is noted that the fac-
tor 1/2 in Eqs. (20) and (21) is an attempt to achieve a bet-
ter average over tc. Furthermore, the net generation rate of
free volume Gn is assumed to be related to the shear strain
rate _cb in the shear band with [12,60–62]

Gn � R_cb ð22Þ
where the parameter R describes the molar volume (nor-
malized by the effective hard-sphere size of the atom) pro-
duced by a unit plastic shear strain [60], denoting the local
dilatation ability.
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We now introduce the critical energy Cc dissipated
within the shear band as deformation proceeds to a critical
displacement wc. Consistent with concepts of fracture
mechanics [63], Cc is the energy dissipated per unit area
within one-half of the shear band, identified as

Cc ¼
1

2
sywc ð23Þ

Combining Eqs. (14) and (20)–(23) results in an implicit
expression of the critical dissipation energy Cc:

1� 2b
qca

Cc

1þ v
sy a2 ð9q

_cl
C2

cÞ
1=3

2
4

3
5 1þ D

sya2

9q
_cl

C2
c

� �1=3
" #

¼ 2aR
sya

Cc ð24Þ

If we do not consider the thermal softening effect, i.e. let
b = 0, Eq. (24) then simplifies to

C2
c ¼

s3
y a6 _cl

9qD3

2aR
sya

Cc � 1

� �3

ð25Þ

It was found that the shear-band propagation always
seeks a maximum growth rate, which is equivalent to a
minimum energy dissipation in the shear-band relaxation
process [34,35]. Thus, according to the minimum energy
principle

@Cc

@a

����
a0

¼ 0 ð26Þ

we obtain an optimum shear-band thickness in the case
of solely free-volume softening:

a0 ¼
9qD3

_clsya2R2

� �1=4

ð27Þ

Further, the dissipation energy corresponding to the
thickness a0 is also obtained as

Cc0 ¼
sy

aR
a0 ð28Þ

Following Grady [34,35], the concept of shear-band
toughness is naturally introduced as follows:

Ks0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2lCc0

p
ð29Þ

where the shear modulus l = 35.3 GPa for the Vitreloy 1
BMG [31]. The shear-band toughness (29) is analogous
to the concept of fracture toughness and measures the
internal resistance of BMG materials to the propagation
of a shear band. The factor 2 is used in Eq. (29) because
the above considerations apply to only one-half of the
shear band. In terms of a0 and Cc0, and further considering
v� D, Eq. (24) can be nondimensionlized as

½1� XðCc=Cc0Þ1=3ða=a0Þ� 1þ ðCc=Cc0Þ2=3

ða=a0Þ2

" #

¼ 2
ðCc=Cc0Þ
ða=a0Þ

ð30Þ
with a dimensionless thermal-effect coefficient,

X ¼ 2

aR

� �
B
Le

� �
ð31Þ

where B = sy/(qc/b) accounts for the degree of thermal
softening, and the Lewis number Le = v/D measures the
competition between thermal diffusivity and free-volume
diffusivity. Eq. (30) provides the implicit expression for en-
ergy dissipation in a coupled free-volume–thermal-soften-
ing shear band with a thickness of a. In this case, the
shear-band toughness can be defined as

Ks ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cc=Cc0

p
Ks0 ð32Þ

To apply the analytical expressions for shear-band dissi-
pation energy and toughness, material parameters, appro-
priate to the current dynamic shear deformation in
Vitreloy 1, must be established. Based on the above results,
Cc in Eq. (23) should be of the order of �102–104 J m�2,
which usually compares with the order of Cc0 in Eq. (28).
As a result, we can obtain an order of the product of a
and R of �10�1–10�3 because of the shear-band thickness
a0 of �10 nm [11,12]. Furthermore, the order of D can be
estimated to be 10�10–10�8 m2 s�1 according to Eq. (27)
and considering _cl � 103 � 109 s�1 [15]. For alloys, the
thermal softening coefficient usually ranges from 10�4 to
10�3 K�1 [34,56]. From these, a value range of
X � 10�1–10�4 is obtained based on the relation (31).

The functional dependence of the critical dissipation
energy on the shear-band thickness under different ther-
mal-effect coefficients, determined by Eq. (30), is shown
in Fig. 9. For comparison, we calculate the case without
the thermal effect, i.e. X = 0, corresponding to the bold
green line. From this graph, it is readily seen that all these
curves have two branches, left and right, both of which
intersect at a local minimum. The physical mechanism
responsible for the observed behavior is reasonably clear.
For thinner bands (moving to the left branch) the enhanced
free-volume diffusion restrains the rate of free-volume soft-
ening and leads to excessive dissipation [31,53]. Thicker
bands (moving to the right branch) are effectively free of
free-volume diffusion. However, the accelerated diffusion
of momentum (inertia) into the shear-band vicinity again
limits the rate of free-volume softening and also incurs
additional dissipation. The shear-band thicknesses near
the local minimum properly balance the free-volume and
momentum diffusion, providing the minimum possible
shear-band dissipation. During the competition between
the free-volume and momentum diffusion, the thermal soft-
ening, including its diffusion, plays a secondary role. As
shown in Fig. 10, with the thermal-effect coefficient X
increasing from 10�4 to 10�1, the optimum shear-band
thickness increases slightly from a0 to about 1.2 a0; the cor-
responding optimum shear-band dissipation energy
decreases somewhat from Cc0 to 0.75 Cc0. This result
clearly indicates that the thermal effect promotes the
shear-band propagation since it decreases the critical



Fig. 9. Plot of the critical energy dissipated in the shear band as a function of the shear-band thickness. All curves are provided by Eq. (30) in the text with
different thermal-effect coefficients and are nondimensionalized by the optimum shear-band thickness a0 (27) and the corresponding dissipation energy Cc0

(28) for the sole free-volume softening case.

Fig. 10. Influence of the thermal effect on the optimum shear-band
thickness and corresponding critical dissipation energy within the band.
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energy barrier, thus preventing the shear band from crack-
ing. In particular, the insensitivity of the shear-band thick-
ness to thermal softening indicates that the shear-band
propagation in BMGs is governed by the free-volume soft-
ening. This result is consistent with our previous analysis
[12].

Base on the calculated shear-band dissipation energy in
Fig. 10 and using Eqs. (28), (29), and (32) , we obtain for
the present Vitreloy 1 BMG a shear-band toughness of
Ks � ð2:66� 26:58Þ MPa

ffiffiffiffi
m
p

, if considering the critical
displacement wc varies from 100 nm to 10 lm. This calcu-
lated value range of Ks is expected to be smaller than the
mode II fracture toughness (KIIC ¼ 75 MPa

ffiffiffiffi
m
p

) of this
material measured by Flores and Dauskardt [64]. Such a
difference is physically reasonable, arising from the extreme
localization of plastic flow ahead of the crack tip. In crys-
talline alloys with relatively global plasticity, the predicted
adiabatic shear band toughness is close to the extensional
fracture toughness [34]. In addition, attention should be
paid to the following aspects. (i) In the real measurement,
normal or mean stresses play a significant role in the defor-
mation process at the crack tip, which also contributes to
fracture toughness [64]. Recently, Zhang et al. [15,47]
undertook a theoretical investigation of the effect of nor-
mal stress on shear-band propagation and showed that
the normal stress results in more energy being dissipated
within the shear band, indicative of a larger temperature
rise. However, a pure shear deformation is considered in
our present model. (ii) The current model considers only
one shear band, whereas the multiplication, branching
and intersection of shear bands must occur in experiments
[65]. These shear bands will consume more energy and thus
increase fracture toughness remarkably. (iii) It should be
borne in mind that the shear of randomly close-packed
atoms can cause dilatation [17,66,67] and vice versa [68].
Thus, fracture energy dissipates not only in the shear-
banding mode but also via new surface formation [40],
although the former plays a dominant role in most cases.
Extension of the shear-band toughness to the fracture
toughness is beyond the scope of this paper.

Nevertheless, it can be argued that the shear-band
toughness would contribute to the fracture toughness,
because the activation of shear bands ahead of the crack
tip expends more energy [65,69,70]. Our results therefore
provide some important clues for enhancing the fracture
toughness that is a desirable property for BMGs. Increas-
ing the shear modulus l (see Eq. (29)) will increase the
fracture toughness, which is consistent with the experimen-
tal data collected by Lewandowski et al. [71]. Furthermore,
it is found from Eqs. (27)–(29) that the fracture toughness
will increase with increasing flow stress sy, density q and
free-volume diffusibility D, but decreasing local strain rate
_cl, free-volume softening coefficient a and local dilatation
R. Recent experiments have actually shown that dilata-
tion or tension usually results in the brittle fracture (or
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equivalently low fracture toughness) of BMGs [40,72,73].
Finally, the temperature rise and accompanying thermal
softening are detrimental to the shear-band toughness, as
is illustrated in Fig. 9.

5. Conclusions

The shear band propagation process in BMG is studied
through both experiments and approximate analytic meth-
ods. The shear band is found to propagate in a progressive
fashion with a well-defined tip. Theoretical expressions for
shear-band growth time, thickness and dissipation energy
are derived by viewing the shear band as a dissipation
source. The optimum shear band thickness and corre-
sponding critical dissipation energy are revealed to be
determined by the balance between the momentum and
free-volume diffusion, wherein the thermal effect plays a
secondary role. Based on the critical energy dissipated
within the shear band, the shear-band toughness is pro-
posed to quantitatively measure the susceptibility of the
shear band to catastrophic fracture in BMGs. The relation-
ship between the shear-band toughness and the fracture
toughness is briefly discussed.
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