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1. Introduction

Two-phase flow can be described by either the Eulerian–Eulerian
(E–E) model or the Eulerian–Lagrangian model(E–L). In the E–E
model, the particle phase is treated as a pseudo-fluid, and it also has
stress, pressure as well as other characteristics that only continuum
possesses. On the contrary, the E–Lmodel treats the particle phase as a
discrete phase, and tracks movement of individual particle that obeys
Newton's second law of motion. It is noteworthy that the concept of
statistical particle stress (SPS) is not involved in the E–L model.

The E–E model greatly saves computational time. However,
additional models are needed to close the conservation equations of
the particle phase. Unreasonable models may result in unreasonable
predictions. When doing E–L simulation, a huge amount of compu-
tational data is obtained, including information of every particle's
trajectory rs(t) (or xs(t),ys(t),zs(t)) and velocity vs(t) (or us(t),vs(t),ws

(t)) (s=1,2,3,⋅ ⋅⋅⋅ ⋅⋅). Those results give details of an individual
particle's movement rather than the statistical regularity. However,
the later one is always more concerned by researchers. For example,
in aeolian sand movement research, a high-speed photography
method was used to study particle saltation movement in the wind
tunnel, and the results showed that the distribution of particle
velocity along the height followed the power function pattern [1]. The
sand flux above the sand bed surface was measured with a sand
trapper, and the results showed that the exponential function can
describe the variation of sand flux with height [2]. The probability
distributions of particle impact and lift-off velocities on bed surface
and the particle velocity distributions at different heights in a wind
tunnel were measured in details with PDPA (Phase Doppler Particle
Analyzer) measurement technology [3]. Consequently, in order to
compare CFD (computational fluid dynamics) simulation results with
experimental data, the statistical post-process should be performed
after getting E–L simulation results, from which one can be obtained

that averaged particle concentration αp;ijkl = π
6 d

3
pNi;j;k;l

� �
= Vi;j;k, aver-

aged particle velocity vp;ijkl = ∑rs∈Vi;j;k
vs tlð Þ

� �
=Ni;j;k;l and other

averaged properties, where Ni, j, k, l is the number of particles that
locate inside a grid Vi, j, k at a moment tl. The aeolian sand sediment
process was numerically studied, and the simulation results were
statistically summarized and compared with experimental results
[4,5]. The particle collision process occurring at dense particle zone
was simulated by the E–L method, and the probability function of
particle movement after collision was obtained [6]. However, those
averaged results from E–L simulations are still not good enough to
explain the transportation process in particle phase. It only shows the
similar statistical regularity from experimental results. CFD work
should be able to do more theoretical analysis. Therefore, a new
concept-SPS is introduced in this paper to derivate its mathematical
formulation, and to discuss its magnitude in analysis of aeolian sand
movement. The further objective of this research is to develop a
reasonable E–E model, which solves global particle movement by
integration SPS in particle momentum transportation equation.

2. Derivation of statistic particle stress

Fig.1 gives the calculation domain of aeolian sand movement.
When the flow reaches steady and fully developed state, ∂/∂ t=0, ∂/
∂y=0 and ∂/∂x=0, therefore, the conservation equations of gas
phase can be described as follows:

∂ αfρfwfð Þ= ∂z = 0;

ð1Þ
∂ αfρfwfufð Þ= ∂z = ∂τf ;zx = ∂z−FDx; ð2Þ
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Fig. 1. Calculation domain.
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where αf(=1−αp), ρf, vf , τf and (−FDx) are gas volume fraction, gas
density, gas velocity (uf, vf and wf represent the velocity components
in x, y, and z directions respectively), stress tension and interaction
forces between gas and particle (here, only drag force is considered),
respectively. Becausewf=0 when z=0, it can be concluded thatwf is
equal to zero in the whole calculation domain according to Eq. (1).
Thus, Eq. (2) can be simplified as

τf ;zx z + Δzð Þ−τf ;zx zð Þ≈FDxΔz ð2Þ

In particle-absent region, i.e. αf=1, as a result FDx=0. It can be
obtained from Eq. (2) that τf,zx(z+Δz)−τf,zx(z)=0, which means
that the gas shear stress is a constant in the whole particle-absent
domain. Therefore, a constant shear stress τ0 is applied at the top of
the calculation domain where the particle is almost absent. When
sand particles start to move, FDx≠0, and statistically FDxN0 because
the averaged velocity of particles is always less than the averaged gas
velocity. By tracking every particle's movement, one can be found that
its velocity will vary with time even though the statistically averaged
velocity of particle phase has reached steady state. For the particle
denoted as ‘s’, its equation of motion can be expressed as

mpdvs = d t = mpg + fD;s + ∑Nr
r=1fs; r; s = 1;2;3;⋯⋯;

mpdus = dt = f Dx;s + ∑Nr
r=1f x;s;r; s = 1;2;3;⋯⋯;

ð3Þ

where mp, fD;s, fs; r , Nr and g are mass of particle, drag force, collision
force (occurring when particle ‘s’ collides with particle ‘r’), the total
number of the particles colliding with particle ‘s’ and the acceleration
of gravity (obviously, gx=0), respectively. According to Newton's
third law of motion, one can obtain

FDx = ∑Ni;j;k;l

s=1 fDx;s
� �

= Vi;j;k ð4Þ

Since FDxN0, as a whole, particles must be accelerated. However,
when the aeolian sand movement reaches steady state, the averaged
particle velocity also reaches steady state, but is not accelerated to
catch gas velocity. This ‘unreasonable’ issue can be easily explained by
introducing SPS. The difference of SPS applied at zk + 1

2Δz and zk−1
2
Δz

eliminates the effect of FDx, so the total force of particle group in Δz is
zero. Consequently, as a whole, particles are not accelerated.
Suppose that at z=zk, there is a control volume with height of Δz
and bottom area of A. From t= tl to t= tl+Δt, the momentum
increment of the particle labelled ‘s’ is

mp uk;l+1;s−uk;l;s

� �
=Δt = fDx;s+∑Rk

r=1fx;s;r+∑
R
k+1

2
r=1 fx;s;r+∑

R
k−1

2
r=1fx;s;r

ð6Þ

where Nr = Rk + Rk+1
2
+ Rk−1

2
, if particle ‘r’ is also in the control

volume, then it belongs to Rk; if particle ‘r’ is at z = zk+1
2
, it belongs to

Rk+1
2
; if particle ‘r’ is at z = zk−1

2
, it belongs to Rk−1

2
. The total

momentum change of particles inside the volume is

∑Nk;l

s=1mpuk;l+1;s−∑Nk;l

s=1mpuk;l;s

h i

= ∑Nk;l+1

s=1 mpuk;l+1;s−∑Nk;l

s=1mpuk;l;s

h i

− ∑Nk;l+1

s=1 mpuk;l+1;s−∑Nk;l

s=1mpuk;l+1;s

h i
=

= ΔtVkFDx + Δt∑Nk;l

s=1∑
R
k+

1
2

r=1 fx;s;r + Δt∑Nk;l

s=1∑
R
k−

1
2

r=1 fx;s;r

ð7Þ

where Nk, l and Nk, l+1 are the number of particles that captured in the
control volume at t= tl and t= tl+1, respectively. Nk, l can be divided
into three parts: (a) Nk, l* , the number of particles that at t= tl+1 still
remain in the control volume; (b)Nk, l

−, ↓, the number of particles that at
t= tl+1 have already left the volume through the surface z = z

k−1
2
; (c)

Nk, l
+, ↑, the number of particles that at t= tl+1 have already left through

the surface z = z
k+1

2
. Thus,

Nk;l = N�
k;l + N−;↓

k;l + N+ ;↑
k;l ∑Nk;l

s=1mpuk;l+1;s = ∑N�
k;l

s=1mpuk;l+1;s

+ ∑N−;↓
k;l

s=1mpuk;l+1;s + ∑N+ ;↑
k;l

s=1mpuk;l+1;s = M�
l;l+1

+ M−;↓
l;l+1 + M+ ;↑

l;l+1 ð8Þ

Nk, l+1 can also be divided into three parts: (a) Nk, l+1* , the number of
particles that at t= tl have already been in Vk; (b) Nk, l+1

−, ↑ , the number
of particles that at t= tl were out of the volume, but before t= tl+1

went into the volume through the surface z = z
k−1

2
; (c) Nk, l+1

+, ↓ , the

number of particles that at t= tl were out of the volume, but before
t= tl+1 went into the volume through the surface z = z

k+1
2
. Note that

Nk, l* is equal to Nk, l+1* . Thus,

Nk;l+1 = N�
k;l+1 + N−;↑

k;l+1 + N+;↓
k;l+1∑

Nk;l+1

s=1 mpuk;l+1;s

= ∑N�
k;l+1

s=1 mpuk;l+1;s + ∑N−;↑
k;l+1

s=1 mpuk;l+1;s + ∑N+ ;↓
k;l+1

s=1 mpuk;l+1;s

= M�
l;l+1 + M−;↑

l;l+1 + M+ ;↓
l;l+1

ð9Þ

By introducing Eqs. (8) and (9) into Eq. (7), one can be obtained

∑Nk;l+1

s=1 mpuk;l+1;s−∑Nk;l

s=1mpuk;l;s

h i
= M+ ;↓

l;l+1−M+ ;↑
l;l+1
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+ ΔtVkFDx + Δt∑Nk;l

s=1∑
R
k+

1
2
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+ Δt∑Nk;l
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R
k−

1
2

r=1 fx;s;r ð10Þ
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Fig. 2. Gas velocities of case 1.

Table 1
Cases.

No. Particle diameter (mm) τ0 (Pa)

1 0.33 14.7
2 0.2 9.5
3 0.2 7.5
4 0.2 6.5
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From t=tl to t= tl+1, thenetmomentumflux through z = z
k+1

2
and

z = z
k−1

2
are (Ml, l+1

+, ↓ −Ml, l+1
+, ↑ ) and (Ml, l+1

−, ↓ −Ml, l+1
−,↑ ), respectively. The

momentumexchange due to particle collision at z = z
k+1

2
and z = z

k−1
2

are Δt∑Nk;l

s=1∑
R
k+

1
2

r=1 fx;s;r and Δt∑Nk;l

s=1∑
R
k−

1
2

r=1 −fx;s;r
� �

, respectively. If we
summarize the momentum change into stresses, then
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� �
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� �
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2

� �

ð11Þ
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2

� �
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1
2
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� �
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2

� �

ð12Þ

where τp;zx z
k+1

2

� �
and τp;zx z

k−1
2

� �
are the SPS at z = z

k+1
2
and

z = z
k−1

2
, respectively; τcol;zx z

k+1
2

� �
and τcol;zx z

k−1
2

� �
are particle

collision stress at z = z
k+1

2
and z = z

k−1
2
, respectively.

The particle collision stress is negligible in calculation domain,
except in the region very near to the sand bed, which is not discussed
in this paper. Because of the steady state, ∑Nk;l+1

s = 1mpuk;l+1;s−
h

∑Nk;l

s=1mpuk;l;s� = 0. Neglecting particle collision stress and introduc-
ing Eq. (2) into Eq. (10), one can obtain

τf ;zx + τp;zx
h i

z=k+1
2

= τf ;zx + τp;zx
h i

z=k−1
2

= τf ;zx + τp;zx
h i

z=H
= τ0

ð13Þ

Eq. (13) indicates that in aeolian sand movement, gas shear stress
varies along the vertical direction. However, the sum of the gas stress
and the SPS remains unchanged along the height, and equals to the
gas stress in particle-absent region. It should be pointed out that
Eqs. (2)–(12) are reliable for all particle regions, but Eq. (13) is
acceptable only under the condition that particle collision stress is
negligible, i.e. in the dilute region where the particle volume fraction
is less than 5% based on the calculations by this work. In the dense
region, since the particle collision stress plays an important role,
Eq. (13) should be reformed as follows

τf ;zx + τp;zx + τc
h i

z=k+1
2

= τf ;zx + τp;zx + τc
h i

z=k−1
2

= τf ;zx + τp;zx + τc
h i

z=H
= τ0

ð14Þ
where τc is the particle collision stress. However, particle collision
stress is beyond the scope of this paper.

3. CFD-DEM simulations

3.1. Numerical method and simulating conditions

A regular CFD-DEM (discrete element method) method was used
to simulate aeolian sand movement, which is a typical E–L way to
simulate dense two-phase flow. The calculation was unsteady. As the
statistically averaged flow parameters reached steady state, the
calculation was ceased.

The calculationdomain is shown in Fig. 1. Initially, sandparticleswere
uniformly distributed in the calculation domain and started to fall down
to the bottom. After particle deposition a sand bed was automatically
formed with a thickness. Particles impacting the sand bed were used to
initiate the motion of sand particles on the surface of the sand bed. The
bottom of the sand bedwas treated as a fixed surface. All particles below
that surface were assumed to be at rest at all times andwere excluded in
the calculation domain. The periodic boundary conditions were used for
the inlet and the outlet both in X and Y directions.When a particle leaves
from the inlet or the outlet, it will enter through the other port. The
simulation data in the steady state were carefully studied. The steady
statemeans that the statistically averagedflowparametersdonot change
with time. In practical calculations the sand transport rate per unit width
was monitored. When the aeolian sand movement reached the steady
state, the sand transport rate per unit width did not change any longer.

In simulation, the gas density, dynamic viscosity of gas and particle
density are 1.2 kg/m3, 1.785×10−5 Pa·s and 2650 kg/m3, respective-
ly. The friction coefficient is 0.4, the stiffness coefficient 1500 N/m,
and the damping coefficient 0.002. The restitution coefficient is 0.85,
which is determined by the damping and stiffness coefficients [7].

The computational time-steps were chosen as 2.0×10−5 s for the
fluid and 2.0×10−6 s for particles. That is to say, there were 10
integration steps for the particle trajectory in every time-step for fluid
motion [8]. Details of three dimensional CFD-DEM models can be
found in reference [9].

In order to validate SPS and discuss its role in particle momentum
transportation, four cases were selected to present in this paper,
which are listed in Table 1.

3.2. Results and discussion

Fig. 2 gives the gas velocity distribution along height for case 1. It
can be seen that when there is no particle loading, gas velocity
increases logarithmically with the height. When particle loading is
introduced, gas velocity is greatly reduced. It implies that a part of gas
momentum must be transferred into particle phase.

Fig. 3 shows that the gas shear stress and the total stress vary along
height for different cases. It can be seen that for all the cases, with
increment in height the gas shear stress increases, but the total stress
almost keeps constantly and equals to τ0, except in the region very
near to the sand bed (where particle collision stress cannot be
neglected). These results validate the previous theoretical derivation
that in aeolian sand movement gas stress is no more a constant, but
the sum of gas shear stress and SPS are constant in the region almost
without particle collision. This paper is focused on the derivation of
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SPS. The details of CFD-DEM calculation and validation can be found in
the author's previous published papers [7,8].

Fig. 4 shows that SPS vary along height for different cases, which
have the same particle diameter (0.2 mm) but are under different top
gas shear stress (9.5 Pa, 7.5 Pa and 6.5 Pa). Based on the information in
this figure, with an increasing height, the SPS sharply increases firstly
and then gradually decreases. The higher top gas shear stress is, the
higher SPS will be. The maximum SPS for case 2 and case 3 are 2.7 Pa
and 2.0 Pa, respectively, while the maximum SPS for case 4 is 1.8 Pa.
Higher SPS implies that particle phase obtains more momentum from
gas phase, thus particles will be transported at a longer distance.
When flow reaches steady state, at a certain height, the number of
particles moving downwards is statistically equal to that of particles
moving upwards. However, in statistical significance, the particles
moving downwards always carry more horizontal momentum than
that particles moving upwards carry. Therefore, the direction of
momentum transportation in particle phase should be downward.

3.3. Conclusions

1. The concept of SPS (statistical particle stress) is developed in this
paper, which helps to understand the mechanism of momentum
transportation in particle phase.

2. With increasing in height, gas shear stress increases while SPS
decreases, but the sum of gas stress and SPS remains unchanged.
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