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a b s t r a c t

A numerical model for the general description of the sediment-laden flow is developed based on an
Euler–Euler approach of the two-phase turbulent flow theory. The basic equations of the model are
the Reynolds averaged equations of motion for both the fluid and the sediment phase in addition to
the Reynolds averaged continuity equations for the mixture and for the sediment phase. The fluid phase
and the sediment phase are coupled through their interaction forces including resistance force, inertia
force, and lift force. Turbulence closure of the fluid phase is based on the conventional k–e model while
an algebraic particle turbulence model is applied to the sediment phase. The numerical method is based
on the modified SIMPLE scheme. The model is applied to the computation of saturated sediment-laden
flows and also the non-equilibrium transport of sediment by unidirectional flows under simple erosion
and simple deposition conditions. The numerical results are well verified by the available experimental
data. The vertical velocity of the sediment phase is also shown to be in very good agreement with the fall
velocity of the sediment particles, which strongly support the assumption of Rouse’s diffusion theory for
suspended sediment under steady state.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction to the problem, from the mechanics point of view, is thus to start
The mechanics of sediment transport is an important subject of
river and coastal engineering. Traditionally, this is because the ero-
sion and deposition as the result of sediment movement are, in
many cases, critical to the safety, the functional performance,
and the environmental impact of a river or coastal engineering pro-
ject. More recently, the significance of the sediment transport in
river and coastal zone management has also been emphasized be-
cause the habitat for fish and other organisms, and consequently,
the river and coastal ecosystem may be unfavorably altered or
even damaged due to unexpected sediment movement.

The mechanics of sediment transport is also a classical subject
of river and coastal engineering, and its study can be traced to
1930s. The earlier studies, however, were essentially empirical.
By the empirical or semi-empirical formulas carefully developed,
the critical condition for the initial motion of sediment as well as
the rate of sediment transport can be fairly reasonably predicted
once the flow condition is given. The vertical distribution of the
sediment concentration in a steady channel flow can also be simu-
lated at very good accuracy.

There is no question that the sediment-laden flow can be trea-
ted as essentially a two-phase flow. The most orthodox approach
ll rights reserved.
from the conservation laws for both the fluid and the sediments,
i.e., the continuity equation and the equations of motion for both
the water and the sediment. In fact, a large number of researches
have been devoted to the development and application of such
two-phase flow models. These models can be categorized into
the Euler–Lagrange type and the Euler–Euler type. The Euler–
Lagrange approaches describe the water or the continuous phase
by mass and momentum conservation equations while the sedi-
ment or the dispersed phase by the equation of motion for each
particle. When the flow involves a large number of sediment par-
ticles, a statistical description of the dispersed phase may become
necessary in order to reduce the computational efforts. Since a
practical problem usually includes an enormous number of sedi-
ment particles, more previous efforts have actually been directed
to the development and enhancement of the Euler–Euler ap-
proaches (Drew, 1971, 1983; Elghobashi and Abou-Arab, 1983;
Ishii and Hibiki, 2006), which describe the dispersed phase in the
similar way as for the continuous phase.

Since a two-phase flow model is usually difficult to be solved
even numerically, there have been intensive efforts to simplify the
problem based on various assumptions. The so-called single phase
model, which deals with the two phases as a whole, or the mixture,
instead of the two phases separately, is an example of the simplified
models (Zuber and Findlay, 1965; Celik and Rodi, 1988; Pai, 1991;
Ungarish, 1993). Among a variety of the single phase models, the
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advection–diffusion model, which further neglects the effects of the
dispersed phase on the continuous phase and is, therefore, valid only
for dilute problems, has been preferred by many researchers who
bear obligation to provide solutions for practical problems.

It has long been an expectation of engineers to study the sedi-
ment transport in river and in coastal waters, particularly the
transport of suspended load, based on an effective two-phase flow
model. But, the progress has been rather slow, probably because
the problem is too complicated. Most of the research efforts done
are still limited to proposal of mathematical models. Some sugges-
tions to study the distribution of sediment concentration and rate
of transport under steady state based on a two-phase flow model
were made (McTigue, 1981; Kobayashi and Seo, 1985; Cao et al.,
1995; Greimann and Holly, 2001), but none of the authors pro-
vided a model with sufficient generality. Other models were for-
mulated in a relatively general form, but only applied to the one
dimensional situations (Jha and Bombardelli, 2010). Bakhtyar
et al. (2009) developed a rather comprehensive model but the
model did not consider the turbulent fluctuation of the volumetri-
cally averaged concentration and thus includes no diffusion terms
in the continuity equations. Longo’s (2005) model took into ac-
count all the major factors partially considered in many other
models, but its verification is far from convincing. It may be worth-
while to stress that an important but difficult point in the formu-
lation of a two-phase flow model is to properly describe the
turbulence characteristics of the two phases. Recently, Jha and
Bombardelli (2009) comparatively investigated the performance
of different turbulence models for the continuous phase, while
Hsu et al. (2004) paid attention to the turbulence modeling of
the sediment phase.

In river and coastal engineering applications, the most practical
model for the sediment laden flows is still the advection–diffusion
model, if the empirical and semi-empirical models are not the
choice. The model has been proposed since 1930s (O’Brien, 1933;
Dobbins, 1943). Successful applications to practical problems in
which suspended sediment transport is predominant have been
widely reported after 1980s (Lin et al., 1983; Miller, 1983; Zhou
and Lin, 1998; Wu et al., 2000; Chapalain and Thais, 2000; Fang
and Wang, 2000; Douillet et al., 2001). At the same time, the intrin-
sic limitations of the advection–diffusion model have also been
pointed out frequently. More critically, the model provides no
way to deal with the bed load transport, which often plays domi-
nant role in practice.

The present work is aimed to develop a general numerical mod-
el for steady sediment transport by a vertically two-dimensional
flow based on the two-phase turbulent flow theory. We try to care-
fully deal with the turbulence model, the inter-granular stress, and
the interphase forces so that the model can represent both the sus-
pended load and the bed load. Such a model can also describe the
sediment pick-up/settle-down process. Therefore, the conventional
practice relying on the empirical formulas to give the sediment
concentration at a particular level or specify the pick-up rate as a
function of the flow parameters at the bottom boundary becomes
unnecessary. The details of the model are shown in Section 2. Ver-
ifications of the model by comparing the computational results
with experimental data and analytical solutions are given in Sec-
tions 3 and 4 for equilibrium and non-equilibrium transport,
respectively. Conclusions are finally summarized in Section 5.
2. Numerical model

2.1. Governing equations

When the two-fluid approach, i.e., the Euler–Euler approach is
adopted, the governing equations for each phase as well as the
mixture of the sediment-laden flow can be obtained based on the
Reynolds averaging procedure. It is evident that these equations
are not all independent. The Reynolds averaged continuity equa-
tions for the mixture and for the sediment phase, the Reynolds
averaged equations of motion for both the fluid and the sediment
phase, in addition to the simple algebraic relation between the vol-
umetric concentration of the fluid and that of the sediment, which
form an independent set, are chosen as the basic equations in the
present study. So, we have
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where the subscripts f and s denote the fluid phase and the sedi-
ment phase, respectively; a is the volumetric concentration; u is
the velocity; p is the pressure; F is the interaction force between
the two phases; g is the body force; q is the density; m is the viscos-
ity; x is the Cartesian coordinate; t is time; the indices i, j = 1, 2 rep-
resent the coordinate directions and are required to follow the
summation convention. Eqs. (1)–(5) form a closed system for uf,
us, p, af, and as. It may be worthwhile to mention that the volumet-
ric concentrations, which are spatially averaged over a dimension
much larger than the mean distance between sediment particles,
are also assumed to be turbulent variables in the present model,
and can thus be decomposed into a mean value and a turbulent
fluctuation. Reynolds averaging then yields a mass diffusion term
in Eqs. (2)–(4) after turbulence modeling:

a0u0i ¼ �j
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where the primes denote the turbulent fluctuation of the relevant
quantities, the diffusion coefficient j is related to the eddy viscosity
mt through j = mt/da with da being the Schmidt number. In addition,
the eddy viscosity representation has been adopted for turbulence
induced momentum diffusion.

The viscosities of the two phases are expressed by mf = mf0 + mft

and ms = ms0 + mst, respectively, where mf0 is the molecular viscosity
of the fluid, mft is the eddy viscosity of the fluid phase, ms0 is the vis-
cosity related to the inter-granular stress, and mst is the sediment
turbulence viscosity. mft and mst are determined by turbulence
modeling of the fluid phase and the sediment phase, respectively.
The viscosity related to the inter-granular stress may be evaluated
based on Ahilan and Sleath (1987) formula:

ms0 ¼ 1:2
qf

qs

asm

as

� �1=3

� 1

" #�2

mf 0 ð7Þ

where asm is the maximum sediment volumetric concentration (it is
assumed to be 0.6 in the present study).
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The interaction force between the sediment and the fluid
phases satisfies the relation:

Ff þ Fs ¼ 0 ð8Þ

where the bold face represents a vector. We consider the dominant
forces, i.e., the drag force, the inertia force, and the lift force in the
present study. Let

Fs ¼ FD þ FI þ FL ð9Þ

The drag force FD is expressed by

FD ¼ kCD
3qf as

4Ds
juf � usjðuf � usÞ ð10Þ

where u is the velocity vector, Ds is the representative diameter of
the sediment particles, CD is the drag coefficient of the particle in
infinite fluid and k is a modification factor considering the effect
of the surrounding particles. The drag coefficient CD is given by
the well known Schiller and Naumann (1935) formula:
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24
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where Res = |uf � us|Ds/mf0 is the particle Reynolds number. It may
have to be noted that Eq. (11) is valid only when Res 6 1000. Beyond
this range, CD becomes nearly a constant of 0.44 (Wörner, 2003) as
long as the flow around the particle is laminar. Other choice of the
drag coefficient formula is also possible (Peker and Helvaci, 2008)
but an alternative does not seem to yield a significant difference
on the results of sediment transport. The modification factor k in
Eq. (10), which is related to the sediment concentration, follows
Tam (1969):
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In the present study, the inertia force and the lift force are ex-
pressed, respectively, by

FI ¼ CMqf as
dðuf � usÞ

dt
ð13Þ

FL ¼ CLqf asðuf � usÞ �X ð14Þ

where X is the vorticity vector of the fluid phase, CM = 0.5 is the
added-mass coefficient and CL = 0.5 is the lift coefficient (Auton,
1987; Auton et al., 1988).

2.2. Turbulence model

The standard k–e model is used for turbulence modeling of the
fluid phase in the present study, so the turbulence kinetic energy k
and the kinetic energy dissipation rate e of the fluid phase are gov-
erned by
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For the sediment phase, as far as the turbulence is not extremely
anisotropic and the size of the sediment particle is reasonably small,
Hinze–Tchen’s algebraic particle turbulence model is applicable
(Hinze, 1975):
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where sf is the turbulence time scale of the fluid phase, ss is the re-
sponse time of the sediment phase, and

sf ¼ 1:22C3=4
l

kf

ef
ð22Þ

ss ¼
qsD

2
s

18qf mf 0ð1þ 0:15Re0:687
s Þ

ð23Þ

The Hinze–Tchen model requires that the sediment turbulence fol-
lows the fluid turbulence with a response time. The intensity of the
sediment turbulence decreases as the response time of the sedi-
ment particles increases and the turbulence time scale decreases,
and vice versa.

In the present study, all the empirical constants that appear in
the turbulence model take the standard values except for the sed-
iment Schmidt number da, which tends to take a value smaller than
1.0 according to Jha and Bombardelli (2009) and is assumed to be
0.7 in the present study.

It must be pointed out that the interactions among particles
within the bed load layer or a hyper-concentrated layer near the
bed are intensive and highly nonlinear, which add significant influ-
ences to the characteristics of the sediment turbulence. The pres-
ent model can be used but cannot be impractically expected to
accurately represent the turbulence viscosity either of the sedi-
ment phase or of the fluid phase on such an occasion. In fact, no
existing model has such a capacity. Fortunately, the sediment mo-
tion within a hyper-concentrated layer is mainly governed by the
inter-granular stress instead of the turbulence diffusion, which im-
plies that the validity of the two-phase model will not be signifi-
cantly damaged.

2.3. Numerical schemes

The numerical method used in the present study is the modified
SIMPLE scheme of Patankar (1980). Following this scheme, the
governing equations for the sediment-laden flow are discretized
into algebraic equations in terms of the nodal values of the physi-
cal quantities defined over a staggered grid, by means of the finite
volume method. In addition, the third-order QUICK scheme of Tao
(2001) is used for the convection terms, and the second-order cen-
tral difference scheme used for the diffusion terms. The deferred
correction technique of Hayase et al. (1992) is also adopted.

The time stepping strategy is standard. At each time step, the
volumetric concentration of each phase is computed first. Then,
the velocities of each phase are predicted and correction of the
pressure is carried out based on the solution of the pressure correc-
tion equation derived from the overall mass conservation equation.
The values of the pressure and the velocities can therefore be up-
dated to satisfy mass and momentum conservation. If necessary,
correction of the pressure and the velocity can be repeated to yield
converged values being used as the initial conditions of the next
step. The convergence is judged by the residuals of volume flux
in the pressure modification equation. It is worthwhile to empha-
size that the pressure modification in the present study is based on
the total continuity equation instead of the continuity equation for
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each phase to ensure a better accuracy of mass conservation. This
is because the continuity equation for each phase includes a diffu-
sion term modeling the turbulent effect while discretization of the
diffusion term adds errors in the numerical algorithm of the conti-
nuity equation. Once the volumetric concentration and the velocity
of each phase are determined, the turbulence kinetic energy and
the turbulence kinetic energy dissipation rate can be readily ob-
tained. The interphase-slip algorithm (IPSA) of Spalding (1985) is
used to deal with phase coupling. The stability conditions (O’Con-
nor and Nicholson, 1988) should also be satisfied.
2.4. Boundary conditions

In the present study, three representative cases are considered:
(i) equilibrium transport; (ii) simple erosion, the flow develops
with the increase of sediment along the flow direction; (iii) simple
deposition, as shown in Fig. 1. In all cases, the numerical model is
applied to the entire sediment-laden flow covering both the bed
load layer and the suspended load layer, although its accuracy
for the bed load transport is certainly not comparable with the sus-
pended load.

In all cases, the so-called ‘rigid-lid’ assumption is adopted at the
top boundary. That is, the vertical velocity of the fluid phase at the
top boundary vanishes, and all other variables satisfy the non-gra-
dient condition in its normal direction, with an exception of the
sediment concentration, which is governed by the zero-flux
condition:

j
@as

@x2
� us;2as ¼ 0 ð24Þ

At the bottom boundary, which is set at the lower edge of the
bed load layer, non-slip wall condition is applied to the fluid phase.
In cases (i) and (ii), the vertical and horizontal velocities of the sed-
αsαsαs

αs

(a) Equilibrium case 

(b) Simple erosion case 

υ f αsαs αs

(c) Simple deposition case 

Fig. 1. Sketch of physical model.
iment phase are set to zero, and the sediment volumetric concen-
tration is given a constant value of 0.6. In case (iii), a free settling of
the sediment particles is considered so that both vertical velocity
and the concentration of the sediment phase are assumed to have
no gradient in the normal direction.

At the downstream lateral boundary, the flow is assumed to be
fully-developed so that the non-gradient condition in the flow
direction is valid for all variables. At the upstream lateral bound-
ary, the fully developed condition is applied to the horizontal
velocity of the fluid phase and the sediment concentration while
the non-gradient condition in the flow direction is applied to the
velocity of the sediment phase as well as the variables that charac-
terize the turbulence. The fully developed clear water velocity in
case (ii) is given by Dou’s (1987) formula:
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where u⁄ is the shear velocity which can be evaluated from the
slope of water surface in a practical problem, yþ � u�y=mf 0,
Y � y=H, and H is the water depth. In case (iii), the velocity of the
fluid phase at the upstream lateral boundary is also given by Eq.
(25) and the sediment concentration is specified according to Van
Rijn’s (1993) formula with a given rate of sediment transport. There
may be some differences between the distributions prescribed by
these formulas and the fully developed profiles, but this does not
matter because the prescribed distributions will adjust themselves
and approach the fully developed profiles at some distance down-
stream the boundary. In the equilibrium case (i), the inflow condi-
tion only requires to ensure a prescribed flow rate. The velocity
profile at the boundary is self-adjustable during the computation
as time advancing. At each computational step, however, a flux
modification of the velocity profiles at both the upstream and
downstream boundaries must be done to ensure the inflow condi-
tion being satisfied. The modification is actually to remove the error
originating from the self-adjustment of the velocity profile by
slightly scaling the numerical result. It is significant only at the ini-
tial stage of the computation when the fully developed profile is not
yet achieved. Eq. (25) and Van Rijn’s (1993) formula are utilized to
give the initial values of the fluid velocity and the sediment concen-
tration at both the upstream and downstream boundaries.

3. Model verification for equilibrium transport

Two types of experimental results are used to verify the perfor-
mance of the present numerical model for equilibrium transport or
under steady-state condition. They are (1) Coleman’s (1986) exper-
iment on saturated sediment-laden flows; and (2) Li’s (1999)
experiment on sediment-laden flows of high concentration. It
may be necessary to emphasize that, under all experimental condi-
tions, the erodible bed keeps flat. The computational domain coin-
cides with the experiments. The computational grid size is fixed at
1 cm in the horizontal direction, while it varies in the vertical
direction from 0.01 cm at the bottom to 0.7 cm at the surface in
Coleman’s case and from 0.01 cm at the bottom to 0.35 cm at the
surface in Li’s case. The grid size is determined after a great num-
ber of numerical tests. It is proved that any further refinement of
the grid leads to no change of the significant digits of the numerical
results.

3.1. Coleman’s experiment

The experiment was conducted in a circulating flume of 15 m in
length and 0.356 m in width. The flow was generated at the up-
stream end of the flume at a rate of 0.064 m3/s, the resulting depth



Table 1
Coleman’s experimental conditions.

Group A B C

Clear water case Run 1 Run 21 Run 32
Saturated case Run 20 Run 31 Run 40
Sediment classification Fine Medium Coarse
Sediment diameter (Ds) 0.105 mm 0.21 mm 0.42 mm
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of the flow was around 0.17 m. The bottom shear velocity com-
puted from the measured slope of the water surface was
0.041 m/s. Measurement was made in the region of y P 0.006 m
on the centerline of the flume at a cross-section located 12 m away
Fig. 2. Horizontal velocity of fluid p
from the upstream end. The sediment density in the experiment
was 2650 kg/m3. Other conditions are summarized in Table 1.
Among a total number of 40 runs, Runs 1, 20, 21, 31, 32, and 40,
for fine, medium, and coarse sediment, respectively, were carried
out under clear water or sediment saturated conditions, and are re-
ferred in the present study.

Fig. 2 compares the computed and measured horizontal velocity
of the fluid phase. The general agreement between computations
and measurements is rather good except for the coarse sediment
case (Run 40), in which the computational result is larger than
the experimental data at the upper layer but smaller at the lower
layer. The inaccuracy is probably a consequence of the simple tur-
bulence model for the sediment phase. By comparing the saturated
hase in Coleman’s experiments.
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sediment-laden cases with the relevant clear water ones, it is
found that the horizontal velocity of the fluid phase decreases near
the bottom and increases at the top. The tendency is consistent in
both numerical and experimental results and in all cases. Many
other studies, such as Wang (1985), also confirmed this fact. This
can be explained by the increased bed resistance due to the pres-
ence of sediment which reduces the flow velocity at lower level
while increases the flow velocity near the water surface to con-
serve the flux.

Fig. 2 also provides a close view of the computed horizontal
velocity of the fluid phase near the bottom boundary by plotting
it against y+ in the logarithmic scale. Two levels corresponding to
y+ = 5 and y+ = 70, which are generally regarded as the upper limit
of the viscous sublayer and the lower limit the fully-developed tur-
bulent layer of a boundary layer flow of clear water, are also
marked in the figures. The computational results show a reason-
able agreement with the linear law and the logarithmic law for
the velocity near the solid bottom and in the fully-developed tur-
bulent region. Einstein and Chien (1955) proposed to divide the
sediment-laden flow into two regions: the bottom flow region
and the main flow region. The bottom region refers to the viscous
sublayer and the transition layer while the main region is the fully-
developed turbulent layer. The transition point of the two regions
such defined moves upward as the sediment concentration in-
creases according to the experiments of Wang (1985). The same
tendency can also be observed in the present computations, as
indicated in Fig. 2.

Fig. 3 shows comparison of the computed and measured vertical
profile of the saturated sediment volumetric concentration. The
agreement between the computation and Coleman’s measurement
Fig. 3. Concentration and vertical velocit
seems to be fairly good. The concentration is shown to decrease
quickly to nearly nothing near the free surface from its maximum
value at the bottom in all cases. The saturated sediment concentra-
tion also decreases as the sediment diameter increases. A close
view reveals that, somehow, the computed concentration and the
concentration gradient of fine sediment is slightly larger than the
experimental results in the main flow region and the computed
concentration of coarse sediment is slightly smaller than that in
the experiment.

According to Rouse (1937), the saturated sediment profile in a
uniform flow is reached when the gravity caused settling and tur-
bulence caused diffusion of the sediment particles are balanced.
This implies that the vertical velocity of the sediment phase, at
least in the main flow, in Coleman’s experiments should be very
close to the fall velocity of the sediments. In Fig. 3, the computed
vertical velocity of the sediment phase is presented, and the rele-
vant values obtained near the surface are compared with the fall
velocity estimated by formulas of Rubey (1993), Van Rijn (1993),
Cheng (2001), Chang and Liou (2001) in Table 2. A reasonable
agreement of the computational result with the empirical formulas
can be observed. This provides an indirect verification of the turbu-
lence model.

3.2. Li’s experiment

Li’s (1999) experiment was aimed to study hyper-concentrated
sediment-laden flows. The experiment was conducted in a flume of
0.3 m wide, 0.4 m high and 20 m long. Light sediment with a den-
sity of 1.056 kg/m3 and diameter of 0.1 mm was utilized. The fall
velocity of a single sediment particle is 0.0003 m/s. The depth-
y of saturated sediment-laden flow.



Table 2
Sediment fall velocity.

Ds. (mm) Computational (m/s) Empirical (m/s)

Rubey Van Rijn Chen Chang and Liou

0.105 0.0083 0.0092 0.0085 0.0066 0.0085
0.210 0.0262 0.0269 0.0276 0.0208 0.0266
0.420 0.0650 0.0545 0.0620 0.0505 0.0637
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averaged horizontal velocity in the experiment was 0.781 m/s
while the water depth was 0.07 m. The bottom shear velocity com-
puted from the measured slope of water surface was 0.037 m/s.
The average volumetric concentration of the sediment in the
experiment varied from 0.25% to 0.5%.

In the computations, the sediment volumetric concentration at
the bottom is intentionally specified at different values. Fig. 4a
compares the computed horizontal velocity of the sediment phase
with the measured data. The computations are made as the aver-
age sediment volumetric concentration takes values of 0.25% and
0.5%. Fig. 4b shows the computed horizontal velocity of the fluid
phase, in which 0.00% corresponds to the clear water case. Fig. 4c
shows the computed turbulence kinetic energy (TKE) of the sedi-
ment phase, in comparison with the measured data and the empir-
ical formula of Nezu and Rodi (1986) for dilute problems. All the
computational results agree very well with the experimental data.
The results also imply that, for light and fine sediment, both the
Reynolds averaged velocity and the turbulence kinetic energy of
the sediment phase are nearly independent on the concentration,
Fig. 4. Results of hyper-concent
or, the suspended sediment does not change the flow structure sig-
nificantly, or in other words, the sediment particles trace the fluid
flow without a noticeable lag.

It is known that the interaction among sediment particles re-
tards the fall velocity of a single sediment particle. The effect of
the sediment concentration on the fall velocity of sediment then
cannot be neglected if the sediment concentration is high. Quite
a number of studies have been done to investigate the effect of
concentration on sediment fall velocity, of which Richardson and
Zaki (1954) proposed a formula

V ¼ ð1� asÞm ð26Þ

where V is the ratio of sediment fall velocity considering group ef-
fects to the fall velocity of a single sediment particle, m is a param-
eter varying from 2.5 to 7.0 for ordinary sediment depending on the
sediment size (Chien and Wan, 1999). It should take a larger value
for light sediment. As shown in Fig. 4d, Eq. (26) at m ¼ 8:0 fits the
computational results in a very good accuracy.
rated sediment-laden flow.



Fig. 5. Concentration profile of Van Rijn’s experiment.
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4. Model verification for non-equilibrium transport

Two carefully designed experiments are cited to verify the pres-
ent numerical model when erosion and deposition occur. The
experiments are (1) Van Rijn’s (1981) on simple erosion; and (2)
Wang and Ribberink’s (1986) on simple deposition. Under all
experimental conditions the erodible bed was flat. We are going
to show that the model we developed also works well for non-
equilibrium transport problems. In the following computations,
the experimental problems are discretized with a horizontal grid
fixed at 5 cm and vertical grid varying from 0.01 cm at the bottom
to 1.0 cm at the surface. The accuracy of grid system has been care-
fully testified.

4.1. Van Rijn’s experiment

Van Rijn’s (1981) experiment was on sediment transport un-
der simple erosion conditions as shown in Fig. 1b, in which sed-
iment particles are entrained from sandy bed into the water.
The wave flume was 30 m in length, 0.5 m in width and 0.7 m
in height. In the experiment, the depth-averaged horizontal
velocity was 0.67 m/s; the water depth was 0.25 m and repre-
sentative sediment diameter was 0.2 mm. It is worthwhile to
mention that Hjelmfelt and Lenau (1970) obtained an analytical
solution for the same problem. In the analytic solution, the fall
velocity of the sediment is assumed to be a constant (0.022 m/s
in the present case), the horizontal diffusion of the sediment is
neglected while the vertical diffusion coefficient follows Rouse’s
(1937) curve that vanishes at the free surface as well as at the
bottom.
Fig. 5 shows a comparison among the computational, the exper-
imental and the analytical results on the vertical distribution of the
volumetric concentration. The computations agree with the exper-
iments very well. Both indicate that sediment concentration in-
creases in the horizontal direction and it becomes almost
saturated at x/H = 40.

In the analytical solution, the concentration relies on its value at
a reference level. For a comparison, two different reference levels
are considered, i.e., a = 0.005 m (a/H = 0.02) and a = 0.0125 m (a/
H = 0.05), where concentration are 4.5 kg/m3 and 2.65 kg/m3,
respectively, according to Lin and Falconer (1997). In either case,
the analytical solution does not seem to be as good as the compu-
tational results. This is probably because it is not reasonable to as-
sume a constant concentration at any level, for the concentration
at the same level in the problem of interest should increase from
upstream to downstream.

4.2. Wang and Ribberink’s experiment

Wang and Ribberink’s (1986) experiment was on sediment
transport under simple deposition conditions. The experiment
was conducted in a flume of 30 m in length, 0.5 m in width and
0.215 m in height. The bed was specially designed to capture the
falling sediments. The depth-averaged velocity of the flow was
0.56 m/s. The bottom shear velocity was 0.033 m/s. The sediment
diameter was D50 = 0.095 mm and D90 = 0.105 mm, the density of
the sediment was 2650 kg/m3, and the sediment fall velocity was
0.0071 m/s.

Fig. 6 shows the computed and the measured concentration
profiles at different cross-sections. In the computation, the



Fig. 6. Concentration profile of Wang and Ribberink’s experiment.
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boundary condition for the volumetric concentration of the sedi-
ment at x/H = 0 is given according to the experimental data. The
overall agreement between the computations and the experiments
is found to be fairly good. Some discrepancy near the bottom is
probably because that the bottom boundary conditions of the
experiment are not accurately formulated.
5. Conclusions

A numerical model for sediment transport is developed based
on the basic equations of the two-phase flows. The two phases in
the model are coupled through their interaction forces including
resistance force, inertia force, and lift force. Turbulence of the con-
tinuous phase is described by the conventional k–e model while an
algebraic particle turbulence model is applied to the dispersed
phase. An enhanced algorithm on the basis of the SIMPLE scheme
and an effective time stepping technique is developed for the
numerical solutions. The model can thus produce numerical results
on the temporal and spatial variations of the mean velocities of the
two phases as well as the sediment concentration. By involving the
inter-granular stress, the model can be applied to sediment trans-
port with high concentration and allows a unified treatment of bed
load and suspended load. Because of this, the bottom boundary



1108 X. Chen et al. / International Journal of Multiphase Flow 37 (2011) 1099–1108
condition can be given at a level beneath the equilibrium bed
where the sediment particles are undisturbed and the volumetric
concentration of the sediment is totally determined by the natural
void of the bed material. Consequently, there is no need to specify
the sediment pick-up rate or the concentration at the equilibrium
bed. These are the distinguished advantages of the present model
when compared to other simplified models.

The two-phase model developed in this study has been applied
to the computation of the saturated sediment-laden flow as well as
the sediment-laden flows with simple erosion and simple deposi-
tion. The numerical results are shown to agree with the available
experimental data with a very good accuracy under both equilib-
rium and non-equilibrium transport conditions.

It is also confirmed in the present study that the horizontal
velocity of the fluid phase in a saturated sediment-laden flow de-
creases near the bottom and increases at the top as compared to
the relevant clear water case under given flow discharge. The
thickness of the bottom affected flow region in a saturated sedi-
ment-laden flow is found to increase as the sediment concentra-
tion increases. It is also clear that the computed concentration
and the concentration gradient of fine sediment are slightly larger
than the experimental results in the main flow region and the com-
puted concentration of coarse sediment is slightly smaller than the
experimental results.
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