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The loadings of variable combined stresses may cause different instabilities of materials
such as the shear localization instability or non-localized thermal softening instability.
The purpose of this paper is to present a theoretical analysis of instability behaviors of
material under the loading conditions of combined stresses and apply the analytical results
to interpret the removal mechanisms of chip materials in cutting process. First, the pertur-
bation analysis of material instability under the loading conditions of combined stresses
and relatively critical conditions are presented, followed by discussions on relations
between the instability behaviors of materials and the loading conditions. Then, the
removal mechanisms of chip materials in cutting process are studied by numerical simu-
lation. The formation of continuous and discontinuous chips is shown closely related to
the plastic flow and instability behaviors of the chip material, and the transformation
between the two types of chips is found dependent on the ratio of plastic work dissipated
by dilatation deformation and that dissipated by shear deformation.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

There are many instable modes for materials when the loading conditions are variable. Shear band is an instable mode of
localized plastic deformation. Usually, shear band occurs in a narrow deformation zone in which material subjects to high
intensity shear and large temperature rise. Hence, shear band is often called as the localized thermal softening instability. In
a different way, necking in the simple tension case is another instable mode and takes place in a relatively large deformation
zone compared with the shear banding case, and thus is called as non-localized thermal softening instability. If no instability
occurs, the deformation behavior of materials is somewhat a steady homogeneous plastic flow. So far, many studies have
shown that the instability of materials depends on both the thermophysical and mechanical properties of materials and
the loading conditions. However, no major studies have been conducted on whether the instability occurs in the form of
localized thermal softening or non-localized thermal softening under the loading conditions of complex stresses (Anand
et al., 1987; Zbib and Jubran, 1992; Batra and Liu, 1990), and thus, for some engineering fields as metal machining, it is
not easy to provide a logical prediction on the instability behaviors of materials and the transition between different insta-
bility modes. Therefore, it is necessary to further study the instability behaviors of materials under complex stresses loading
conditions.

In the last several decades, shear localization instability has received considerable attention in academic community. For
determining the critical conditions of shear band formation, some researchers, such as Argon (1973), Culver (1973) and
Staker (1981), proposed an instability criteria based on the maximum shear stress to estimate the shear banding instability
in homogeneous material deformation. Others (Clifton, 1980; Bai, 1982; Burns and Trucano, 1982; Pan, 1983) established
. All rights reserved.
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instability criteria for the shear localization instability by using linear perturbation method. Bai’s study (1982) showed that
the shear localization instability was related to the thermal softening, current stress, specific heat and work hardening, but
almost not to the heat conduction. By linear perturbation analysis, he established the adiabatic instability criterion of ther-
moplastic materials in the simple shear case. In order to study the influence of material properties, initial imperfections and
boundary conditions on the deformation localization instability of materials, Fressengeas and Molinary (1987) studied the
unsteadiness of homogeneous plastic flow of materials and provided a long range instability prediction with relative pertur-
bation method. Anand et al. (1987) carried out a three-dimensional perturbation analysis for the shear localization instabil-
ity. For the cases of quasi-static isothermal deformation and dynamic adiabatic deformation of viscoplastic materials, they
established the onset conditions for the formation of shear bands and determined the probable directions of shear bands
evolution. Especially, they studied the effect of pressure hardening on shear banding instability behaviors.

In recent years, many studies were performed on the mechanism underlying the localization instability of materials and
the formation of shear bands (e.g. Kuroda, 1996; Kuroda and Tvergaard, 2007; Hashiguchi and Tsutsumi, 2007; Borg, 2007;
Farrokh and Khan, 2009; Paul et al., 2009; Kobayashi, 2010; Chen and Lin, 2010; Mroginski et al., 2011; Sun et al., 2009).
Kuroda (1996) studied the softening effect on the development of shear bands by using different types of plastic constitutive
models with plastic spin. He found that, the stress rate dependent non-coaxial model described the geometric softening and
could not predict the shear band formation. The strain-softening model predicted the effects of material softening and the
geometric softening arising from the back stress. For the porous model, the material softening due to the pressure-sensitive
void damage was a dominant factor, inducing the localized deformation. In the study of the effects of texture components on
shear band formation in plane strain tension/compression and bending, Kuroda and Tvergaard (2007) found that the critical
strain at the onset of shear banding and the corresponding orientation of shear band were two key quantities affecting shear
band formation, and cube texture advantageously prevented the shear band development. Hashiguchi and Tsutsumi (2007),
based on gradient plasticity constitutive model, performed the post-localization analysis of granular materials to predict the
shear band thickness. They found that the gradient coefficient characterizing the inhomogeneity of deformation determined
the shear-band thickness. Borg (2007) studied the effect of internal material length scale on the localization of plastic flow in
shear bands in a single crystal under plane strain tension. It was shown that there was little mesh sensitivity when the non-
local material model was used. Furthermore, it was found that increasing the material length scale delayed the formation of
shear bands. Also, Niordson and Tvergaard (2005) investigated the instability behaviors for tension and compression spec-
imens using a rate-independent strain gradient plasticity theory and observed the effect of material length scale on the neck-
ing behavior. The study by Paul et al. (2009) on twinning and shear banding in a plane strain Cu–Al alloy single crystal
showed that the texture changes were only due to one kind of deformation twinning. It was shown that, at larger deforma-
tions, twin matrix deflection within some narrow areas led to kink-type bands as the precursors of shear bands. Short dis-
tance dislocation movement led to local lattice rotation and to kink-type shear bands. Long distance dislocation slip across
the entire crystal thickness led to strain accommodation on a macroscopic scale. Moreover, the reorientation of the twinning
planes towards the shear band plane promoted dislocation slip in the shear banding direction. In the study of ductile failure
of dual phase steels (Sun et al., 2009), the microstructure-level inhomogeneity serving as the initial imperfection was found
to trigger the instability in the form of plastic strain localization during the deformation process, showing that the local fail-
ure mode and ultimate ductility were related to the stress states. A dominant shear band led to material failure under the
plane stress condition, while necking led to the material failure under plane strain loading condition. Kobayashi (2010) ana-
lyzed the deformation localization behaviors based on the theory of ultrasonic wave propagating in plastic materials, and
obtained the diagrams of diffuse necking, localized necking and the formation of limit conditions. More recently, many inves-
tigations on deformation localization behaviors showed a tendency toward extended material models. For example, some
studies focused on the formation of shear bands in bulk metallic glasses (Jiang and Dai, 2009; Chen and Lin, 2010), and others
dealt with the localized failure modes of porous media (Di Rado et al., 2009; Mroginski et al., 2011).

Instability of materials in the shear localization deformation, especially in high speed cutting process, is still an open
question, and further profound and extensive investigations of the physical mechanism underlying shear deformation local-
ization is helpful to clarify the removal mechanism of chip materials from the workpiece surfaces. Experimental observations
of the chip morphologies (Komanduri, 1982; Sutter et al., 1997; Molinari et al., 2002) showed that continuous and discon-
tinuous or segmented chips developed in cutting process. In particular, the shear bands are widely observed in the discon-
tinuous chip, which lays a foundation for studying the cutting mechanisms of materials theoretically and numerically. In the
studies of the physical mechanisms of discontinuous chip formation, one-dimensional cutting model is widely used. The
‘‘deck of cards’’ model of material machining (Piispanen, 1948) describes morphologically the removal mechanisms of thin
lamella materials on workpiece surfaces and the adiabatic shear band formation between the thin lamellae in orthogonal
cutting process. Merchant (1945) analyzed the geometry of continuous and discontinuous chips and the interaction forces
between chip and tool in the orthogonal cutting, providing a useful insight into the nature of cutting process. Recht’s study
(1964) showed that catastrophic shear failure occurred when the thermal softening effect surpassed the strain hardening
effect, and repeated formation of shear bands in chip materials resulted in the occurrence of segmental chips. Plastic slip
is the influential deformation mechanism of chip materials in cutting process. The decrease of cutting speeds results in
the decrease of temperature gradients and the reduction of the spacing between shear bands in chip materials. When steady
plastic flow occurs, the spacing band approaches to zero and continuous chips take form. Recent study performed by Burns
and Davies (2002) revealed that the interaction compression between tool and workpiece and the tool movement at high
cutting speed led to the occurrence of repeated oscillations of material plastic flow and the formation of adiabatic shear
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bands in chips. The spacing between shear bands was disordered at the onset of transition from continuous to discontinuous
chips, but the periodic features of spacing appeared when the cutting speed increased.

These previous studies show that the discontinuous chip formation involves the oscillatory plastic flow of chip materials,
and the oscillatory variation of stress, strain and temperature in time. The oscillatory phenomena in the formation process of
discontinuous chips are caused by the shear localization instability. However, the continuous chip formation is related to
steady plastic flow and steady evolution of stress, strain and temperature in time. Since the chip is subjected to compres-
sion-shear combined stress loading in the orthogonal cutting process, the one-dimensional cutting model established for
the case of shear banding instability mainly describe the role of shear stress, but with no influence of compressive stresses
on the instability mechanisms of chip materials taken into account. To clarify the problem is very helpful for thoroughly
understanding the instability mechanisms of chip materials in cutting process and the nature of transition from continuous
to discontinuous chips. However, the previous studies didn’t pay sufficient attention on the influence of compressive stresses
on the instability mechanisms. This article addresses some aspects of the problem on the bases of analysis of material insta-
bility behaviors under complex stress loading conditions.

In this study, a two-dimensional perturbation analysis of material instability under plane strain loading is first carried out
and the corresponding instability criterions are established. Then, comprehensive and precise pictures of the instability phe-
nomena in plane strain state are described by using the instable phase maps of the model material of AISI 4340 steel, which
is assumed to comply with the Johnson–Cooke (J–C) constitution model. And then, the material instability behaviors and the
mechanisms underlying the transition from continuous to discontinuous chips in the orthogonal cutting are studied based
on the two-dimensional instability criterions. Finally, the results are discussed and summarized.

2. Basic theory

2.1. Problem formulation

Consider a general plane configuration in the x–y coordinate plane of which the thickness extends to infinite in the direc-
tion of axis z as a long column (the plane strain state) or to infinitesimal as a thin plate (the plane stress state), as shown in
Fig. 1. The impact loadings in the x–y plane are assumed not to be changed in the direction of z. Thus, all components of dis-
placements and velocities of material particles as well as the components of stresses and strains are functions of spatial coor-
dinates x, y and time t. Our attention will focus on the instability of the plane configuration under plane loading. The
governing equations include the equation of momentum balance
@rx

@x
þ @sxy

@y
¼ q

@2ux

@t2 ;

@syx

@x
þ @ry

@y
¼ q

@2uy

@t2 ;

ð1Þ
the equation of energy conservation
qc
@h
@t
¼ k

@2h
@x2 þ

@2h
@y2

 !
þ n sxy _exy þ rx _ex þ ry _ey
� �

ð2Þ
and the equation of kinematic compatibility
@2ex

@y2 þ
@2ey

@x2 �
@2exy

@x@y
¼ 0: ð3Þ
Fig. 1. The plane configuration with its loading conditions and stress state used in the present study.
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In Eqs. (1)–(3), q is mass density. rx, ry and sxy are the components of stresses, ex, ey and exy are the strain components, ux and
uy are the displacement components in the direction of x and y, respectively. h is the temperature. c, k and n are respectively
the volumetric specific heat, the thermal conductivity and the Taylor–Quinney coefficient which denotes the fraction of plas-
tic work converted into heat. The dots ‘‘�’’ over the quantities denote the time differential.

A simple material model used is that the material exhibits no strain rate history effects and is incompressible and isotro-
pic. Moreover, the effect of elasticity is negligible compared with the large plastic deformation. Thus, the thermal viscoplastic
behavior of material is described by the following constitutive relation in its general form
rij ¼ f eij; _eij; h
� �

: ð4Þ
From constitutive model (4), we obtain strain hardening Q, strain-rate hardening R and thermal softening P as
Q ¼ @rij

@eij
; R ¼ @rij

@ _eij
; P ¼ � @rij

@h
: ð5Þ
Where summation is not implied for the repeated subscripts.
Localized shear instability deals with complicated constitutive behaviors of materials such as dislocation, strain gradient

effect, size effect and recrystallization, and some relevant constitutive models have been proposed to describe these behav-
iors (see the review paper of Liang and Khan (1999)). Recently, the viscoplastic constitutive model established by Farrokh
and Khan (2009) were adopted to address the size effect of grains by introducing the Hall–Petch relation into the constitutive
model in addition to the hardening effects that is related to the strain and strain rate sensitivity and the thermal softening
due to temperature rise. Therefore, one may attempt to use the model to describe the size effect and recrystallization occur-
ring in the shear bands. However, our present attention is concentrated on the plastic flow behaviors of materials in the dy-
namic loading process. Johnson–Cook constitutive model describes the behaviors sufficiently well and deals with the effects
of work hardening, strain-rate hardening and thermal softening of materials caused by impact loading. For simplicity, the J–C
constitutive model is used in this work and is given by (Johnson and Cook, 1983)
r ¼ ðA0 þ B0enÞ 1þ C0 ln
_e
_e0

� �
1� T � Tr

Tm � Tr

� �m� �
; ð6Þ
where r and e are the Mises effective stress and plastic strain, respectively. _e is the effective plastic strain rate, and _e0 is ref-
erence strain rate with the value 1.0 s�1. Tr and Tm are the reference temperature and melting point temperature of materials,
respectively. A0 and B0 are the initial yield stress and work hardening stress. n, C0 and m are the coefficients of work hard-
ening, strain-rate sensitivity and thermal softening.

High speed cutting process of materials is a typical dynamic process. Generally, the cutting speed is of the order of 100–
102 m/s and the strain rate is in the range of 103–106 s�1. Workpiece subjects to larger plastic strain of about 3–10 and the
temperature of primary shear zone reaches the melting point of materials. Thus, work hardening, strain-rate sensitivity and
thermal softening affect strongly the instability behavior of materials. From relation (5), we obtain the work hardening,
strain-rate sensitivity and thermal softening corresponding to the J–C model (6) as follows:
Q ¼ @r
@e ¼ B0nen�1 1þ C0 ln _e

_e0

� 	
1� T�Tr

Tm�Tr

� 	mh i
R ¼ @r

@ _e ¼ A0 þ B0enð ÞC0
_e0
_e 1� T�Tr

Tm�Tr

� 	mh i
P ¼ � @r

@T ¼ A0 þ B0enð Þ 1þ C0 ln _e
_e0

� 	
m

Tm�Tr

T�Tr
Tm�Tr

� 	m�1

8>>>>><
>>>>>:

ð7Þ
In the next section, we will use J–C model (6) to describe the plastic flow of workpiece material and use the result of (7) to
study the instability behaviors of chip materials caused by complex stresses in high speed cutting process.

2.2. Linear perturbation analysis

For the plane strain state, the two momentum equations in (1) can be integrated into a single equation. Thus, the system
of equations governing thermal viscoplastic response of materials (1)–(3), are rewritten as
q @2exy

@t2 ¼ @2ðrxþryÞ
@x@y þ @2sxy

@x2 þ @2sxy

@y2

qc @h
@t ¼ k @2h

@x2 þ @2h
@y2

� 	
þ n sxy _exy þ rx _ex þ ry _ey
� �

@2ex
@y2 þ @2ey

@x2 � @2exy

@x@y ¼ 0

8>>>>><
>>>>>:

ð8Þ
Let symbol Wij represent stress rij, strain eij and temperature h. Wij0 is a homogeneous solution of system (8), then the sta-
bility of the homogeneous solution Wij0 can be studied by seeking non-homogeneous solution Wij. To perform the linear per-
turbation analysis on system (8), infinitesimal perturbations on the quantities of Wij are introduced by
Wij ¼ Wij0 þ dWij exp a1t þ ik1ðxþ yÞ½ �; ð9Þ
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where i, j = x and y, dWij stands for the perturbation amplitudes which are much smaller than that of homogeneous solution
Wij0. The wave number k1, in the case of shear band instability, is in inverse proportion to the periodic perturbation wave-
length in the direction perpendicular to shear bands. a1 is the time growth rate of the perturbations of stresses, strain rates
and temperature.

Substitution of expression (9) into system (8), and maintenance of first order terms in the perturbation increments dWij

lead to a set of homogeneous equations in the form of
qa2dexy þ k2drxy þ bk2 drkk þ drxy
� �

¼ 0

nðarxy0dexy þ _exy0drxyÞ � aqc þ kk2
� 	

dh� b kk2dh�uaðrx0dex þ ry0deyÞ �u _ex0drx þ _ey0dry
� �h i

¼ 0

dexy � dekk ¼ 0

8>><
>>: ð10Þ
where n is the Taylor–Quinney coefficient denoting the fraction of plastic work converted to heat with value of 0.93. If the
coefficient determinant of the homogeneous system of (10) equals to zero, we obtain a characteristic equation given by, in
dimensionless form,
a3 þ ½C þ ðAþ 1Þk2�a2 þ ðAk2 þ 1� BÞk2aþ k4

þ b ½ð2Aþ 1Þk2 þP�a2 þ 2ð1� BÞ þ 5Ak2 þ 3
2
ðC� RÞ

� �
k2aþ 3

2
Pk2 þ 5k4


 �
¼ 0; ð11Þ
where b is an index. When b = 0, Eq. (11) is reduced into the characteristic equation of one-dimensional simple shear case
(Bai, 1982). When b = 1, it is the characteristic equation of the case of plane strain state. The dimensionless parameters used
in Eq. (11) are defined as:
a ¼ ka1

cQ
; k2 ¼ k2k2

1

qc2Q
; A ¼ cR

k
; B ¼ nPsxy0

qcQ
; C ¼ knP _exy0

qc2Q
;

R ¼ nPrkk0

2qcQ
; C ¼ nPR _ekk0

2qcQ
; P ¼ knP _ekk0

2qc2Q
;

ð12Þ
where rkk0 = rx0 + ry0 and ekk0 = ex0 + ey0.
For a given stress state and given wave number k, if the characteristic equation of (11) has real positive roots for the

growth rate, a > 0, then the perturbation may grow and the instability of materials is possible. However, its difference from
the simple shear case is that the instability of materials under the plane strain loading conditions is not only in the mode of
adiabatic shear localization as the shear band instability, but also in the mode of non-localized thermal softening as necking
instability and others.

In the cases of long wavelengths (k ? 0) and short wavelengths (k ?1), it is easily found that the characteristic equation
of (11) has merely trivial solution or real negative roots, implying that the plastic deformation is always steady and no insta-
bility occurs in the two extreme situations. On the other hand, the instability must occur when the real positive roots of Eq.
(11) exist and reaches its maximum value am. In order to determine the value of km corresponding to the maximum value of
a, on the one hand, we use the extremum condition dam=dk2

m ¼ 0 to obtain
k2
m ¼

X
2W

; ð13Þ
where
W ¼ ðAaþ 1Þ þ 5bðAaþ 1Þ;
X ¼ ðB� 1Þa� ðAþ 1Þa2 � b½ð2Aþ 1Þa2 � 2ðB� 1Þaþ 3ðR� CÞaþ 3P�:

ð14Þ
This result of (13) shows that the behaviors of wave number are strongly dependent on the normal stress intensity, strain
rate sensitivity and uniformity of shear stresses distribution on the shear plane. On the other hand, the characteristic equa-
tion, (11), can be rewritten in the following form:
ðAaþ 1Þk4 þ ½ðAþ 1Þa2 þ ð1� BÞa�k2 þ a3 þ Ca2

þ b 5ðAaþ 1Þk4 þ ð2Aþ 1Þa2 � 2ðB� 1Þa� 3
2
ðR� CÞaþ 3

2
P

� �
k2 þPa2


 �
¼ 0: ð15Þ
The solution of Eq. (15) about variable k2 is found to be
k2
m ¼

X�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � 4WN

p
2W

; ð16Þ
where
N ¼ ðaþ C þ bPÞa2: ð17Þ
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Comparing the peak wave numbers km given in (13) and (16), we can seek the maximum growth rate, am, from the solution
of relation X2 = 4WN for the plane strain loading condition. Thus, functions G1 and G2, which describe the instability behav-
iors of materials in the plane strain loading conditions, are obtained as
G1 ¼
4WN
a2 ¼ 4ðAam þ 1Þðam þ CÞ þ 4bðAam þ 1Þ½5ðam þ CÞ þ 6P�;

G2 ¼
X2

a2 ¼ fðAþ 1Þam � ðB� 1Þ þ b½ð2Aþ 1Þam � 2ðB� 1Þ � 3ðR� CÞ þ 3Ptc�g2
:

ð18Þ
where a characteristic time tc = 1/am has been introduced.
Let b = 0 in expression (18), we obtain the functions of F1 and F2 corresponding to the case of one-dimensional simple shear
(Bai, 1982) as:
F1 ¼ 4ðAam þ 1Þðam þ CÞ;

F2 ¼ ðAþ 1Þ2 am �
B� 1
Aþ 1

� �2

:
ð19Þ
Like the simple shear case, the coordinates of intersections of functions G1 and G2 in the G-a plane determine whether the
instability occurs or not. If the intersection is in the region of a>0, the instability is possible, which means
Bþ 3b
2
3
ðB� 1Þ þ R� C�Ptc

� �
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C þ bð5C þ 6PÞ

p
> 1: ð20Þ
Inequality (20) gives the critical condition for estimating the instability of materials in plane strain loading conditions. By
using the dimensionless parameters in expression (12) and letting b = 1, critical condition (20) is rewritten as
nP 2sxy0 þ rkk0 �
k
c

tc _ekk0 � R _ekk0

� �
� 4 nP

kqQ
3

2 _exy0 þ _ekk0
� �� �1

2

> 2qcQ : ð21Þ
The critical condition of (21) indicates that, under the loading conditions of plane strain, the material instability is a very
complicated phenomenon involving many influential factors, and when the thermal softening effect of plastic deformation
surpasses the work hardening effect, the instability takes place. The terms inside the parentheses on the left-hand side of
instability criterion (21) are dominant contribution for the thermal softening of materials and the terms within the square
bracket are the secondary contribution, since, in many cases, the values of the square bracket terms are about two orders of
magnitudes less than the values of the parentheses terms. We can see that the plastic flow caused by the normal stresses
always enhance the thermal softening effect, and thus the plastic deformation of materials becomes further instable; how-
ever, the normal strain rate reduces the thermal softening effect and makes the plastic flow of materials tend to stable. The
third term in the parentheses of criterion (21) shows the effect of heat conduction, which will stretch or shrink the plastic
deformation, and the strain rate sensitivity with respect to the thermal softening of materials. Clearly, these effects induce
the hardening tendency in the material plastic deformation. For a large characteristic time tc, the heat conduction obviously
extends the thermal softening zone in materials for many metals. Therefore, the occurrence probability of non-localized
thermal softening instability of materials increases. However, for a small tc, the heat conduction is not important and the
thermal softening of materials in plastic deformation process tends to be localized. Thus, the instability of adiabatic shear
localization takes place easily. The fourth term in the parentheses demonstrates the strain rate hardening effect related to
the normal strain rates on the thermal softening of materials deformation. Similarly, the thermal softening reduction caused
by the increase of normal strain rates leads to the stable trend in plastic deformation. The terms in the square bracket of
critical condition (21) show that, for strain hardening material, the effects of heat conduction and strain rate hardening cause
constantly the reduction of thermal softening effect of material plastic deformation. Now, we can see that the critical con-
dition of (20) and (21) is a universal criterion for estimating the instability of materials under the plane strain loading con-
dition. The criterion describes the instability behaviors of materials with strain hardening, strain rate sensitivity and thermal
softening, with the effects of heat conduction, normal stresses and strain rates on the instability behavior taken into consid-
eration. The mode of material instability is likely to be the adiabatic shear localization or the non-localized thermal
softening.

From instability criterion (20) or (21), we can get the criteria for estimating the instability behaviors of materials under
certain specific loading conditions, such as the quasi-static simple shear, tension or compression deformations and the dy-
namic adiabatic deformations. In the case of low strain rate loadings, such as quasi-static loading conditions, strain rate sen-
sitivity is not important and the instability criterion of (21) is thus reduced to
nPð2sxy0 þ rkk0Þ > 2qcQ : ð22Þ
The result shows that instability occurs when the thermal softening caused by the plastic work done by shear stresses and
normal stresses surpasses the work hardening of materials. The instable modes of materials may be the shear localization
instability or non-localized thermal softening instability caused by the plane strain loadings. If sxy0� rkk0, the shear local-
ization instability is possible; whereas for rkk0� sxy0, the non-localization instability as necking occurs. Therefore, what kind
of instability mode occurs depends on the ratio of plastic work done by shear stresses and that by normal stresses. If rkk0 = 0
is set in Eq. (22), the criterion for instability of materials is rewritten as
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nPsxy0 > qcQ ð23Þ
for one-dimensional simple shear loading condition (Bai, 1982). So this criterion does describe the shear localization insta-
bility of materials. When the thermal softening effect caused by shear stress is omitted in (22) and rkk0 = rx > 0 and ry = 0 are
set, then (22) becomes
nPrx > 2qcQ : ð24Þ
This criterion describes the non-localized thermal softening instability of materials in the necking mode under simple ten-
sion condition. If the rx < 0 is compressive stress, the criterion depicts the non-localization instability behavior of column
sample under compressive loadings. When the effect of heat conduction is not evident as the case of high speed impact,
the instability criterion of (21) takes the form of
nP 2sxy0 þ rkk0 � R _ekk0
� �

> 2qcQ : ð25Þ
This is the instability criterion for non-heat-conducting materials under plane strain loading conditions. Clearly, under adi-
abatic conditions, the plastic flow of materials appear to be less stable since only the strain rate hardening cut down the ther-
mal softening. If the effect of normal stress is small, the occurrence of instability in the mode of adiabatic shear band is
possible. When the normal stress intensity is larger than that of shear stress, the shear localization instability is hardly to
occur and the possibility of instability from non-localized thermal softening increases obviously. If the effects of normal
stresses and strain rates are neglected, instability criterion (21) is simply reduced to the following form:
nPsxy0 � 2 nP
2kqQ _exy0

3

� �1
2

> qcQ : ð26Þ
This is the criterion for the shear localization instability of materials under inhomogeneous simple shear loading. Consider-
ing the strain rate sensitivity of shear deformation, we can see that, in the case of inhomogeneous simple shear, the reduction
of thermal softening effect caused by shear strain rate sensitivity is nothing but two third of thermal softening effects
appearing in the homogeneous simple shear case (refer to the criterion of (32) below). Therefore, the shear localization
deformation is the most instable, though the influence of the strain hardening is generally trivial at the moment.

From function G2 in (18) and the definition of nondimensional quantity a in (12), we obtain the characteristic time of tc1

as
tc1 ¼
1
a1
� 2qcRþ 4qk=3

nP 2sxy0 þ rkk0 � R _ekk0
� �

� 2qcQ
: ð27Þ
Neglecting the influences of normal stresses and strain rates on the thermal softening of materials and further considering
the adiabatic shear deformation, we get the characteristic time in simple shear case (Bai, 1982) as
tc1 �
qcR

nPsxy0 � qcQ
: ð28Þ
A comparison of the results in (27) and (28) shows that, under the plane strain loading condition, the thermal conduction and
strain rate hardening increase the characteristic time tc1, and the normal stresses always reduce the time tc1.

2.3. Results and discussion

In this study, AISI 4340 steel is chosen as model material since its mechanical properties and cutting mechanisms have
been widely studied. The relevant data of material are easily found (Johnson and Cook, 1985). For studying the orthogonal
cutting mechanisms of the steel, we first focus our attention on the instability behaviors of the steel under plane strain load-
ing conditions. For the purpose, setting e = 10, _e ¼ 105 s�1 and T = 103 �C, and then we find the orders of the strain hardening,
strain-rate hardening and thermal softening in expression (7) to be about Q � 108, R � 102 and P � 107. Furthermore, we esti-
mate the orders of the dimensionless quantities in expression (12) as A � 103, B � 100, C � 10�4, R � 100, C � 10�1 and
P � 10�4.

To study the influences of normal stresses and strain rates on instability mechanisms of materials under the plane strain
loading conditions, it is necessary to compare the instability behaviors under one-dimensional simple shear state and plane
strain state. Therefore, we assume that the plastic work of shear deformation in simple shear state is identical to that of plas-
tic deformation under the plane strain loading of tension-shear or compression-shear combined stresses. That is to say, the
dissipated rate of energy of plastic deformation of materials is indistinguishable under these two different loading condi-
tions. Denote respectively the plastic work of material deformation under the one-dimensional homogeneous shear loading
condition and the plane strain loading condition with _Wp

1 and _Wp
2, then
_Wp
1 ¼ _Wp

2; ð29Þ
where



Fig. 2. The phase map illustrating the instability conditions of materials under one-dimensional simple shear and complex stress loading conditions.
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_Wp
1 ¼ s0 _e0;

_Wp
2 ¼ rx _ex þ ry _ey þ sxy _exy

ð30Þ
and s0 and e0 are the shear stress and shear strain in one-dimensional shear state; rx, ry, sxy, ex, ey and exy are the components
of stresses and strains in plane strain state, respectively. Thus, we can investigate the influences of normal stress and strain
rates on material instability with the phase map for describing the material instability.

Fig. 2 is the phase map describing material stability under one-dimensional simple shear and plane strain loading states.
The group of red curves in this map is obtained from the functions F1 and F2 in the expression (19) and thus the intersection P
denotes the instability condition of materials in shear localization deformation under one-dimensional simple shear. Note
that, for different strain rates, the values of F1 and F2 as the functions of growth rate am vary in the F � am plane, but the
intersection P of these functions always fall in the region OABC which is embraced by the boundaries CO, OA and AB. Based
on the simple shear instability criterion proposed by Bai (1982)
B� 2
ffiffiffi
C
p

> 1; ð31Þ
which can also be obtained by setting b = 0 in criterion (20), or rewritten as
nPsxy0 � 2 nPkqQ _exy0
� �1

2 > qcQ : ð32Þ
The intersection P falling in the region OABC implies the occurrence of shear localization instability of materials. Therefore,
strictly speaking, the intersection P stands for the critical condition of adiabatic shear localization instability of material or
the condition of which adiabatic shear band fully developed under one-dimensional simple shear condition. In fact, the re-
gion OABC defines the universal conditions of shear localization instability of materials under plane loading conditions. That
is to say, the other points as P1 in the region correspond to the instability conditions of adiabatic shear localization under the
complex stress states. Whereas, outside the region OABC, the material instability, if happening, will not be in the adiabatic
shear localization, perhaps in non-localized thermal softening instability such as necking under simple tension loading con-
dition or the steady plastic flow. Note that the position of the boundary AB of region OABC is determined by the horizontal
coordinate of intersection A of function F2 curve with the envelope OAD, and thus depends on shear strain rates. In this figure,
the boundary AB corresponds to strain rate 105 s�1. When the strain rate increases, the boundary shifts in the positive direc-
tion of am axis; while the strain rate decreases, the boundary moves in the negative direction of am axis. Thus, the region
OABC varies with the loading rates evidently.

The group of blue1 curves in Fig. 2 is obtained from the functions G1 and G2 in (18). The intersection Q of G1 and G2 shows
the critical conditions of material instability in the shear localization deformation if Q is inside the region OABC, or shows the
critical condition of non-localized thermal softening instability or the steady plastic flow if Q is inside the region GEFB. Note
that the point Q here denotes the shear localization instability condition under inhomogeneous simple shear loading condi-
tion which corresponds to the critical condition (26). Similarly, we found that the curves of function G2 are constantly above
a bottom boundary OGE for various loading rates. The point Q inside the region OEFC denotes the general instability condi-
tions of materials under complex stress loading conditions which include the cases of simple tension or compression load-
ings. Therefore, in region OEFC, the instability criterion of (20) and (21) describes the general instability conditions of
interpretation of color in Figs. 2–5, 7, 10–12, the reader is referred to the web version of this article.
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materials as the shear localization deformation, non-localized thermal softening and the steady plastic flow. Unlike region
OABC, region OEFC is open on the right-hand side. Thus, the right boundary AB of region OABC divides the region OEFC into
two parts. The possible instability conditions of adiabatic shear localization under combined stress loading states are applied
to region OGBC locating inside the region of OABC. The instability conditions of non-localized thermal softening under com-
bined stress loading states are applied to region GEFB outside the region OABC. As for the remaining regions in the phase map,
such as the region below the boundary OAD and the region with am < 0, the plastic deformation is always stable under com-
plex stress loading conditions. Note that boundary OGE of region OEFC is always above boundary OAD, which shows that the
area of region OGBC is constantly less than the area of the region OABC. Therefore, the shear localization instability under
combined stress loading conditions is relatively difficult to occur compared with the one-dimension homogeneous shear
loading condition. This is because that the energy dissipated by shear localization deformation in the case of combined stress
loading conditions is less than that in the case of homogeneous simple shear condition. When the loading effects of complex
stresses disappear, boundary OGE is found to approach boundary OAD.

A comparison of critical condition (26) with one-dimensional simple shear instability criterion (32) shows that the inho-
mogeneities of shear stresses and temperatures distributing on shear plane enhances the probability of shear localization
instability to some degree due to the increase of thermal softening effect. By comparing the horizontal coordinates between
the points P and Q in Fig. 2, we can see that the horizontal coordinate am at point Q is slightly larger than that at point P,
implying that the shear localization deformation in the inhomogeneous shear case is relatively unstable. The increase of
thermal softening effect of plastic deformation is principally caused by the inhomogeneities of shear stress and temperature
distributing on the shear plane. The small difference of horizontal coordinate am denotes that both the thermal softening
effect and the characteristic time required of material instability are almost identical in the cases of homogeneous shear
and inhomogeneous shear.

Owing to various loading modes of complex stresses, the plastic deformation of materials exhibits complex instability
behaviors. In the following text, we will concentrate on the instability behaviors of materials for three different complex
stress loading conditions.
2.3.1. Case 1. Invariable strain rates and variable stresses
Suppose that the plane configuration in Fig. 1 is subjected to such dynamic loading conditions of plane strain state that

the shear and normal strain rates have the same order of 105 s�1, and the intensities of shear stress decrease from 0.2 GPa to
zero, while the intensities of normal stresses increase from zero to 0.2 GPa. These situations correspond to the transition
from the dynamic shear loading state with an initial static normal stresses to the dynamic tension or compressive loading
state with an initial static shear stresses. Based on the energy balance principle, that is, the reduction of plastic work induced
by the decrease of shear stress should equal to the enhancement of plastic work caused by the increase of normal stress, we
can study the effects of normal stresses on the instability, with its phase map shown in Fig. 3.

The phase map in Fig. 3a demonstrates the material instability conditions in the case of tension-shear combined stress
loadings, where points P and Q denote, similar to those used in Fig. 2, the instability conditions of shear localization defor-
mation in the homogeneous and inhomogeneous shear loading cases, respectively. When the magnitude of shear stresses is
reduced and the magnitude of tensional stresses is enhanced, the intersections Qi of functions G1 and G2 shift in the negative
direction of am axis on the curve of function G1 as shown by point Q2. Obviously, the material instability in the shear local-
ization deformation denoted by point Q2 becomes relatively difficult to occur since the perturbation growth rate am is
Fig. 3a. The phase map of material instability for the loading conditions of tension-shear combined stresses, in which varied tension stresses and constant
strain rates are assumed.
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considerably reduced. In physical sense, the increase of tensional stress in magnitude strengthens the non-localized thermal
softening effect of materials and the decrease of shear stress in magnitude weakens the localization thermal softening effect.

When the magnitude of shear stress reduces continuously, intersections Qi of G1 and G2 approach the left boundary, OC, of
region OABC and finally gets into the region with am < 0, which implies that the plastic deformation of materials under the
tension-shear combined stress loading conditions is constantly stable. From expressions (12) and (27), we can see that, when
am ? 0, the characteristic time, tc, increases sharply; accordingly, the term Ptc in function G2 is greatly enhanced. The non-
dimensional parameter P with the order of 10�4 denotes the effects of the thermal softening and strain hardening related to
normal strain rate sensitivity on instability. When am varies around the order of 10�4, the influence of Ptc on the instability is
not obvious; however, when am < 10�4, then tc > 104, the role of Ptc becomes evident. From expressions (12), the relation
between tc and tc1 is found to be tc = cQtc1 and the proportionality coefficient, cQ, is of the order of 1010. When tc > 107,
tc1 > 10�3 s, which means that the instability in shear localization deformation caused by the tension-shear combined stres-
ses, if occur, is a relatively slow dynamic process with low impact speeds. For the plastic deformation with large character-
istic time tc1, the heat conduction effect often yields strong non-localized thermal softening in materials and weakens the
work hardening evidently. If the work hardening is still the dominant influence factor for the plastic deformation, intersec-
tion Qi of functions G1 and G2 will get into the region with am < 0 and the plastic deformation is stable. However, the reduc-
tion of growth rate am would result in a great increases of characteristic time tc, or the term Ptc in orders. When the loading
rate is low, the strain softening (Q < 0) of materials often occurs and becomes dominative factor for the instability of mate-
rials. At the moment, the term Ptc in function G2 changes its sign from plus to minus, and point Qi shifts inversely in the
positive direction of am axis and rapidly gets into the region right to boundary AB, as shown by point Q4 in Fig. 3a. The point
Q4 in the region of GEFB denotes the initial conditions of non-localization instability of materials or the long range homoge-
neous plastic flow. Therefore, under the tension-shear combined stress loading conditions, if the tension stress intensity is
large enough and the shear stress intensity is small enough, the material instability is usually controlled by the tension stres-
ses, and the instability occurs in the non-localized thermal softening deformation. Such a typical example can be easily
found. Let ry = 0 when |sxy| ? 0, and keep rx = Const, the loading condition closes to the condition of simple tension loading.
Then, the material instability in necking model occurs. Point Q3 in this figure denotes the critical condition at which the
instability of materials in the shear localization transits to the instability in the non-localized thermal softening or into
homogeneous plastic flow of material deformation. It is found that the ratio of plastic work of shear deformation and that
of stretching deformation at point Q3 is about 1:2. Therefore, under the loading condition of tension-shear combined stresses,
when the plastic work dissipated by tension deformation reaches 67% of the total, the instability behaviors of material plastic
flow change from the shear localization deformation to the stable plastic flow, if strain hardening prevails (Q > 0); otherwise,
the instability mode of materials transits from the shear localization instability to the non-localized thermal softening insta-
bility or get into long range homogeneous plastic flow if thermal softening occur (Q < 0).

Fig. 3b shows the phase map of material instability under the loading conditions of compression-shear combined stresses.
We can see that, when the magnitude of shear stresses decreases and the magnitude of compressive stresses increases, the
instability of materials in the shear localization deformation becomes relatively difficult to occur compared with the inho-
mogeneous shear situation Q1 since the am value of point Q2 is less than that of point Q1. Similar to the case of tension-shear
combined stress, as am ? 0, if there is no strain softening (Q > 0), the shear localization instability is quite difficult to occur
due to the decreases of growth rate (am > 0), or even no shear banding instability would occur if am < 0. However, once the
strain softening occurs (Q < 0), the strain rate sensitivity affects strongly the instability behavior and intersection Qi of func-
tions G1 and G2 turns backward to shift into the region right to boundary AB, as shown by point Q4. Therefore, intersection Q4
Fig. 3b. The phase map of material instability for the loading conditions of compression-shear combined stresses, in which varied compression stresses and
constant strain rates are assumed.
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indicates that material undergoes either the non-localized thermal softening instability or the homogeneous plastic flow un-
der the compressive-shear stress combined stresses. A typical example of such instability is the catastrophic failure of metal-
lic column samples under uniaxial compressive loading conditions. Also, point Q3 denotes the critical condition at which the
instability mode transits from the shear localization deformation into the non-localized thermal softening or the homoge-
neous plastic flow. The ratio of plastic work of the shear and that of the compressive deformation is about 39:11, implying
that, when the plastic work dissipated by compressive deformation reaches about 20% of the total, the transition of material
instability modes occurs.

By comparing the critical conditions at point Q3 in Figs. 3a and 3b, we can see that, in compression-shear combined stress
loading state, when the intensity of compressive stress is about 25% of the shear stress intensity, the instability mode of
materials changes from the shear localization instability to the non-localized thermal softening instability or the homoge-
neous plastic flow. However, in the tension-shear combined stress state, when the tension stress intensity is twice as large
as the shear stress intensity, the transition of instability modes takes place. This result shows that, under the combined stress
loading conditions, the shear localization instability of materials is much more sensitive to the compressive stress than to the
tension stress.

2.3.2. Case 2. Invariable stresses and variable strain rates
To study the effects of different strain rate on the instability behaviors, consider the case of constant stresses and variable

strain rates. Now we focus our attention on two specific cases in which the ratios of tension or compression stress and shear
stress are initially prescribed. The shear stress intensity in the combined stress state is assumed to be the same as that in the
homogeneous simple shear state. Thus, the localization thermal softening caused by shear stresses is identical in the two
cases and in the initial state, the instability of shear localization deformation always occurs. Therefore, points Qi denoting
the instability conditions are inside the shear localization instability region, OABC (Fig. 4).

The phase map in Fig. 4a shows the instability conditions for the case with different strain rates and constant tension-
shear combined stresses. Point P denotes the shear localization instability condition under simple shear loading. Point Q1

indicates the shear localization instability condition in which the plastic work of shear deformation equals the plastic work
of stretching deformation in tension-shear combined stress loading conditions, that is, the intensities of both tension stress
and shear stress are assumed to be 0.2 GPa and the tension and shear strain rates are 105 s�1. When the shear strain rates
increase from 105 s�1 to 1.5 	 105 s�1 and 2 	 105 s�1 and the related tension strain rate decreases from 105 s�1 to 0.5 	
105 s�1 and 0 s�1, the intersection, Qi, of functions G1 and G2 change from point Q1 to points Q2 and Q3 and the corresponding
growth rates increase evidently. The increase of shear strain rates and the decrease of tension strain rates further reinforce
the thermal softening effect caused by shear localization deformation. Hence, the shear localization instability of materials
becomes easier. Contrarily, when the shear strain rates decrease from 105 s�1 to 0 s�1 and the tension strain rate increases
from 105 s�1 to 2 	 105 s�1, intersection Qi of functions G1 and G2 transits from point Q1 to Q4 and the growth rate decreases.
Hence, the instability of shear localization deformation becomes relatively difficult to occur since the localization thermal
softening effect induced by shear stresses is reduced and the non-localized thermal softening effect caused by tension stres-
ses is enhanced. However, the shear localization instability always occurs because all of the intersections, Qi, denoting the
instability conditions fall in the shear banding instability region OABC. Notice that, the point Q3 corresponds to the instability
condition with the shear strain rate 2 	 105 s�1 and free normal strain rate; thus, point Q3 describes physically the dynamic
Fig. 4a. The material instability conditions illustrated by the phase map of tension-shear combined stresses, in which varied strain rates and constant
tension stresses are assumed.
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shear loading state with initial static tensional stresses. Similarly, point Q4 with a shear strain rate of 0 s�1 and a normal
strain rate of 2 	 105 s�1 describes the dynamic tension loading state with an initial static shear stress. Consequently, if
the shear stress intensity is large enough, the shear localization instability of materials always occurs, independent of the
strain rate variation.

The phase map in Fig. 4b illustrates the instability conditions of materials when the strain rates vary and the compressive
stresses keep unchanged. Clearly, the influence of compressive stresses on the instability of shear localization deformation is
different from that of tension stresses (Fig. 4a). Point Q1 denotes the instability condition of shear localization deformation
with the loading conditions: the intensity of compressive stresses is 0.02 GPa and the intensity of shear stresses is 0.18 GPa.
Both normal and shear strain rates are 105 s�1. Note that, for the time being, the ratio of plastic work of the shear deforma-
tion and that of the compressive deformation is 9:1. We consider a case in which the plastic work of shear deformation dif-
fers from that of compressive deformation because no shear localization instability occurs when the plastic work of
compressive deformation is larger than 20% of the total.

When the shear strain rate increases from 105 s�1 to 1.11 	 105 s�1, that is, the shear deformation dissipates all of the
plastic deformation work, the shear localization instability denoted by point Q2 occurs more easily compared with the initial
shear banding instability condition of Q1. When the shear strain rate has a small reduction, such as from 105 s�1 to
0.9 	 105 s�1; that is, the plastic work dissipated by shear deformation is above 80% of the total, the shear banding instability
of materials denoted by point Q3 is still possible. When the shear strain rate reduces from 105 s�1 to 0.5 	 105 s�1 and then
the plastic work of compressive deformation is about 55% of the total, the plastic flow state of materials is at a turning point.
Corresponding critical condition for the instability of materials is denoted by point Q4 on boundary AB. Therefore, if the plas-
tic work of compressive deformation is less than 55% of the total, the shear localization instability would occur; otherwise,
the non-localized thermal softening instability caused by compressive-shear combined stresses takes place. When the shear
strain rate approaches to zero and the compressive strain rate is 106 s�1, the compressive deformation dissipates total plastic
work power, and thus the shear banding instability is absolutely not possible. The instability of non-localized thermal soft-
ening caused by compressive stresses shown by point Q5 always occurs, and the instability behavior is affected by the load-
ing conditions of dynamic compression stresses with initial static shear stress.

Now, we can see that, for different combined stresses loading conditions, the influences of strain rates on material insta-
bility behaviors are quite different. In the case of tension-shear combined stress loading, the shear localization instability is
always possible when the shear strain rates change in the region from 0 to 105 s�1, that is, as long as the shear stress intensity
is strong enough, the shear localization deformation always occurs no matter the loading conditions are the combination of
dynamic tension and static shear or that of dynamic shear and static tension. However, under the loading conditions of com-
pression-shear combined stresses, both shear localization instability and non-localized thermal softening instability are pos-
sible when the shear strain rates vary, and what kind of instability will occur depends on the ratio of plastic work of
compressive deformation and that of shear deformation.

2.3.3. Case 3. Variable strain rates and stresses
Generally, the stresses and strain rates applied on material element (Fig. 1) are variable simultaneously; hence, it is nec-

essary to consider the influences of variable stresses and variable strain rates on the instability behaviors of materials. The
phase maps in Fig. 5 illustrate the instability conditions of materials when the stresses and strain rates are all changed. When
the plastic work of stretching deformation increases from 0 to 20 GPas�1 (Fig. 5a), intersection Qi of functions G1 and G2
Fig. 4b. The material instability conditions illustrated by the phase map of compression-shear combined stresses, in which varied strain rates and constant
compression stresses are assumed.



Fig. 5a. The material instability conditions illustrated by the phase map of tension-shear combined stresses, in which both the strain rates and the tension
stresses are assumed to be varied.
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denoting the instability conditions moves from Q1 to Q2, implying that the shear localization instability of materials becomes
relatively difficult to occur. When the plastic work of stretching deformation increases to about 75% of the total, correspond-
ing intersection Q3 reaches the boundary OC and the shear localization instability of materials is not possible. When the plas-
tic work of stretching deformation accounts for 75% or more of the total, the plastic flow is always stable if the work
softening does not occur. However, once the work softening caused by stretching deformation occurs, non-localized thermal
softening instability or long range homogeneous plastic flow is possible as illustrated by point Q4. Similarly, with the increase
of the plastic work of shrinking deformation (Fig. 5b), the shear localization instability becomes difficult to occur and when
the plastic work of shrinking deformation is larger than about 20% of the total, the deformation becomes stable. Only when
the work softening takes place, the instability mode of non-localized thermal softening deformation or long range homoge-
neous plastic flow takes place.

From the analysis above on the instability behaviors of viscoplastic materials, we can see that the shear localization insta-
bility of materials is closely related to the mode of complex stress loading. In particular, it is more sensitive to the compres-
sion stress than to the tension stress. The analytical results about the sensitivity of shear localization instability to
compressive stress are in agreement with the experimental observations of Walker and Shaw (1969) and Shaw (1984). In
the tests of metalic specimens under compression-shear combined stresses, they found that strain softening sets in when
the compressive stress is about 10% of the maximum shear stress. Shear localization instability is very difficult to occur
when the compression stress increases. Moreover, Anand et al. (1987) have also studied the instability behaviors of
pressure-sensitive materials. For strain softening materials, they found that slight pressure sensitivity accelerates the shear
Fig. 5b. The material instability conditions illustrated by the phase map of compression-shear combined stresses, in which both the strain rates and the
compression stresses are assumed to be varied.
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localization instability of materials, and for strain rate hardening materials, the shear localization instability occurs when
pressure hardening effect is sufficiently large.
3. Instability behaviors in orthogonal cutting process

3.1. Orthogonal cutting model

Because the shape of chips reflects, to a large degree, the removal mechanisms of chip materials from workpiece surface
in machining process, it is necessary to develop a model by which we can study the formation mechanisms of chips and pre-
dict the transition from the continuous to the segmented chips based on the principle of impact dynamics. Therefore, the aim
of this section is to use a two-dimensional continuum model for studying the formation and mode-transition of chips in
orthogonal cutting. This is illustrated in the following discussion and extension of the present theories to the cutting process.

Fig. 6 illustrates a two-dimensional continuum model for orthogonal machining. The cutting conditions are specified by
rake angle a, uncut chip thickness t, cutting speed Vc, width W and length L of the workpiece, respectively. The workpiece is
moving forward to the cutting tool at a cutting speed of Vc. At present, we develop a two-dimensional model of orthogonal
cutting by modified the conventional one-dimensional models (Burns and Davies, 2002) for studying the influences of nor-
mal stresses on the instability behaviors of chip materials. During the orthogonal cutting process, the material in extensive
zone DEFGHI including the primary and secondary shear zones is assumed subjected to intensive transient stress and large
plastic deformation. Hence, our attention is focused on the stress state, plastic deformation, strain rate sensitivity and ther-
mal softening effect of materials in the DEFGHI zone. In this model, the shear angle of u is not a previously prescribed con-
stant, but is determined by numerical simulation. In what follows, the shear angle is defined as the angle between the cutting
line OE on the new surface of workpiece and the curve DG on which the maximum shear strain presents. The primary shear
zone is again not a prescribed narrow thin layer, as in the conventional one-dimensional model, even though quite high
strain rate and large plastic deformation take place in this zone, leading to the generation of a great amount of heat. Most
of the heat converted from plastic work induces a temperature rise of chip materials, and a proportion of heat is dissipated by
heat conduction into the uncut workpiece material in the DEFGHI zone since the strain rates may be very small in the cases of
low speed cutting process. The heat in the orthogonal cutting comes from two sources: one is the large plastic deformation of
material occurring in the DEFGHI zone and another is the friction between the tool and chip influencing the material tem-
perature rise of the secondary shear zone. For convenience, assume that 90% of the plastic deformation work is converted
into heat which is conducted according to the two-dimensional governing equation, Eq. (2), for the temperature field.
Now some of heat generated from the plastic deformation is assumed to be conducted into the part of uncut workpiece
material and remains to be taken away by the convection of the moving chip from removed material in the primary shear
zone.

Large plastic deformation of workpiece and chip during the cutting process is accompanied by heat generation and trans-
fer, as well as by mechanical dissipation. Effects of high temperature and high strain rate on material behavior must be
Fig. 6. Schematic of two-dimensional orthogonal cutting model used in this study.
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considered when simulating the chip formation, especially in modeling plastic flow localization of materials in segmented
chips. The cutting process is related to strain-rate and temperature, so material behavior is thermal viscoplastic. Assuming
that (i) the workpiece material is isotropic and incompressive, (ii) elastic deformation is negligible compared with large plas-
tic deformation of chips, (iii) the tool is treated as a rigid body and (iv) the plastic flow of material complies with von Mises
yield criterion. Thus, the J–C constitutive model (6) can describe the thermal viscoplastic behavior of workpiece material.
Strain hardening, strain rate sensitivity and thermal softening effects of materials are in expression (7).

In the orthogonal cutting process, forces for removing chip material from the workpiece are the forces that interact be-
tween tool tip and uncut materials. On the primary shear zone, the forces between uncut workpiece material and the chip
are the resistances against the removal of chip materials. If relative movement between tool face and chip in the secondary
shear zone is considered, forces removing chip material also include intense friction and compressive stresses. The frictional
interaction is described by Coulomb law
Fc ¼ lFn; ð29Þ
where Fc is friction force, Fn is compressive force and l is friction coefficient between tool face and workpiece and has the
value 0.1. Furthermore, local temperature rise in the secondary shear zone is determined by heat generated through friction
along the tool-chip interface. It is assumed that all frictional work is converted into heat that 90% of the heat generated will
go into the chip, and that material properties do not relate to temperature. Thermal convection between workpiece and air is
insignificant compared to heat generated by plastic work, but friction and thermal conduction in workpiece material must be
considered.

The boundary conditions for the chip-workpiece-tool system in the orthogonal cutting process (Fig. 6) are determined as
follows. The tool moves towards the right with constant cutting speed Vc while being restrained vertically. The two ends of
the uncut part of the workpiece are restrained horizontally in the cutting direction but not restrained vertically. The bottom
boundary of the workpiece deforms slightly during cutting and zero displacement conditions are assigned for both direc-
tions. For the orthogonal cutting process, the stress and displacement boundary conditions are
y ¼ Vct þ xctga;
Vct � Lc sin a < x < Vct



:

rn ¼ rT ;rs ¼ lrT ;

ux ¼ Vct � 1 sin a




1 ¼ ½ðVct � xÞ2 þ y2�
1
2

x ¼ 0;�ðH � hÞ < y < 0 : ux ¼ 0
x ¼ L;�ðH � hÞ < y < h : ux ¼ 0
0 < x < L; y ¼ �ðH � hÞ : ux ¼ 0;uy ¼ 0
0 < x < L; y ¼ h : ry ¼ 0; sxy ¼ 0;

ð30Þ
where rT is contact compressive stress on the tool face that is in contact with the chip. The first condition of (30) describes
stress and displacement continuity conditions on the tool-chip interface. Metal cutting is a transient process, so adiabatic
boundary conditions are used in this simulation. Temperature boundary conditions are
y ¼ Vct þ xctga;
Vct � Lc sin a < x < Vct
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ð31Þ
where kh is thermal conductivity of the workpiece, kT is thermal conductivity of the cutting tool and TT is tool temperature.
The first equation of Eq. (31) describes heat conduction between chip and tool.

Governing Eqs. (1)–(3) and prescribed conditions of (30) and (31) are solved numerically and study of instability behav-
iors of AISI 4340 steel during high speed cutting process are based on instability criterion under plane strain loading condi-
tions. Plastic work is almost completely converted into heat, so there is thermal deformation and effect on material
properties and the modeling of high speed cutting requires a coupled thermo-mechanical analysis. For each time step,
the heat conduction and stress analyses are performed simultaneously. The quadrilateral element of 4-node bilinear dis-
placement and temperature, hybrid with constant pressure (CPE4HT) is used for the discretization of both the workpiece
and the tool materials. Strains and deformation of elements are continuous over element boundaries (Sorenson, 1996).
Fig. 7 shows finite element model of the orthogonal cutting process. To resolve large strain gradients, a high mesh density
is established in the regions of strong plastic deformations along the cutting line of the workpiece. Compared with simula-
tion results of standard elements, the difference in results of metal cutting simulation using quadrilateral elements is con-
trolled to within 1% for local quantities like plastic deformation, Mises stress, shear strains and pressure. There is almost no
effect on global quantities like cutting forces (Bäker et al., 2002).

The metal cutting process produces continuous and segmented chips. In numerical modeling of chip formation, simula-
tion results strongly depend on the choice of element size and orientation. Formation of segmented chips is closely related to



Fig. 7. The finite element model used in the modeling of metal orthogonal cutting process.
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material flow localization caused by shear concentration, which may lead to finite element mesh that is too distorted to en-
sure solution stability and numerical convergence. Previous studies (Hortig and Svendsen, 2007; Özel and Altan, 2000) show
that element natures such as orientation, edge length ratio and interpolation order significantly influence material flow
localization behaviors in the modeling of adiabatic shear banding. However, the present study is designed to simulate the
formation of segmented and continuous chips during the orthogonal cutting process. The choice of properties of quadrilat-
eral elements is not designed particularly to consider the plastic flow localization that occurs in segmented chips. The desire
provides a logical prediction of chip geometry, Mises stress field, shear stress and strain fields and temperature distribution
in both chips and workpiece and obtains simulation results that agrees with experimental results (Komanduri, 1982).

In simulating the metal cutting process, a crucial technical problem is accurate modeling of material separation in the
removed process of chip materials from the workpiece surface. Usually, a predefine separation line divides the chip and un-
cut workpiece materials (Fig. 7). When a certain criterion is reached, the pair of bonded nodes that lie just ahead of the tool
tip on this line is released. The result is removed of chip material from the workpiece surface. The criterion for chip removed
may be maximum stress criterion or equivalent plastic strain criterion or the critical damage criterion. In the present sim-
ulation, separation between the chip and the workpiece is determined by the equivalent plastic strain criterion. Generally,
the value of equivalent plastic strain varies for different workpiece materials and different cutting conditions. Xie et al.
(1998) show that different values may affect stress distribution and plastic deformation in a machined surface and that these
values do not appear to affect chip geometry and stress distribution in chips. Therefore, from the consideration of experience,
it is possible to assign a critical value of equivalent plastic strain. Here, critical equivalent plastic strain has the value 2 as
Hortig and Svendsen (2007). When equivalent plastic strain is less than 2, material behaviors on the separation line follow
the J–C constitutive model and equals 2, separation of materials on the line occurs.

The commercial FEM software package + helps in numerical simulation of machining process of materials because of out-
standing features such as efficient modeling of the complicated contact conditions at chip-tool interfaces, convenient reve-
lation of plastic flow and localization instability behaviors of chip materials, accurate description of removed behaviors of
chips from workpiece surface and reasonable explanation of chip formation mechanisms and transition from continuous
chip to segmented chip. The present simulation of cutting process is based on the dynamic analysis of ABAQUS/Explicit. Gov-
erning equations of the system are integrated using the numerical schemes of the explicit central-difference integration rule
(Sorenson, 1996). To ensure the solution convergence, some special functions of the software are sued in the explicit dy-
namic analysis of simulating the cutting process. Initially, a stability limit is defined in terms of the highest frequency of
the system xm as
Dts 

2

xm
ð32Þ
Based on the smallest propagation time of dilatational wave across the minimum length of elements in the mesh, the sta-
bility limit is approximated
Dta 

Lmin

cd
; ð33Þ
where Lmin is the smallest element dimension in the mesh and cd is dilatational wave speed. Stability limit may vary with auto-
matic or fixed time incrementation parameters. To enhance solution stability, the stable time increment is adjusted with a
scaling factor by specifying explicit time integration with the default global time estimation. In general, the actual stable time
increment chosen by ABAQUS/Explicit is less than the estimation by a factor of between 1/20.5 and 1 in a two-dimensional
model. Thus, time increment is less than the stability limit of the central-difference operator that is used in the numerical
analysis. Using a time increment that is brief enough ensures numerical stability of the algorithm and solution convergence.

3.2. Simulation and discussion

In a series of cutting experiments of AISI 4340 steel, Komanduri (1982) observed that the chip shape changed from dis-
continuous to continuous and then to segments. When the cutting speed falls in the region from 0.5 to 1 m/s, the chips are of
continuous shape; below 0.5 m/s discontinuous chips take place; but at the cutting speeds above 2 m/s, different types of
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cyclic chip morphology which lead to the catastrophic shear banding instability of material are observed. Presently, a two-
dimensional numerical simulation on the cutting process of steel are performed for the purposes of repeating Komanduri’s
experimental observations. Moreover, it is expected to use the simulation results to estimate the instability behaviors of re-
moved materials, the formation and transition between the continuous and discontinuous chips in high speed cutting pro-
cess based on the instability criteria proposed in the previous section for complex stresses state. The material properties and
parameters of model material AISI 4340 steel used in the calculation are given in Table 1.

In Fig. 8 we show the contours of Mises effective stresses, shear stress, shear strain and temperature when the cutting
distance is 0.7 mm. The three groups of results obtained correspond to three cutting speeds of 0.5 m/s, 1 m/s and 1.5 m/s,
respectively. It can be seen that the continuous chips of AISI 4340 steel does form as observed in Komanduri’s experiments
(1982).

The Mises effective stresses shown in Fig. 8a distribute in the extensive zone DEFGHI (Fig. 6) which is different from the
situation of convention one-dimensional model (Shet, 2000; Bäker et al., 2002). The effective stresses with high intensity
appear in two sizable regions: one is near the chip free surface of primary shear zone and another is at the top of secondary
shear zone. When the cutting speed increases, the distributing zone in the chip more evidently separates into the primary
and secondary shear zones and the peak intensity of effective stress decreases from 1.42 GPa to 1.35 GPa. A comparison of
the contour plots between the effective stresses and the shear stresses (Fig. 8b) indicates that the effective stresses in the
secondary shear zones is mainly the compressive stresses produced by tool and the shear stresses occur in a large region
which embraces the primary shear zone and extends into the uncut workpiece materials. Note that, as the cutting speed in-
creases, the region decreases in size. The peak intensity of shear stress decreases from 0.76 GPa to 0.73 GPa, and the peak
intensity of shear stress in the region of uncut workpiece material below the primary shear region increases from 0.35
GPa to 0.45 GPa. Therefore, the general distribution tendency of the shear stresses in workpiece materials is localization
and uniformity as the cutting speed increases. The shear strain contours in Fig. 8c show evidently that the plastic deforma-
tion of chip materials is nearly uniform in an extensive plastic flow region and the average shear strain reaches the orders of
3–4. The non-localization plastic deformation of chip materials indicates that the chip formation undergoes a long range
steady plastic flow process under the action of tool compression, and thus, no instability of adiabatic shear localization in
chip materials is observed. Fig. 8d shows the temperature contours corresponding to the three cutting speeds. We can
see that the peak temperatures in chip materials increase from 418 K to 523 K as the cutting speed increases. The heat affect-
ing zone of high temperature is inside the extensive region DEFGHI. The temperature rise is caused by plastic deformation
Table 1
Physical and mechanical properties of AISI 4340 steel (Johnson and Cook, 1985).

Material parameter, symbol and unit Values

Density q (kg/m3) 7830
Elastic module E (GPa) 200
Poisson’s ratio m 0.29
Specific heat c (J/(kg �C)) 502
Thermal conductivity k (W/(m �C)) 38
Expansion coefficient a (�C�1) 3.2 	 10-5

Melting temperature Tm (�C) 1520
A0 (MPa) 792
B0 (MPa) 510
N 0.26
C0 0.014
M 1.03

Fig. 8a. The contours of Mises effective stresses at the cutting speeds of 0.5, 1 and 1.5 m/s, respectively.



Fig. 8b. The contours of shear stresses at the cutting speeds of 0.5, 1 and 1.5 m/s, respectively.

Fig. 8c. The contours of shear strains at the cutting speeds of 0.5, 1 and 1.5 m/s, respectively.

Fig. 8d. The contours of temperatures at the cutting speeds of 0.5, 1 and 1.5 m/s, respectively.
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and heat conduction in the cutting process and the heat converted from plastic work causes non-localized thermal softening
of materials. Consequently, in the machining process at low cutting speeds, the chip materials of AISI 4340 steel mainly suf-
fer non-localized thermal softening and undergo a steady plastic flow process in which the uniform evolution in stress,
deformation and temperature takes place. It is the non-localization plastic flow that leads to the formation of the continuous
chips.

Fig. 9 shows the distributions of Mises effective stresses, shear stress, shear strain and temperature at the cutting speeds
of 2.5 m/s, 5 m/s and 15 m/s and the cutting distance is 0.5 mm. At present, the shear bands are observed in the chip mate-
rials, implying that chip materials undergo strong shear localization deformation which is responsible for the full develop-
ment of the segment chips as the Komanduri’s experimental observations.
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Similarly, from Fig. 9a, we can see that the effective stresses distribute in the extensive zone DEFGHI which embraces the
primary and secondary shear zone and widely extends into the uncut materials. Inside the primary shear zone, the effective
stress intensity reaches 1.2 GPa; whereas the intensity of the shear stresses is only 0.55 GPa (Fig. 9b). Therefore, it can be
deduced that the normal stresses in the primary shear zone will affect the shear banding formation mechanisms in chip
materials even through the shear stress is the primary factor resulting in the shear localization instability of chip materials.
Moreover, we note that, in a sizeable zone ahead of the tool tip (Fig. 9b), the intensities of the effective stress and the shear
stress have reached 1.3 GPa and 0.74 GPa, respectively. Hence, it is the combined stress at the tool tip that causes the chip
materials to separate from the uncut workpiece. The combined stresses in the primary shear zone induce the localization
instability of chip material plastic deformation. The shear strain contours in Fig. 9c show that the chip materials undergo
evident shear localization instability in the high speed cutting process. The shear strain in the shear bands increase from
3.95, 4.66 to 5.5 as the cutting speeds increase. This suggests that the plastic deformation trends to localization with the in-
crease of cutting speeds. In all cases of high cutting speed, the temperature rise is high localized in the shear bands (Fig. 9d).
When the cutting speeds are equal to 2.5 m/s, 5 m/s and 15 m/s, corresponding peak temperatures in shear bands reach
930 �C, 1000 �C and 1200 �C, and the temperatures in the spacing between shear bands come to 140 �C, 200 �C and
270 �C. Clearly, the heat conduction in chip materials in high speed cutting process is not important and the chip material
plastic flow in shear bands is adiabatic. Consequently, the adiabatic shear localization instability of chip materials cause the
segment chip formation in the high speed cutting process.

Fig. 10 illustrates the relations of Mises effective stress and effective strain for the cutting processes corresponding to
above six cutting speeds. The data of each curve are the average value of three points A, B and C as shown in Figs. 8a and
9a. At low cutting speeds, the effective stress reaches sharply peak intensities and then remain constant intensity of about
1.2 GPa, but the effective strain increase steadily which means that the chip materials get into a long range homogeneous
plastic flow process. Finally, stress relaxation occurs, that is, the effective stress decreases rapidly and the effective strain
remains in different constant strain values. Therefore, at the low cutting speeds, the continuous chip formation is caused
by the long range homogeneous plastic flow of chip materials and the cutting process is accompanied by the uniformly stea-
dy evolution in stress, deformation and temperature. At the high cutting speed of above 2.5 m/s, the effective stress
Fig. 9a. The contours of Mises effective stresses at the cutting speeds of 2.5, 5 and 15 m/s, respectively.

Fig. 9b. The contours of shear stresses at the cutting speeds of 2.5, 5 and 15 m/s, respectively.



Fig. 9c. The contours of shear strains at the cutting speeds of 2.5, 5 and 15 m/s, respectively.

Fig. 9d. The contours of temperatures at the cutting speeds of 2.5, 5 and 15 m/s, respectively.

Fig. 10. Variation of the Mises effective stress versus the effective strain when the plastic flow of chip materials occurs in the cutting processes. These
curves are obtained by averaging a set of numbers of the three points corresponding to each cutting speed as shown in Figs. 7c and 8c.
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decreases sharply from the peak stresses as the effective strain increases, implying that the chip materials undergo the shear
localization instability of plastic deformation. For the cases of the cutting speeds of 2.5 m/s and 5 m/s, the chip materials then
get into unsteady plastic flow, that is, the stress relaxation in chips occurs; however, when the cutting speed reaches 15 m/s,
no stress relaxation appears in the chip materials. Evidently, inhomogeneous evolution in stress and strain takes place in the
shear localization instability process.

Fig. 11 provides the predictions of plastic deformation characteristics of chip materials by using the instability phase
maps. The strain rates used in these maps are in the orders of 104 s-1 and 105 s-1, which correspond to the low and high cut-
ting speeds, respectively. In each case of the prescribing cutting speeds, we select three elements to determine the intersec-
tions of the functions G1 and G2 in (18) As shown in the figures of shear stress (Fig. 8c) and (Fig. 9c), these elements A, B, and C
are denoted by dark square box. We can see that, in the cases of low cutting speed (Fig. 11a), the intersections fall in the
region of steady plastic flow of chip material deformation. Corresponding to the relative low cutting speed, the intersections
locate the left side of the region. This is because that the cutting process at relative low speed yields relative large shear
stress (Fig. 8b). Therefore, the larger the normal stress intensity is, the more difficult the non-localization instability of chip
materials becomes. In the cases of high cutting speeds (Fig. 11b), the intersections are in the region of shear localization
instability of chip materials. A clear tendency of the intersection distribution is that they further approach to the left side
of the region as the cutting speed is relative low. This is because that the shear stress intensity decreases as the cutting speed
reduces (Fig. 9b). So we can deduce that the larger the shear stress intensity is, the easier the shear localization instability of
chip materials is.

Fig. 12 provides the ratios of the plastic work power for the 18 points in Fig. 8c and Fig. 9c. We can see that when the
cutting speed is below 2 m/s, the ratio of plastic work powers between the compressive deformation and shear deformation
Fig. 11a. The distribution of the nine observed points characterizing the non-localized thermal softening plastic flow of continuous chips in the phase maps,
in which the cutting speeds are equal to 0.5, 1 and 1.5 m/s, respectively.

Fig. 11b. The distribution of the nine observed points characterizing the shear localization deformation of discontinuous chips in the phase maps, in which
the cutting speeds are equal to 2.5, 5 and 15 m/s, respectively.



Fig. 12. The ratios between the plastic work power of shear deformation and that of compressive deformation dissipated by continuous and discontinuous
chips. The left vertical axis corresponds to the low speed cutting process and the right vertical axis to the high speed cutting process.
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WC:WS is about in the region of 1:1 to 1:2.5, which are quite larger than the theoretical prediction value 1:4 in the Case 3 of
previous section. Hence, chip materials undergo homogeneous plastic flow and no shear localization instability occurs. When
the cutting speed is above 2.5 m/s, the ratio WC:WS is in the region 1:5.2 to 1:15.1. Thus, the shear bands develop in the chip
materials. These results are consistent with the theoretical prediction of the instability behaviors of materials under the com-
pression-shear combined stress loading conditions as the Case 3 above. Therefore, it can be concluded that the compressive
stresses on the primary shear plane strongly affect the formation of chips and the transformation mechanisms between con-
tinuous and discontinuous chips in the orthogonal cutting process.
4. Conclusions

It is shown in this study that, under the combined stress loading conditions, the instability mechanisms of materials are
quite complex. The knowledge about the instability mechanisms is essential for the understanding of material failure and the
improvement of machining technology. Through theoretically quantitative analysis and numerical simulation on the insta-
bility mechanisms, we obtain the main conclusions as follows:

1. A general criterion for estimating material instability under combined stresses loading has been established, which
describes the instability behaviors of materials with strain hardening, strain rate sensitivity and thermal softening,
and considers the effects of heat conduction, normal stresses and strain rates on the instability mechanisms. This criterion
indicates that, when the thermal softening effect of material plastic deformation surpasses the work hardening, the mate-
rial instabilities take place and the mode of material instability is likely to be the adiabatic shear localization, the
non-localized thermal softening or long range homogeneous plastic flow. From the criterion we can deduce the instability
criteria for some special loading conditions, such as the simple shear, simple tension/compression, non heat conduction
effect, dynamic loading and quasi-static loading.

2. Under the combined stress loading conditions, the instability behaviors depend strongly on the loading conditions and
are controlled by many influential factors as the shear stress and shear strain rate, normal stress and strain rate and heat
conduction. In consideration of energy dissipation, the instability behaviors of materials also depend strongly on the
ratios of plastic work dissipated in dilatation deformation to that dissipated in shear deformation. When the plastic work
of shear deformation is larger than one third of that of stretching deformation, or is larger than four times of that of
shrinking deformation, the shear located instability is possible; otherwise, non-localized thermal softening instability
or long range homogeneous plastic flow would occur. Therefore, the shear localized instability is much more sensitive
to the compressive stress than the tension stress.

3. The influences of strain rate sensitivity on material instable mechanisms closely related to the loading conditions of com-
bined stresses. In the case of tension-shear combined stress loading, the shear localization instability is always possible;
however, under the loading conditions of compression-shear combined stresses, both shear localization instability and
non-localized thermal softening instability are possible when the shear strain rates vary.

4. In the orthogonal cutting process of AISI 4340 steel, the normal stresses affect strongly the chip formation and transfor-
mation mechanisms between continuous and discontinuous chips. As the cutting speed is below 2 m/s, long range homo-
geneous plastic flow yields continuous chips. As the cutting speed is above the value, shear localization instability causes
the shear bands in chip materials and the shear localization instability results in the formation of discontinuous chips. The
transformation between the continuous and discontinuous chips depends on the ratios of plastic work power of the com-
pressive deformation with that of shear deformation.
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