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Abstract Discrete element method (DEM) is used in the
present paper to simulate the microstructural evolution of
a planar layer of copper particles during sintering. Forma-
tion of agglomerates and the effect of their rearrangement on
densification are mainly focused on. Comparing to the exist-
ing experimental observations, we find that agglomerate can
form spontaneously in sintering and its rearrangement could
accelerate the densification of compacts. Snapshots of nu-
merical simulations agree qualitatively well with experimen-
tal observations. The method could be readily extended to
investigate the effect of agglomerate on sintering in a three-
dimensional model, which should be very useful for under-
standing the evolution of microstructure of sintering systems.

Keywords Solid-state sintering· Discrete element method·
Agglomerate· Densification· Micro-structural evolution

1 Introduction

To predict and even control the microstructural evolution has
become a very important issue in the field of sintering re-
search because it determines essentially the mechanical and
material properties of sintered products. As we know, in the
initial stage of solid-state sintering, asymmetrical neck for-
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mation can yield local forces, which may cause rotation and
translation movement of particles. This process is usually
addressed as particle rearrangement. Particle rearrangement
has been found to be one of the crucial phenomena in sin-
tering experiments [1], which has attracted many scientists’
interests [2–14]. For example, Petzow et al. [1] attributed
particle rearrangement in the planar layer of uniform copper
spheres to the asymmetrical neck formation, while Weiser
et al. [12] proved that differential densification was the ma-
jor reason causing particle rearrangement. The influences of
particle rearrangement on the average coordination number,
average contact area and macroscopic stress for closed die
compaction and isostatic compaction were studied by Martin
et al. [13]. The other macroscopic properties influenced by
particle rearrangement, such as densification rate, bulk and
shear viscosity, were considered by Henrich et al. [7] and
Jagota et al. [14]. Wonisch et al. [6] investigated the devel-
opment of anisotropy induced by particle rearrangement. On
the other hand, due to random packing, particles in the dense
particle region get together more closely so that agglomer-
ates will be produced [1, 15–17]. Since particle rearrange-
ment is dominated by local forces, it is reasonable to assume
that agglomerate rearrangement is also induced by the asym-
metrical forces acting on each agglomerate. Agglomeration
of particles has been observed and studied in many experi-
ments [1, 18–20] and simulations [21, 22]. Petzow et al. [1]
observed agglomeration during sintering of planar arrays of
uniform copper spheres at 1 223 K. Similar phenomena have
been found in irregular arrays of glass spheres [23], copper
particles [12], compacts of fine tungsten powder [24], fine
chromium oxide powder compacts [24] and alumina pow-
der compacts [25]. Agglomeration occurs much more fre-
quently during sintering of nanoparticles. Kuo et al. [19]
found that almost all the powder of alumina-8vol% zirco-
nia gets together with various sizes from less 1µm to more
than 10µm after calcination at 823K for 2 hours. Palmero
et al. [20] found a heterogeneous microstructure consist-



1324 C. Wang, S.-H. Chen

ing of agglomerates of ultrafine alumina particles with size
150 nm–200 nm, which was sintered at 1 408 K. Kadusnikov
et al. have carried out several works [26–28] on agglomera-
tion simulation using a sphere-polyhedron model. Ciftcioglu
et al. [18] investigated the effect of agglomerate strength
on sintered density experimentally and made a conclusion
that the sintered density of yttria powders decreased with in-
creasing agglomerate strength. Martin et al. [21] studied
the morphology and strength of agglomerates through com-
puter simulation and found that morphology of agglomerates
has a clear effect on the tap density but the strength of ag-
glomerates is a predominant factor affecting green density.
However, in the studies by Ciftcioglu et al. [18] and Martin
et al. [21], agglomerates were introduced into particle sys-
tems before sintering/compaction. Agglomerate rearrange-
ment was considered by Kim et al. [22] who investigated the
effect of multi-level particle packing on the packing density.
In their model, particles are packed to make agglomerates,
which are called as clusters and treated as big “particles”.
They found that systems with rearranged agglomerates have
a higher packing density than those without rearrangement.

From above literatures, it should be noted that agglom-
erates were presupposed in the initial sintering particle sys-
tems, which, however, should form naturally and sponta-
neously during sintering. What is the forming process of ag-
glomerates? What effects will be exhibited on the dynamic
microstructural evolution due to the existence of agglomer-
ates?

In the present paper, a two-dimensional sintering model
for a planar layer of copper particles is considered to answer
the above questions, which is similar to the experiment car-
ried out in Ref. [1]. The concept of agglomeration used in
the simulation is given first so that agglomerates are pro-
duced spontaneously during the sintering simulations. Not
only the effect of particle rearrangement but also that of ag-
glomerate rearrangement on the microstructural evolution
is evolved simultaneously. The effect of agglomerate rear-
rangement can be abstracted from comparisons of the result
with both effects of agglomerate and particle rearrangements
and that only with the effect of particle rearrangement. The
findings in this paper should be very useful for understand-
ing the influence of agglomerates on microstructural evolu-
tion and densification in sintering and the method proposed
in the present paper should be readily extended to a three-
dimensional case.

2 Numerical simulation method

2.1 Discrete element method

The discrete element method is used to simulate the sinter-
ing process, in which the quantities describing a particle con-
sist of a position vectorx i , velocity ẋ i , acceleration̈x i and
massmi . At each time step∆t, the interacting force between
two contacting particles isF i j , under which the acceleration

ẍ i(t), velocity ẋ i(t+∆t) and positionx i(t+∆t) can be calcu-
lated using the Newton’s second law and a verlet type algo-
rithm as follows,

ẍ i(t) =
1
mi

∑
j,i

F i j , (1a)

x i(t + ∆t) = x i(t) +
(
ẋ i(t) +

1
2

ẍ i(t)∆t
)
∆t, (1b)

ẋ i(t + ∆t) = ẋ i(t) +
1
2

(ẍ i(t) + ẍ i(t + ∆t))∆t, (1c)

where∆t is such a small value that the particlei is assumed
to interact only with its neighbors and can not move over
the position of its neighbors. A real massmi requires the
time step∆t to be a very small value, which in turn leads
to prohibitive simulation times. In order to overcome this
drawback, a special technique adopted by Refs. [7, 13, 29]
will be used, in which the mass of a particle is scaled up by a
factorβ (a large number) so that the acceleration and veloc-
ity can be reduced by the same order of magnitude without
influencing the equilibrium position of each particle. Thus, a
relatively long time step can be chosen. The factorβ should
not be too large as analyzed by Henrich et al. [7]. Martin
et al. [13] have used 1013 for β in their simulations. In the
present simulation, we takeβ = 108 and the time step is 0.2 s.

The concept of affine transformation which has been
used in literatures [7, 13, 29, 30] is not adopted in our simu-
lations because of the strong restriction of rearrangement of
particles as pointed out by Olmos [31]. The method used
in the present paper is just like the one used in the original
DEM work by Cundall [32] and in the granular study [33].

2.2 Interacting force between adjacent particles

Similar to Refs. [3, 4, 9, 34], the forceNs normal to the con-
tact area of two contacting particles is

Ns =
πa4

s

8∆b

dh
dt
− πγs

[
4Rp

(
1− cos

ψ

2

)
+ as sin

ψ

2

]
,

∆b =
Ω

kT
δbDb,

(2)

whereDb = D0b exp(−Qb/RT) is a diffusion coefficient for
vacancy transport on the grain boundary with thicknessδb

and activation energyQb, Ω is the atomic volume,k is the
Boltzmann constant,T is the temperature,h is the indenting
depth between two spherical particles,γs is the surface en-
ergy,Rp is the radius of particles,ψ is the dihedral angle,as

is the sintering contact radius which grows up according to
the Coble’s modelas =

√
2hRp.

Equation (2) consists of grain boundary diffusion and
surface diffusion, which is originally and strictly obtained by
Bouvard and McMeeking [35] and Parhami and McMeek-
ing [36] from the physics and mechanics viewpoints. The
first term on the right hand side of Eq. (2) is the normal
viscous force resisting the relative motion of two contact-
ing particles, which has also been used in Refs. [2, 5–7].
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The second term denotes the sintering force tending to pull
two adjacent particles together. Note that the force given in
Eq. (2) is suitable only for contacting particles. For non-
contacting ones, there are no forces. Only if some particles
move closely and contact an isolated particle, the initially
isolated particle will be subjected to the sintering force.

The rotation of particles and the tangential forces be-
tween contacting particles are not included in our simulation
for sake of simplicity.

2.3 Definition of agglomerate

An agglomerate is defined as an assembly of particles in
which distances between contacting particles are smaller
thandc × 2Rp, wheredc is a coefficient and set to 0.91 and
0.95 in our subsequent simulations, respectively. The larger
thedc is the earlier the formation of agglomerates in our sim-
ulations are.

At each time step, each particle has the same proba-
bility to be the center of an agglomerate. Therefore, they
are chosen randomly with the same probability and the cho-
sen number is equal to the total number of particles. This
scheme is very similar to the method used in Monte Carlo
simulations [37, 38].

When a particlePi is chosen randomly, two steps are
needed to detect an agglomerate with its center atPi , as de-
picted in Fig. 1. The first step is to find the assembly of par-
ticles. Specifically, if the distance between two contacting
particles is smaller thandc × 2Rp, thenPi belongs to this as-
sembly. The second step is to truncate the assembly detected
in the first step by introducing a cut-off radiusrc. The param-
eterrc is used to define the dimension of agglomerate, whose
value will influence the number of agglomerates in the sys-
tem. Because the total number of particles in the system is
given as 500, the number of agglomerates will be small if
an agglomerate is defined to be too large. However,rc can
not be too small, otherwise two contacting particles will be
thought as an agglomerate. We have adoptedrc = 3Rp, 4Rp,
6Rp and 8Rp in the simulations and found that the size and
number of agglomerates in a sintering system do not change
the effect of agglomerates’ rearrangement on the densifica-
tion of compacts. An intermediate value ofrc = 4Rp is
chosen in the present paper. A possible microstructural evo-
lution is shown schematically and intuitively in Fig. 2. It
shows that without considering agglomeration particlei will
be attracted by four adjacent contacting particles. Three par-
ticles are on the left side of the dashed line and one on the
right side, which leads to a microstructure state “A” with the
result of bond-breaking between particlesi and j. However,
considering the effect of agglomerate, particles on each side
of the dashed line belong to two different agglomerates and
the two agglomerates will approach to each other due to the
attraction force between them, which leads to the microstruc-
ture state “B”, a more densified structure. Actually, either
particle i or j will be influenced not only by the neighbor-

ing contacting particles but also by particles in agglomerates
that particlei or j belongs to. Both effects are included in
our simulations.

Fig. 1 Schematic of two steps for defining the assembly and ag-
glomerate. Step I: detect the assembly to which particlei belongs;
Step II: define agglomerate with a cut-off radiusrc

Fig. 2 Two possible microstructural evolution behaviors. State A:
particle i departs from particlej without considering the effect of
agglomerates; State B: coalescence of two agglomerates due to the
consideration of agglomerates interaction

In DEM simulations, the interaction force between two
contacting agglomerates results from the contacting particles
on the boundaries of both contacting agglomerates. For ex-
ample, the interaction between two agglomerates, which are
labeled with different colors in Fig. 2, equals to the one be-
tween particlesi and j. So, the resultant forceF agg acting
on an agglomerate is the sum of forces exerted by the ad-
jacent contacting particles in other agglomerates, which can
be calculated by Eq. (2). The particle’s acceleration in an
agglomerate is then obtained as

ẍ i(t) =
(∑

j,i

F i j

)/
mi + F agg

/
magg, (3)

wheremagg is the mass of the agglomerate. The velocity and
position of a particle in an agglomerate are updated accord-
ing to Eqs. (1b) and (1c). Only the translational motion of
agglomerate is considered in our simulations. The accelera-
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tion of the agglomerateF agg
/
magg is added to the accelera-

tion of particles in it. It means that the motion of a particle
in an agglomerate is affected not only by particles contacting

with it but also by the agglomerate itself.
Figure 3 gives the flow chart for numerical treatment of

agglomerates during our simulations.

Fig. 3 The flow chart of the numerical treatment of agglomerates for simulation of sintering

3 Simulation model

Figure 4 shows a simulation model of particle system, which
consists of 500 uniform copper spheres distributed in a circle
region with a radius 25 times the particle radius. The initial
packing fraction defined as the ratio of the sum of the pro-
jected areas of all particles to the whole circle area, which
is 0.8 in the present case. Two sets of particle size and tem-
perature are used. The first one is with the particle size of
25µm and sintering temperature of 1 223 K, which is similar
to the condition used in experiment [1] and will be used later
for comparison to the experimental results. The second one
is with particle size of 127µm and temperature of 1 300 K,
which is adopted for all the other simulations in the present
paper. Other physical parameters used in all simulations are
listed in Table 1.

Table 1 Parameters used for copper sintering in discrete element
simulation (adopted from Ref. [33])

δbD0b/(µm3 · s−1) ψ/(◦) Qb/(kJ ·mol−1) γs/(J ·m−2) Ω/nm3

5 120 146 105 1.72 0.011 8

Fig. 4 Numerical simulating model with 500 uniform spheres dis-
tributed randomly in a circle region with an initial packing fraction
of 0.8

Capability of the present numerical method to simulate
particle rearrangement is first verified in Fig. 5. In Fig. 5a,
particle rearrangement occurs significantly at the beginning
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of sintering, and then decays with particles gradually adjust-
ing their positions, as shown in Fig. 5b. Finally, all particles
will move towards the center of the particle system as shown
in Fig. 5c, which is well consistent with the assumption of
affine transformation [31, 39].

Fig. 5 Snapshots of particles’ velocities in a sintering system.a At
5 000 time step;b At 5 × 105 time step;c At 2.5 × 106 time step.
The length of each arrow is proportional to the magnitude of the
particle’s velocity

The above simulation results show that the assumption
of affine transformation that the velocity of each particle is
determined by the macroscopic strain rate is an artificially
technique, which will exert a constraint on particle’s initial
movements. Thus, it is reasonable for us to adopt particles’
initially random packing and the Newton’s second law in nu-
merical simulations of sintering.

When agglomerate rearrangement is considered, each
agglomerate can be looked as a big “particle” and the force
between contacting agglomerates defined in Sect. 2.3 can be
used, which leads to a natural process of agglomerate rear-
rangement. In order to give a more intuitive understanding
of agglomerate in our simulations, Fig. 6 shows the variation
of the number of agglomerates as a function of the simula-
tion time, in which the number of agglomerates increases
very quickly at the initial stage, then decreases and finally
tends to a constant. The varying pattern demonstrates that
agglomerate forms very quickly at the initial sintering stage,
and then takes part in rearrangement and grows up at the cost

Fig. 6 The number of agglomerates as a function of simulating
time steps

of its neighbors. The chosen value of cut-off radiusrc that is
used to define the size of agglomerate will influence the final
constant. The larger (or the smaller) the cut-off radius is, the
smaller (or the larger) the final constant is.

4 Definition of characteristic parameter

The densification of the simulating system is measured by
(D0 − D)/D0. Due to the irregular real boundary and some
isolated particles on the boundary in the 2D system as shown
in Fig. 4, it is not reasonable to characterize the densifica-
tion of the system in the nominal circle area. For this rea-
son,D andD0 have special definitions in the present paper.
As shown in Fig. 4, a straight line is used to pass through
the center of the 2D system with angleθ, which is ended by
two particles on the real boundary and a lengthlθ can thus
be measured. Forθ varying from 1◦ to 360◦, at every 1◦, a
length lθ is measured, then, an average value can be found

as l̄ =
360◦∑
θ=1◦

lθ
/
360, which is regarded as the diameter of the

simulating system.D0 is the diameter at the initial time and
D is the one at some sintering time.

The other parameter describing the microstructure is
the average coordination numberK, the definition of which
is given below,

K =
(∑

i

Ki

)/
N, i = 1,2, · · · ,N, (4)

whereKi is the coordination number of particlei, N is the
number of particles used in simulations.

5 Numerical results and discussions

Sintering experiment of a planar layer of uniform copper
particles has been carried out by Petzow et al. [1]. In or-
der to check the applicability of our simulation technique,
comparison of numerical simulation to the experiment re-
sult [1] under similar conditions is made, in which particle
size is taken as 25µm and sintering temperature as 1 223 K.
Figure 7a shows the evolution of microstructure morpholo-
gies with time steps of 5×105 and 7×105, respectively. It is
found that the big pores can not be detected at the initial time
and then pores emerge gradually and grow up with increas-
ing sintering time. The simulating results of pore coarsening
are qualitatively consistent with the experimental observa-
tions [1], as shown in Fig. 7b.

Pore coarsening is a result of particle agglomeration in
the initial and intermediate stage of sintering. Due to the
convenience of measuring porosity in experiments, variance
of pore during sintering has attracted much more attentions
and the microstructure evolution has always been analyzed
from the pore viewpoint [16]. However, it is very difficult to
describe the detailed morphology and distribution of pores,
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Fig. 7 Microstructural evolution and pore coarsening.a Snapshots
in the present simulations with similar conditions to experiment [1]
at three different time-steps: initial state (left), 5× 105 time step
(middle) and 7×105 time step (right);b Experimental results of pla-
nar arrays of uniform copper spheres sintering for 1 minute (left), 2
hours (middle) and 12 hours (right) at 1 223 K [1]

because they have irregular shapes and are closely intercon-
necting even at high relative densities. An alternative ap-
proach to analyze the microstructure evolution is from the
particle point of view with discrete element method (DEM).
This method could measure particles’ behaviors precisely,
one of which is particle agglomeration investigated in the
present paper.

Variations of contact interfaces are given in Figs. 8a–8c
schematically. The separation variations between two adja-
cent particles are expressed by white bars. An interesting
phenomenon can be found that the contact interface between
two particles will break at some moment and then join to-
gether again at another moment. The same phenomena have
also been observed in experiments [16], as shown in Figs. 8d
and 8e for comparisons. The phenomena of pore coarsening
and contact breaking have been observed both in simulations
considering agglomeration and in those without considering
agglomeration. The difference between the two cases will be
further discussed in detail as follows.

The number of new forming contact as a function of
the mean coordination number of particles is given in Fig. 9
for two cases ofdc = 0.91 anddc = 0.95. The number of
new forming contacts and the coordination number is calcu-
lated at every 5 000 time steps. It shows that more contacts
will form at a given coordination number when the effect
of agglomerates is considered. For the case ofdc taking a
value of 0.95 (agglomerates will appear earlier ifdc is big-
ger) as shown in Fig. 9, agglomerates will emerge when the
mean coordination number gets to 2.8, and more contacts are
found to form compared with the case without considering
agglomerates, which provides evidence that agglomeration
could enhance the densification. In addition, more contacts
will form at the earlier stage of sintering when the average
coordination number is relatively small, and the number of
new forming contacts decreases continuously with increas-
ing average coordination number. As the mean coordination
number increases, densification proceeds and the number of

adjacent particles without contacting will become fewer and
fewer due to further coalescence. It also gives a more re-
alistic sense on the rearrangement of particles. When the
number of new forming contacts increases, it becomes more
difficult for particles to rearrange.

Fig. 8 Contact interface breaking and re-forming during sinter-
ing. a, b, c Snapshots of simulation results at three moments, initial
stage, 105 time step, 106 time step, respectively;d ande Snapshots
of experimental results [16] for glass spheres sintering for 1 hour
and 16 hours at 1 000 K, respectively

Fig. 9 The number of new forming interfaces at every 5 000 time
steps varying with the average coordination numberK

The result that agglomeration could enhance densifica-
tion may also be verified by Fig. 10, in which the relation
between the average coordination number and the densifi-
cation is given. For a given average coordination number,
more densification will be achieved when agglomerates are
included.
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Fig. 10 Average coordination numberK against the densification
(D0 − D)/D0 with and without the effect of agglomerates

More obvious evidence can be found in Fig. 11, where
the densification of a sintering system is shown to vary with
the sintering time. At the same sintering time, it can be found
that the densification of systems with the effect of agglom-
erates taken into consideration is significant higher than that
without.

Fig. 11 The densification (D0 −D)/D0 as a function of the simula-
tion time step with and without the effect of agglomerates

Intuitively, it seems that the pore coarsening and den-
sification are completely opposite phenomena. In our opin-
ion, pore coarsening is also a result of particle rearrangement
and formation of agglomerates during sintering. Initially,
the scattered small pores exist almost uniformly among par-
ticles. As particle rearrangement and agglomeration take
place, plenty of scattered small pores will get together to
form a fewer larger pores. Furthermore, a fraction of the
initially total volume of pores will be occupied by particles
or agglomerates, part of it will be excluded, especially for
pores near the boundaries of the sintering system. With the

growth of sintering time, particle coherence and agglomer-
ates approaching each other will lead to a reduction of the
few larger pores. As a result, pore coarsening happens along
with an improved densification and a reduced porosity.

6 Conclusions

Not only particle rearrangement but also agglomerate re-
arrangement has been found in many sintering experi-
ments [1, 17]. The effect of particle rearrangement has al-
ready been investigated in many numerical simulations [2–
7, 9, 10], while the effect of agglomerate rearrangement on
microstructural evolution is still kept unclear, which is the
main interest of the present paper. Agglomerates do not ex-
ist initially in a particle sintering system, which will emerge
spontaneously and then grow up during sintering. A defini-
tion for agglomerate is given and the effects of agglomerates
on sintering are investigated using discrete element method
for a planar layer of copper particles. In contrast to the
case without considering the rearrangement of agglomerates,
we find that agglomerates’ rearrangement could improve the
densification of the particle system. All the simulated phe-
nomena agree qualitatively well with the experimental ob-
servations [1, 23]. The finding in the present paper reveals
the functioning of agglomerates’ rearrangement in sintering,
which should be very useful for deepening the understanding
of sintering process. In addition, the present model could
be readily extended to three-dimensional cases for further
exploring the influences of agglomerate on microstructural
evolution.
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