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In this paper, an analytical approximation for the evaluation of the pore pressure and effective stresses

in marine sediments under combined wave and current loadings is derived. Unlike previous investiga-

tions, non-linear interactions between waves and currents are considered in this study. An analytical

solution for the wave–current induced oscillatory soil response in marine sediment is presented first.

Based on the proposed analytical solution, a parametric study for the liquefaction potential will be

carried out. Parametric study results indicate that the influence of current and non-linear waves on the

maximum liquefaction depth is significant.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

When waves/currents propagate over the ocean, they exert
fluctuations of dynamic pressures on the sea floor. These fluctuations
further induce excess pore pressures and effective stresses that have
been recognized as a dominant factor in analyzing the instability of a
seabed. When the pore pressure becomes excessive with accompany-
ing decrease in effective stresses, a sedimentary bed may be moved in
either horizontal (shear failure) or vertical (liquefaction) directions,
then lead to an instability of the seabed (Christian et al., 1974; Jeng,
2001). Therefore, the evaluation of the wave–current induced soil
response, including pore pressure, effective stresses and soil displace-
ments, is particularly important for marine geotechnical engineers
involved in the design of foundation of offshore installations such as
platforms, pipelines and breakwaters.

Two mechanisms of the seabed response have been observed in
laboratory and field measurements, depending on the deformation
characteristics of seabed (Zen and Yamazaki, 1990). One is caused by
the residual or progressive nature of the excess pore pressure, which
appears in the initial stage of cyclic loading (Seed and Rahman,
1978). This type of soil response is similar to that induced by
earthquakes, caused by the build-up of the excess pore pressure.
Another mechanism, caused by the transient or oscillatory excess
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pore pressures, and accompanied by the damping of amplitude and
phase lag in the pore pressure, appears periodically to each wave
(Yamamoto et al., 1978). In this study, only the oscillatory mechan-
ism will be considered. More clarification of two mechanisms can be
found in Jeng and Seymour (2007).

Numerous investigations of the oscillatory seabed response of
seabed under wave loading have been carried out, based on Biot’s
poro-elastic theory since the 1970s. Among these, Yamamoto
et al. (1978) derived an analytical solution for an isotropic, poro-
elastic and infinite seabed by treating the pore water and seabed
as compressible and deformable medium. Later, Hsu and Jeng
(1994) further extended the framework to the unsaturated,
isotropic seabed with finite thickness under three-dimensional
short-crested waves loading. Numerical modeling is another
efficient tool to investigate the transient response of seabed
under wave loading. Thomas (1989, 1995) proposed a one-
dimensional finite element model to investigate the wave-
induced soil response in a layered seabed. Later, Jeng and Lin
(1996) further extended the numerical model for the wave-
induced soil response in a porous seabed with variable perme-
ability and shear modulus along burial depth. The seabed soil is
unsaturated and hydraulically anisotropic, and subjected to a
three-dimensional wave system. However, all these numerical
models only considered the wave loading. A detailed review of
previous relevant research can be found in Jeng (2003).

In the real ocean environments, ocean waves and currents
generally exist simultaneously. However, most previous investigations
have considered wave loading only. However, ocean currents affect
the seabed response is far from understanding. In fact, according to the
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potential flow theory, the pressures acting on a seabed will be
affected significantly by currents. Therefore, it is necessary to
understand the influence of current on the seabed response in
marine sediments.

The aim of this study is to examine the effects of currents on the
seabed response. An analytical solution for the wave–current
induced soil response in an infinite porous seabed is proposed.
The boundary value problem, including the third-order approxima-
tion of nonlinear wave–current interactions, governing equations
and boundary conditions for a porous seabed, is outlined in Section
2. Then, an analytical solution for the soil response will be presented
in Section 3. Based on the analytical solution, a parametric study will
be carried out to examine the effects of currents on the soil response
and liquefaction potential in Section 4 and followed by conclusions.
2. Boundary value problem

2.1. Wave–current interactions

The co-existence of waves and currents in offshore environ-
ments is a common phenomenon and their interactions is one of
important topics in the practices of coastal engineering. The
presence of a current in a propagating wave will change the
original characteristics of waves. For example, the following
current (currents with the same direction of waves) will elongate
the wave length; and the opposing current (currents with the
opposite direction of waves) will shorten the wave length. In this
study, to obtain more accurate results of seabed response under
combined wave and current loadings, the third-order solution of
wave–current interactions (Hsu et al., 2009) is used to determine
the dynamic wave pressures acting on the seabed.

In this study, we consider a train of monochromatic waves of
frequency (o) traveling over seafloor, together with a uniform
current of velocity (u0), as depicted in Fig. 1. The sea water is
considered as an incompressible and in-viscid fluid and the flow
is irrotational. The flow field of sea water can be described by
Laplace’s equation,

r
2f¼

@2f
@x2
þ
@2f
@z2
¼ 0 ð1Þ
Fig. 1. Definition of wave/current-seabed interaction.
where f is the velocity potential. The horizontal and vertical
velocities of the flow can be formulated as

uf ¼�
@f
@x

and wf ¼�
@f
@z

ð2Þ

where uf and wf are the horizontal and vertical velocities of sea
water in flow field, respectively.

The dynamic and kinematic boundary conditions at the free
surface (z¼ dþZ) can be expressed as,

�
@f
@t
þ

1

2
ðf2

xþf
2
z ÞþgZ¼ B at z¼ dþZ ð3Þ

@Z
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@Z
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@z
¼ 0 at z¼ dþZ ð4Þ

where d is water depth, Z is the elevation of free surface relative
to the static water level; B is the Bernoulli’s constant. The bottom
of fluid domain is considered as impermeable

@f
@z
¼ 0 at z¼ 0 ð5Þ

Using the perturbation technique, the third-order approxima-
tion for the wave–current interactions (Hsu et al., 2009) is
summarized here
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where y¼ kx�ot; sh¼ sinh kd; ln ¼ ðu0k�o0Þ, H is the wave
height, k is the wave number, d is the water depth, u0 is the
current velocity, g is the gravitational acceleration, and the
dispersion relation is given by,

o¼o0þðkHÞ2o2 ð10Þ

where o0 ¼ u0kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gk tanh kd

p
and
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þ8sh4
Þ
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ln ð11Þ

The dynamic wave pressure acting on the seabed can be
expressed as

Pbðx,tÞ ¼
rf gH

2 cosh kd
1�
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¼ P1 cos yþP2 cos 2yþP3 cos 3y ð12Þ

where rf is the density of sea water. When there is no current
(i.e., u0 ¼ 0 m=s), the above third-order solution can be
reduced to the classic form of the solution of third-order non-
linear waves.



Y. Zhang et al. / Ocean Engineering 57 (2013) 240–247242
2.2. Governing equations

In this study, as shown in Fig. 1, the seabed is treated as an elastic,
isotropic and homogeneous porous medium. The consolidation
equation (Biot, 1941; Verruijt, 1969), which has been generally
accepted as the governing equation for flow of compressible pore
fluid in a compressive porous medium, is adopted to treat wave/
current-seabed interactions in a porous seabed as,

K
@2p

@x2
þ
@2p

@z2

� �
�gwnb

@p

@t
¼ gw

@z:epsi;

@t
ð13Þ

where n is soil porosity; p is the pore water pressure; K denotes the
soil permeability; and z:epsi; is the volumetric strain.

Neglecting the body forces and the inertia term, the equations
governing the overall equilibrium of a porous medium can be
expressed as

@s0x
@x
þ
@txz

@z
¼
@p

@x
,

@txz

@x
þ
@s0z
@z
¼
@p

@z
ð14Þ

where s0x and s0z are effective normal stresses in the horizontal
and vertical directions, respectively; txz is shear stress. Herein,
compressive normal stresses are denoted as negative.

In Eq. (13), the compressibility of pore fluid (b) and the volume
strain (z:epsi;) are defined as

b¼
1

Kf
þ

1�Sr

pw0

� �
, z:epsi;¼

@u

@x
þ
@w

@z
ð15Þ

where ðu,wÞ are the soil displacements in the horizontal and
vertical directions, respectively; Sr denotes the degree of satura-
tion of seabed, pw0 is the absolute static pressure and Kf is the
bulk modulus of pore water (Kf ¼ 2� 109 N=m2; Yamamoto et al.,
1978). For a fully saturated seabed, b¼ 1=Kf .

In this study, the linear poro-elastic constitutive model is
adopted for the transient seabed response. Under the condition
of plane strain, the stress–strain relationships are given as

s0x ¼ 2G
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ð16Þ

where G is the shear modulus of soil; and m is the Poisson’s ratio.
Substituting (16) into (14), the governing equation for the

equilibrium of a porous medium can be expressed as

Gr2uþ
G

ð1�2mÞ
@z:epsi;
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2.3. Boundary conditions

To solve the governing Eqs. (13) and (17), several boundary
conditions will be applied. First, the bottom of a seabed is
considered to be rigid and impermeable. Therefore, there is no
displacement and vertical flow at this bottom. For an infinite
seabed,

u¼w¼ p¼ 0 as z-�1 ð18Þ

Second, the boundary conditions along the surface of the
seabed (z¼0) can be expressed as,

pðx,z¼ 0,tÞ ¼ Pbðx,tÞ, s0z ¼ txz ¼ 0 ð19Þ

It is noted that the present model is based on the quasi-static
Biot’s consolidation equations (Biot, 1941), in which the accel-
eration of soil displacement and relative displacement of pore
fluid to soil displacement are ignored. Recently, some analytical
solutions of dynamic response for a poro-elastic, isotropic seabed
under wave loading based on ‘‘u�p’’ approximation and ‘‘full-
dynamic approximation’’ were proposed (Jeng et al., 1999; Jeng
and Cha, 2003). A further extended version of analytical solutions
was proposed by Ulker et al. (2009), in which the applicable range
of all models were identified for the case of wave loading only.
3. Analytical solution

Following the framework proposed by Madsen (1978), the soil
displacements and pore pressures can be expressed as

p

u

w

8><
>:

9>=
>;¼

X3

m ¼ 1

Pm Re
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1 ðzÞ
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>>:

9>>=
>>;eimðkx�otÞ ð20Þ

where Re denotes the real part of the function and i¼
ffiffiffiffiffiffiffi
�1
p

denotes the complex variable.
Substituting (20) into (13) and (17), renders the final form of

the governing equation as
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where Kx and Kz denote the soil permeability in the x and z

directions respectively.
The general solution of (21) can be expressed as

UðmÞ1 ¼ ðA1þA2zÞemkzþðA3þA4zÞe�mkzþA5edmzþA6e�dmz ð23Þ

Considering the bottom boundary condition (18), A3 ¼ A4 ¼

A6 ¼ 0, which leads to

UðmÞ1 ¼ ðA1þA2zÞemkzþA5edmz ð24Þ

Three unknown coefficients, A1, A2 and A5 can be determined
by the boundary condition at the seabed surface (19). Then, the
soil displacements and pore pressures can be expressed as

u¼
X3

m ¼ 1

iPm

2G
½ðCm0þCm1zÞemkzþCm2edmz�eimðkx�otÞ ð25Þ
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ð26Þ
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h
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m�m2k2

mk
ð1�mÞC2medmz

#
eimðkx�otÞ

ð27Þ

where Pm (m¼ 1,2,3) are given in (12), and the parameter lm are
coupled with soil properties and wave characteristics, as given by
Eq. (28).

lm ¼
ð1�2mÞ½m2k2

ð1�Kx=KzÞþ imogwnb=Kz�

m2k2
ð1�Kx=KzÞþ imogwðnbþð1�2mÞ=GÞ=Kz

ð28Þ

In Eqs. (25)–(27), the Cim coefficients are given by

C0m ¼
�lm½mðdm�mkÞ2�dmðdm�2mkÞ�

mkðdm�mkÞðdm�dmmþmkmþmklmÞ
ð29Þ

C1m ¼
dm�dmmþmkm

dm�dmmþmkmþmklm
ð30Þ

C2m ¼
mklm

ðdm�mkÞðdm�dmmþmkmþmklmÞ
ð31Þ
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The effective normal stresses can be determined from Eq. (16),
rendering

s0x ¼
X3

m ¼ 1

�Pm mkðC0mþC1mzÞþ
2mlm
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Fig. 2. Comparison between the present solution and experimental data (wave only): (
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and the shear stress is given by

txz ¼
X3

m ¼ 1

iPm½ðmkC0mþðmkz�lmÞC1mÞe
mkzþdmC2medmz�eimðkx�otÞ

ð34Þ

4. Results and discussions

4.1. Comparison with experimental data

In this study, the results of the present solution will be
compared with three experimental data. Since most experiments
for seabed response under dynamic loadings available in the
literature have been limited to wave loading only, the present
model will be reduced to the case without currents and compared
16 17 18 19

16 17 18 19

16 17 18 19

16 17 18 19
ime (s)

1 1.5
 p0−no current

the present solution
Chang et al.(2005)

a) Lu (2005) and (b) Chang et al. (2007). Notation: the present solution (lines) and



Table 1
Information of case study.

Case 1 Wave loading (linear model)

Case 2 Combined wave and current loading (linear wave model)

Case 3 Wave loading (third-order approximation)

Case 4 Combined wave and current loading (third-order approximation)
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with the previous experimental data (Lu, 2005; Chang et al.,
2007). Lu (2005) conducted a series of lab experiments about the
dynamic response of sand bed to the waves propagating on it in a
wave flume which is 60 m long, 1.5 m wide and 1.8 high. The sand
bed is consisted of coarse sand. The pore pressure at the four
points on the midline of sand bed are monitored in experiments.
The wave characteristics of the regular wave are H¼12 cm,
d¼0.4 m, T¼1.2 s (Fig. 2a). Herein, the third-order stokes wave
theory is adopted to generate the wave-induced dynamic pres-
sures acting on seabed. The properties of coarse sand provided by
Lu (2005) are: shear modulus G¼ 107 N=m2, Possion’s ratio
m¼ 0:3, Permeability k¼ 10�3 m=s, Porosity n¼0.3893, the mean
size of sand particles d50¼0.44 mm and Saturation Sr¼98%.
Another relevant experiment is conducted by Chang et al.
(2007). The movable seabed model is illustrated in Fig. 2b. In this
experiment, the wave characteristics of the regular wave are
H¼25 cm, d¼0.562 m, T¼2 s, the Stoke’s second-order wave
theory is adopted to generate the wave-induced dynamic pres-
sures acting on the seabed. The properties of the coarse sand are
taken as Shear modulus G¼ 107 N=m2, Possion’s ratio m¼ 0:12,
Permeability k¼ 2:11� 10�3 m=s, Porosity n¼0.48, the mean size
of sand particles d50¼0.22 mm and the degree of saturation
Sr¼1.0.

The comparisons of the wave induced dynamic pore pressure
at the four points on the mid-line of sand bed between the
numerical results and the experimental data of Lu (2005) are
shown in Fig. 2a. As illustrated in the figure, the numerical results
predicted by the present analytical solution overall agree with the
experimental data (Lu, 2005). The comparisons of Chang et al.
(2007)’s experiment and the present numerical results are shown
in Fig. 2b. In the figure, the trend of the present solution overall
0 0.5 1 1.5
−0.15
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0
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Fig. 3. Comparison between the present solution and experimental data (combined wa

experimental data (symbols).
agree with that of Chang et al. (2007). Some differences between
the present solution and the experimental data are observed in
Fig. 2b, due to that the present solution is for a infinite seabed but
the experiments were in a seabed of finite thickness.

Another comparison with the recent experiment conducted by
Qi et al. (2012) for the wave–current induced pore pressure in a
porous seabed is presented in Fig. 3. In the experiments, the local
scour process and pore pressure within a sandy bed around a
mono-pile foundation under combined wave and current loading
were measured. To compare with the present solution, we select
the measured point far from the mono-pile, which will present
the case without a structure. The properties of the seabed
provided by Qi et al. (2012) are: shear modulus G¼ 107 N=m2,
Possion’s ratio m¼ 0:3, Permeability k¼ 1:88� 10�4 m=s, the
mean size (d50) and effective size (d10) of sand particles are
0.25 mm and 0.21 mm, respectively; void ratio (e) is 0.771, and
fully saturated. The wave and current characteristics of the data
presented in the figure are: water depth d¼0.5 m, wave period
T¼1.4 s; wave height H¼0.12 m and current velocity
u0 ¼ 0:1 m=s. As shown in Fig. 3, an overall agreement between
the present solution and the experimental data is found.
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Table 2
Input data for numerical examples.

Wave characteristics

Wave period (T) 10.0 s

Water depth (d) 10.0 m

Wave height (H) 5.0 m

Current velocity (u0) 2 m/s

Seabed characteristics

Permeability for fine sand

(Kx¼Kz)
1:0�3 m=s

Permeability for coarse sand

(Kx¼Kz)
1:0�2 m=s

Shear modulus (G) 1:07 N=m2

Poisson’s ratio (m) 0.33

Porosity (ne) 0.35

Degree of saturation (Sr) 0.975
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Fig. 4. Vertical distributions of the maximum amplitude of (a) pore pressure

(9p9=gwH) and (b) effective normal stress (9s0z9=gwH) in coarse sand for four

different cases.
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Fig. 5. Vertical distributions of the maximum amplitude of (a) pore pressure

(9p9=gwH) and (b) effective normal stress (9s0z9=gwH) in fine sand for four different

cases.
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4.2. Seabed response

The objective of this study is to investigate the effects of wave
non-linearity and currents on the seabed response (including pore
pressure, effective normal stresses and shear stresses). In this
section, four different cases are considered (see Table 1). Among
these, Case 1 is the linear wave only, which has been used for
most previous study of the wave-induced seabed response (Hsu
and Jeng, 1994; Madsen, 1978; Thomas, 1995; Yamamoto et al.,
1978; Zen and Yamazaki, 1990). Case 2 is the linear approxima-
tion of waves and currents. Case 3 is the third-order approxima-
tion of wave loading; while Case 4 is the solution for the non-
linear wave and current interactions. The input data for numerical
examples are tabulated in Table 2.

Fig. 4 illustrates the vertical distributions of the maximum
amplitude of seabed response in coarse sand for four different
combination of waves and currents. In this example, the currents
are in the same direction of waves. As shown in Fig. 4 for coarse
sand, the pore pressure for Case 4 (non-linear waves and
currents) is much larger than that of Case 1 (linear wave), and
the inclusion of currents will enlarge the amplitude of pore
pressures. However, this influence is only significant in the region
near seabed surface (9z=L9r0:05). Compared with pore pressures,
the influences of wave–current nonlinear interactions (Case 4 vs
Case 1) on the vertical effective normal stresses and shear stresses
are more significant. For example, the maximum difference of 9s0z9
between Cases 1 and 4 can reach 20% of (gwH).

A similar trend for the influences of wave nonlinearity and
currents is observed in fine sand (Fig. 5). However, there is a
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sudden change of gradient of seabed response near the seabed
surface (z=L¼�0:01). This unusual results of discontinuity are
only observed in fine sand and reported in the previous work
(Madsen, 1978). The physical insight of these results needs
detailed validations from experiments.

To further examine the effects of currents on the seabed
response, Fig. 6 illustrates the results of seabed response for
various current velocities in coarse sand. In the numerical
examples, a positive current velocity represents the currents
and waves being the same direction, while the negative value
denotes the currents and waves being an opposite direction. For
the case of u0 ¼ 0, u0=c¼ 0, the third-order wave theory is applied
(i.e., only non-linear waves are considered). As shown in the
figures, the seabed response increases as the current velocity
increases for the case of the following current, i.e., waves and
currents in the same direction. An opposite trend is observed in
the case of opposite currents.

4.3. Liquefaction

It has been well-known that the soil will be liquefied when the
vertical effective stress vanishes, thus losing its strength to carry
any load, and consequently causing seabed instability. Zen and
Yamazaki (1990) suggested that liquefaction occurs, for a 2-D
progressive wave, when

�ðgs�gwÞzþðPbðx,tÞ�pðx,z,tÞÞr0 ð35Þ

where gs denotes the bulk specific weight of soil. This equation
implies that liquefaction in a seabed may occur when the excess
pore pressure becomes greater than the overburden soil pressure.

Based on the above liquefied criterion, Eq. (35), the effects of
current velocity on the maximum liquefaction depth (zL) can be
examined. In the numerical example, the current velocity varies
between �2 m/s (the opposite direction to the waves) and 2 m/s
(the following direction to the wave). As shown in Fig. 7, the
maximum liquefaction depth increases as the current velocities
with a fixed wave height (H¼3 m) and a fixed wave period
(T¼10 s). It is noted that the maximum liquefaction depth (zL)
is almost a constant between u0¼�0.5 m/s and u0¼0.5 m/s.
Furthermore, a significant change of zL is observed when the
current velocity approaches 2 m/s. Besides, there is a obvious
trend that the liquefaction depth increases as the wave height
increases.
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To further investigate the influences of currents on the max-
imum liquefaction depth (zL), Fig. 8 presents the distribution of
zL versus wave steepness for various current velocities. It is noted
that the horizontal axis is the wave steepness (H/L), which varies
as current velocity and wave height changes. The wavelength will
increase for the case of the currents in the same direction of
waves, while it will decrease for the case of the currents in the
opposite direction of waves. Therefore, the wave steepness will be
larger for the case of the opposite currents with the same wave
height. It is observed that largest z/L can reach 0.0265 for the case
of u0 ¼ 2 m=s, while that for u0 ¼�2 m=s is only 0.013. It is also
noted that the relative maximum liquefaction depth for the
case with wave loading only is about 0.012. This implies
that the liquefaction depth will be underestimated for the case
with following currents, if the conventional model (i.e., without
currents) is used.
5. Conclusions

In this paper, an analytical solution for seabed response under
combined wave and current loadings is proposed. The new
contribution of this study is the inclusion of currents into seabed
response together with nonlinear wave loadings. In the model,
the third-order approximation of the wave–current interactions
was employed for the loading along the seabed surface. An overall
agreement between the present solution and the existing experi-
mental data was observed. Based on the numerical results, the
following conclusions can be drawn.
1.
 For both coarse and fine sand, the inclusion of the following
currents and wave non-linearity (i.e., comparison between
Cases 1 and 4) will enlarge the amplitude of pore pressures.
This influence is only significant in the region near the seabed
surface where liquefaction normally occurs. Furthermore, the
effects of currents on vertical effective normal stress is more
significant. The maximum difference between Cases 1 and
4 may reach 10% of static water pressure.
2.
 Based on the numerical examples presented, the amplitude of
seabed response increases as the current velocity increases for
the following current (with the same direction as waves). On
the other hand, seabed response decrease as the current
velocity increase for the opposite currents.
3.
 Based on the present solution and the liquefaction criterion
proposed by Zen and Yamazaki (1990), the maximum lique-
faction depth due to combined waves and current loadings
were further examined. The maximum liquefaction depth (zL)
increases as current velocity and wave height increase.

In this study, only the oscillatory pore pressure based on Biot’s
consolidation theory is considered. For more advanced model
such as u�p approximation, full dynamic model can be further
extended with the basis of the present model.
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