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Based on an improved shear-lag model, the effect of an inhomogeneous interphase on the
mechanism of stress transfer in fiber-reinforced composites is investigated. The inhomoge-
neity of the interphase is represented by the graded feature of the Young’s modulus varying
according to a power law or a linear one in the radius direction, while the Poisson’s ratio
and thermal expansion coefficient are assumed to be constants. Considering the effects
of the inhomogeneous interphase as well as the Poisson’s contraction and thermal residual
stress, closed-form solutions to the axial fiber stress and interfacial shear stress are
obtained analytically. Comparing the case with a power law to that with a linear one,
we find that the fiber stress increases significantly in the former case, while it decreases
slightly in the latter one with an increasing interphase thickness. With the same external
tensile load and interphase thickness, it is found that the fiber in the power law case is sub-
jected to a larger tensile stress than that in the linear variation one. However, the interfa-
cial shear stress is not sensitive to the interphase thickness in both cases, except that near
the two ends of fiber. Under the same external load, the maximum shear stress in the inter-
phase is much smaller in the latter than that in the former. All the phenomena can be char-
acterized by one parameter, i.e., the average Young’s modulus of interphase, and denote
that an interphase with a power variation law is more effective for stress transfer while
the linearly graded one is more advantageous to avoid shear failure. The results should
be helpful for engineers to properly design the interphase in novel composites, e.g. a
carbon-fiber reinforced epoxy one.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The mechanical properties of composites are affected by
a number of factors, such as the volume fractions and con-
stitutive behaviors of different constituents, some of which
have been systematically reviewed in the recent papers
(Fu et al., 2008; Lauke, 2006). Among the influencing fac-
tors, interphase, as one of the dominant elements, will
show great significance on the composite performances
(Yang and Pitchumani, 2004). During the process of manu-
facturing composites, physical and chemical interactions
. All rights reserved.
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between reinforcements and matrix result in the formation
of interphase encompassing the reinforcement/matrix
interface (Drzal, 1986; Hughes, 1991; Theocaris, 1990;
Williams et al., 1994). As an intermediate transition zone
linking the reinforced fibers and matrix, the interphase
plays a key role during the stress transfer between fibers
and matrix (Hughes, 1991; Swain et al., 1990). Via proper
design of an interphase zone in composites, the interfacial
adhesion can be effectively improved, leading to a more
efficient load transfer at interfaces. As a result, the overall
stiffness and strength of composites can be enhanced since
more external loads are sustained by the stiff reinforce-
ments (Fu et al., 2008; Rjafiallah et al., 2010). There-
fore, understanding and disclosing the micro-mechanism
of stress transfer in fiber-reinforced composites with
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interphase should be of great significance for the design of
advanced composite materials.

Relevant experimental studies are relatively few due to
the complexity of interphase composition, although the
importance of the interphase has been fully acknowledged
for a long time. The formation of an interphase depends di-
rectly on the chemical, mechanical and thermo-dynamical
natures of the bonding process between fibers and matrix,
which leads to spatially non-uniform properties of inter-
phase in the thickness direction (Hughes, 1991; Gao and
Mader, 2002; Liu et al., 2008; Naslain, 1998; Zhang et al.,
2010). The size of an interphase region is rather small (at
sub-microscopic scale) and experimental tests of the inter-
facial characteristics should be affected by many factors,
such as the specimen geometries and fiber volume frac-
tions (Atkins, 1975; Hughes, 1991; Liu et al., 2008; Zhang
et al., 2010). An unequivocally experimental method to
determine the realistic distributions of interphase proper-
ties is not yet available.

In contrast to a few experimental studies, a large
number of theoretical and numerical investigations have
been carried out in order to figure out how the interphase
properties influence the overall mechanical behaviors of a
fiber-reinforced composite. For simplicity, the interphase
in many micromechanical models is assumed to be a
homogeneous material (Christensen and Lo, 1979; Hashin,
1990; Hayes et al., 2001; Qiu and Weng, 1991; Rjafiallah
et al., 2010; Tsai et al., 1990), or divided into many homo-
geneous sub-layers with different properties (Jiang et al.,
2008; Mogilevskaya and Crouch, 2004; Wang et al.,
2006). More realistic and accurate models regard the
interphase as an inhomogeneous region with mechanical
properties varying continuously in the thickness direction
(Huang and Rokhlin, 1996; Jayaraman and Reifsnider,
1992, 1993; Kiritsi and Anifantis, 2001; Low et al., 1995;
Lutz and Zimmerman, 2005; Romanowicz, 2010; Shen
and Li, 2003), in which several empirical laws, such as
power, linear and exponential ones, are used to describe
the variations of the elastic modulus, Poisson’s ratio or
thermal expansion coefficient. Based on these models,
the influences of an inhomogeneous interphase on the
mechanical performances of composites, e.g. the thermal
stress distribution and overall stiffness, can be qualita-
tively investigated.

Though a lot of attention has been paid to the effects of
interphase properties on the stress transfer in a fiber-rein-
forced composite, most of them are numerical studies
(Hayes et al., 2001; Kiritsi and Anifantis, 2001; Needleman
et al., 2010; Wu et al., 1997). As for theoretical researches,
the shear-lag model (Cox, 1952) is always chosen as a sim-
ple and effective approach, based on which a three-dimen-
sional cylindrical or three-phase shear-lag model was often
adopted (Afonso and Ranalli, 2005; Fu et al., 2000a,b; Mon-
ette et al., 1993; Tsai et al., 1990; Zhang and He, 2008).
However, the interphase was also always modeled as a
homogeneous material in these works. Few researchers
used the shear-lag model to analyze the stress transfer in
a fiber-reinforced composite with an inhomogeneous
interphase.

In the present paper, an improved three-phase shear-
lag model is established, in which an inhomogeneous
interphase is taken into account. The inhomogeneity of
the interphase is represented by a non-uniform Young’s
modulus, which varies according to a specially graded
law, i.e., a power law and a linear one, while the Poisson’s
ratio and thermal expansion coefficient are assumed to be
constants. An average interphase modulus, denoted as the
integration of Young’s modulus over the thickness divided
by the interphase thickness, is introduced as a value to
evaluate the effective stiffness of the inhomogeneous
interphase. Then, the shear-lag governing equations for
the two cases with differently graded laws are derived, in
which the effects of Poisson’s contraction and thermal
residual stress are included too. Finally, the effects of inter-
phase properties on the stress transfer in uni-directionally
fiber-reinforced composites are explored. Comparisons are
made for the two cases with different graded variations of
interphase. The analytical solutions are also compared to
the numerical ones in order to validate the constant
assumptions of Poisson’s ratio and thermal expansion coef-
ficient in our model. The results in this paper should be
helpful for optimal designs of an interfacial region in some
novel composites with a thermosetting matrix and stiff fi-
bers, e.g. carbon fiber-reinforced and carbon nanotube
(CNT)-reinforced epoxy composites.
2. Basic model and general formulae

A three-phase concentrically cylindrical unit cell for a
unidirectional fiber-reinforced composite is shown in
Fig. 1, in which the cell is subjected to a uniform tensile
load r0 at two ends and the lateral surfaces are traction
free. The radius of the fiber cylinder is rf and the length is
Lf, surrounding which is a coaxially inhomogeneous inter-
phase with the thickness t and radius ri. Here ri = rf + t as
shown in Fig. 1. The radius of the matrix is rm and the
length is Lm. Thus, the volume fraction of fibers Vf in the fi-
ber-reinforced composite can be expressed as

Vf ¼
pr2

f Lf

pr2
mLm
¼

r2
f Lf

r2
mLm

ð1Þ

There are two interfaces in the three-phase model, i.e.
the fiber/interphase interface and the interphase/matrix
one, both of which are assumed to be perfect bonding.
All the fiber, matrix and interphase are regarded as linear
elastic and isotropic materials with Ef, mf, jf, Em, mm, jm,
Ei, mi, ji being their Young’s moduli, Poisson’s ratios and
thermal expansion coefficients, respectively. The sub-
scripts f, m and i represent the fiber, matrix and interphase.
For simplicity, only the Young’s modulus of the interphase
is assumed to be spatially non-uniform in the radial direc-
tion, i.e., Ei = Ei(r), while the Poisson’s ratio and thermal
expansion coefficient of the interphase are constants, as
treated in Jayaraman and Reifsnider (1992) and Yang and
Pitchumani (2004). In the following text, the constant
assumptions of Poisson’s ratio and thermal expansion coef-
ficient will be proved to be reasonable. Then, an average
modulus of the interphase can be defined as

Ei ¼
1

ri � rf

Z ri

rf

EiðrÞdr ¼ 1
t

Z ri

rf

EiðrÞdr; ð2Þ



Fig. 1. (a) 3-D configuration of a three-phase cylindrical model of fiber-reinforced composites; (b) Schematic of the sizes of each phase in the model.
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which can be used to evaluate the effective stiffness of the
interphase (Jiang et al., 2008; Wang et al., 2006).

According to Fu et al. (2000a), Chai and Mai (2001) and
Zhang and He (2008), the relations between the normal
stresses in the fiber, interphase and matrix and the interfa-
cial shear stresses at the two interfaces can be expressed as

drf

dz
¼ � 2

rf
s1;

dri

dz
¼ � 2

r2
i � r2

f

ðrf s1 � ris2Þ;

drm

dz
¼ 2ri

r2
m � r2

i

s2 ð3Þ

which are the basic shear-lag equations for the three-phase
composite system. rf, ri, rm are the normal stresses in the
fiber, interphase and matrix, respectively, which depend
on the coordinate z in the axial direction, i.e., rf = rf(z),
ri = ri(z),rm = rm(z). s1, s2, as functions of z, denote the
interfacial shear stresses at the fiber/interphase and inter-
phase/matrix interfaces, respectively. In addition, the equi-
librium condition between the externally and internally
axial stresses requires

r0 ¼ c1rf ðzÞ þ c2riðzÞ þ c3rmðzÞ

c1 ¼
r2

f

r2
m
; c2 ¼

r2
i � r2

f

r2
m

; c3 ¼
r2

m � r2
i

r2
m

ð4Þ

As an improved shear-lag model, not only the axial stress
but also the radial and hoop stresses in each phase of com-
posites are considered. The stress–strain constitutive rela-
tions follow the general Hooke’s law,

er
a ¼

1
Ea

rr
a � ma rh

a þ ra
� �� �

; eh
a ¼

1
Ea

rh
a � ma rr

a þ ra
� �� �

ez
a ¼

1
Ea

ra � ma rr
a þ rh

a

� �� �
; erz

a ¼
2ð1þ maÞ

Ea
srz

a ða ¼ f ; i;mÞ
ð5Þ

where rr
a;rh

a;ra; srz
a are the radial, hoop, axial and shear

stresses, and er
a; eh

a; ez
a; erz

a are the corresponding strain
components, respectively. The axial symmetric condition
of the cylindrical model gives the following geometrical
equations
er
a ¼

@ur
a

@r
; eh

a ¼
ur

a

r
; ez

a ¼
@wa

@z
;

erz
a ¼

@ur
a

@z
þ @wa

@r
ða ¼ f ; i;mÞ ð6Þ

where ur
a ¼ ur

aðr; zÞ and wa = wa(r,z) are the radial and axial
displacements in different phases, the partial derivative of
ur

a with respect to z is ignored according to the treatment
in Gao and Li (2005).

Eqs. (5) and (6) yield the interfacial shear stresses s1, s2

as (Chai and Mai, 2001; Zhang and He, 2008),

s1 ¼
1

B1rf

Z ri

rf

Ei

2ð1þ miÞ
@wiðr; zÞ

@r
dr þ Em

2ð1þ mmÞ
wmðrm; zÞ �wiðri; zÞ

B3
B2

" #

s2 ¼
Em

2ð1þ mmÞ
wmðrm; zÞ �wiðri; zÞ

B3ri

B1 ¼
r2

i

r2
i � r2

f

ln
ri

rf
� 1

2
; B2 ¼

r2
f

r2
i � r2

f

ln
ri

rf
� 1

2
; B3 ¼

r2
m

r2
m � r2

i

ln
rm

ri
� 1

2

ð7Þ

Then, we have

ds1

dz
¼ 1

B1rf

Z ri

rf

Ei

2ð1þ miÞ
@ez

i ðr; zÞ
@r

dr þ Em

2ð1þ mmÞ
ez

mðrm ; zÞ � ez
i ðri; zÞ

B3
B2

" #
ð8Þ

ds2

dz
¼ Em

2ð1þ mmÞ
ez

mðrm ; zÞ � ez
i ðri; zÞ

B3ri
ð9Þ

In contrast to the study by Zhang and He (2008), the ra-
dial and hoop stresses in different phases are considered in
the present paper. Moreover, the interphase in the present
model is inhomogeneous, while a homogeneous interphase
was considered in Zhang and He (2008). Two kinds of
inhomogeneous characteristics of interphase, i.e., a
power-graded variation law and a linearly graded one, will
be analyzed as follows, respectively, based on the
improved shear-lag model.

3. The case with a power-graded interphase

When the Young’s modulus of the interphase follows a
power variation law in the radial direction, i.e.,

EiðrÞ ¼ PrQ ð10Þ



Fig. 2. (a) Radial and hoop stresses induced by the Poisson’s effect when
the cell is subjected to a mechanical load r0 orthogonal to the r � h plane;
(b) Thermal residual stresses arising from temperature changes during
the initial fabrication of composites.
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The continuity conditions of the Young’s modulus Ei at
r = rf and r = ri yield

P ¼ Ef

rQ
f

¼ Em

rQ
i

; Q ¼ ln Em � ln Ef

ln ri � ln rf
ð11Þ

An average value of the interphase Young’s modulus
can be defined as

Ei ¼
1

ri � rf

Z ri

rf

EiðrÞdr ¼ Ef rf

ðri � rf ÞðQ þ 1Þ
ri

rf

� �Qþ1

� 1

" #

ð12Þ

The radial and hoop stresses in Eq. (5) consist of the
ones induced by the Poisson’s effect and the thermal resid-
ual stress (Chai and Mai, 2001; Liu et al., 1994),

rr
a ¼ rrp

a þ qr
a; rh

a ¼ rhp
a þ qh

a ða ¼ f ; i;mÞ ð13Þ

where rrp
a and rhp

a denote the radial and hoop stresses
arising from Poisson’s contraction, qr

a and qh
a are the corre-

sponding components of thermal residual stresses devel-
oped during the initial fabrication of composites (Gao
et al., 1988), as shown in Fig. 2. Next, the formulations of
rrp

a ;rhp
a and qr

a; q
h
a will be found separately.

3.1. The radial and hoop stresses due to Poisson’s contraction

Under an external load r0, the axial stresses in the fiber,
interphase and matrix are rf, ri, rm. The radial and hoop
stresses rrp

f ;r
hp
f ;r

rp
m ;rhp

m in the homogeneous fiber and ma-
trix can be easily obtained (Gao et al., 1988; Whitney and
Riley, 1966),

rrp
f ¼ rhp

f ¼ A; rrp
m ¼

F
r2 þ H; rhp

m ¼ �
F
r2 þ H ð14Þ

where the unknown parameters A, F, H are independent of
r.

Using Eqs. (5) and (6) leads to the radial and hoop stres-
ses in the inhomogeneous interphase,

rrp
i ¼

Ei

Ii
ð1� m2

i Þ
dur

i

dr
þ mið1þ miÞ

ur
i

r
þ ez

i

� �� 	

rhp
i ¼

Ei

Ii
ð1� m2

i Þ
ur

i

r
þ mið1þ miÞ

dur
i

dr
þ ez

i

� �� 	

ez
i ¼

1
1� m2

i

Ii

Ei
ri � mið1þ miÞ

dur
i

dr
þ ur

i

r

� �� 	
ð15Þ

where Ii = (1 + mi)2(1 � 2mi).
The equilibrium equation for the interphase is

drrp
i

dr
þ rrp

i � rhp
i

r
¼ 0 ð16Þ

Substituting Eq. (15) into (16) yields

d2ur
i

dr2 þ
dEi

dr
1
Ei
þ 1

r

� �
dur

i

dr
þ 1

r
dEi

dr
mi

Eið1� miÞ
� 1

r2

� �
ur

i

þ dEi

dr
mi

Eið1� miÞ
ez

i þ
mi

1� mi

@ez
i

@r
¼ 0 ð17Þ

Substituting ez
i in Eqs. (15) and (10) into Eq. (17), we get

d2ur
i

dr2 þ
Q þ 1

r

� �
dur

i

dr
þ Qmi � 1

r2

� �
ur

i ¼ 0 ð18Þ
Solving Eq. (18) yields

ur
i ¼ Brm1 þ Crm2 ; m1;2 ¼

1
2
�Q �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 � 4ðQmi � 1Þ

q� 	
ð19Þ

where B, C are two unknown parameters to be determined
by the boundary conditions. Then, the radial and hoop
strains in the interphase are obtained

er
i ¼

dur
i

dr
¼ m1Brm1�1 þm2Crm2�1;

eh
i ¼

ur
i

r
¼ Brm1�1 þ Crm2�1 ð20Þ

Combining Eqs. (10), (15) and (20) leads to,

rrp
i ¼

P
Ii

A1Br�ðm2þ1Þ þ A2Cr�ðm1þ1Þ
h i

þ mi

1� mi
ri

rhp
i ¼

P
Ii

A3Br�ðm2þ1Þ þ A4Cr�ðm1þ1Þ
h i

þ mi

1� mi
ri

rrp
i þ rhp

i ¼
P
Ii

A5Br�ðm2þ1Þ þ A6Cr�ðm1þ1Þ
h i

þ 2mi

1� mi
ri

ð21Þ
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where

A1 ¼ ðm1 þ miÞ
ð1þ miÞð1� 2miÞ

1� mi
; A2 ¼ ðm2 þ miÞ

ð1þ miÞð1� 2miÞ
1� mi

;

A3 ¼ ðm1mi þ 1Þ ð1þ miÞð1� 2miÞ
1� mi

; A4 ¼ ðm2mi þ 1Þ ð1þ miÞð1� 2miÞ
1� mi

;

A5 ¼ A1 þ A3; A6 ¼ A2 þ A4

ð22Þ

Five unknown parameters A, B, C, F, H are included in Eqs.
(14) and (21). Consider the boundary conditions (Song
et al., 1996; Zhang et al., 2010),

r ¼ rf : rrp
f ¼ rrp

i ; ur
f ¼ ur

i ð23Þ
r ¼ ri : rrp

i ¼ rrp
m ; ur

i ¼ ur
m ð24Þ

r ¼ rm : rrp
m ¼ 0 ð25Þ

We have

A ¼ 1
H4
ðH1rf þ H2ri þ H3rmÞ

B ¼
ri
rf

� �m2�1

F4ðS1ri�mf rf Þ�
Ef
Em

F2ðS2ri�mmrmÞ

Ef r
m1�1
f

ri
rf

� �m2�1

F1F4�Ef r
m1�1
i

F2F3

C ¼
ri
rf

� �m1�1

F3ðS1ri�mf rf Þ�
Ef
Em

F1ðS2ri�mmrmÞ

Ef r
m2�1
f

ri
rf

� �m1�1

F2F3�Ef r
m2�1
i

F1F4

F ¼ �r2
mH

H ¼ � r2
i

r2
m�r2

i

1
H8
ðH5rf þ H6ri þ H7rmÞ

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð26Þ

Then, the radial and hoop stresses in different phases
can be obtained, which are functions of the axial stresses
rf, ri, rm. In addition, we have

rrp
i þ rhp

i

� �
r¼rf

¼ 1
H4
ðH9rf þ H10ri þ H11rmÞ

rrp
i þ rhp

i

� �
r¼ri

¼ 1
H8
ðH12rf þ H13ri þ H14rmÞ

ð27Þ

Parameters F1 � F4, H1 � H14, S1 and S2 are given in
Appendix A.

3.2. Thermal residual stress

In the initial fabrication process, shrinkage or expansion
occurs in the composite constituents due to the tempera-
ture change, which gives rise to thermal stresses in differ-
ent phases because of their different thermal expansion
coefficients. According to Jayaraman and Reifsnider
(1992, 1993), the solutions of the radial displacement in-
duced by thermal effects can be given directly. In the
homogeneous fiber and matrix, we have

�ur
f ¼ A; �ur

m ¼ Hr þ F
r

ð28Þ

which leads to the stress components qr
f ; q

h
f ; q

r
m; q

h
m with the

same forms as those in Eq. (14). Here, the notation ‘‘-’’ on a
variable denotes the relevance to the thermal effects (the
same hereinafter).
The radial displacement in the interphase is

�ur
i ðrÞ ¼ Br �m1 þ Cr �m2 � miDr;

�m1;2 ¼
1
2
�Q �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q 2 � 4

Qmi

1� mi
� 1

� �s" #
ð29Þ

where D equals to the axial strain induced by the thermal
effects and can be determined by the vanishing axial stress
condition. Then, the radial and hoop stresses in the inter-
phase can be obtained,

qr
i ¼

P
Ii

A1Br�ð �m2þ1Þ þ A2Cr�ð �m1þ1Þ
h i

qh
i ¼

P
Ii

A3Br�ð �m2þ1Þ þ A4Cr�ð �m1þ1Þ
h i

qr
i þ qh

i ¼
P
Ii

A5Br�ð �m2þ1Þ þ A6Cr�ð �m1þ1Þ
h i

ð30Þ

in which we have

A1 ¼ �m1 1� m2
i

� �
þ mið1þ miÞ;A2 ¼ �m2 1� m2

i

� �
þ mið1þ miÞ;

A3 ¼ 1� m2
i

� �
þ �m1mið1þ miÞ;A4 ¼ 1� m2

i

� �
þ �m2mið1þ miÞ;

A5 ¼ A1 þ A3; A6 ¼ A2 þ A4

ð31Þ

In order to determine the parameters A;B;C;D; F;H, six
boundary conditions are required (Jayaraman and Reifsn-
ider, 1992; Zhang et al., 2010),

r ¼ rf : qr
f ¼ qr

i ; �ur
f þ af DT ¼ �ur

i þ aiDT ð32Þ
r ¼ ri : qr

i ¼ qr
m; �ur

i þ aiDT ¼ �ur
m þ amDT ð33Þ

r ¼ rm : qr
m ¼ 0 ð34ÞZ rf

0

�rz
f rdr þ

Z ri

rf

�rz
i rdr þ

Z rm

ri

�rz
mrdr ¼ 0;

ðzero-axial stress conditionÞ ð35Þ

Using the above boundary conditions yields

A ¼ K1Dþ K2q1 þ K3q2

B ¼ ðri=rf Þm2�1F4 ½q1DTþðmi�mf ÞD��F2 ½q2DTþðmi�mmÞD�

r
m1�1
f

ðri=rf Þm2�1F1F4�r
m1�1
i

F2F3

C ¼ ðri=rf Þm1�1F3 ½q1DTþðmi�mf ÞD��F1 ½q2DTþðmi�mmÞD�

r
m2�1
f

ðri=rf Þm1�1F2F3�r
m2�1
i

F1F4

F ¼ K4Dþ K5q1 þ K6q2

H ¼ r2
m

1�2mm
½ðK4 þ mmÞDþ K5q1 þ K6q2�

D ¼ � 1
K7
ðK8q1 þ K9q2Þ

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð36Þ

where q1 = (af � ai)DT, q2 = (am � ai)D T. In addition, the
general forms of qr

a þ qh
aða ¼ f ; i;mÞ in different phases

are found,
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Q 1 ¼ qr
f þ qh

f ¼
2Ef

If
ð1þ mf Þ K2 �

K8

K7
ðK1 þ mf Þ

� 	
q1 þ K3 �

K9

K7
ðK1 þ mf Þ

� 	
q2

 �

Q 2 ¼ qr
m þ qh

m ¼
2Em

Im
ð1þ mmÞ K5 �

K8

K7
ðK4 þ mmÞ

� 	
q1 þ K6 �

K9

K7
ðK4 þ mmÞ

� 	
q2

 �

Q 3 ¼ qr
i þ qh

i

� �
r¼rf
¼ K11 � K10

K8

K7

� �
q1 þ K12 � K10

K9

K7

� �
q2

Q 4 ¼ qr
i þ qh

i

� �
r¼ri
¼ K14 � K13

K8

K7

� �
q1 þ K15 � K13

K9

K7

� �
q2

ð37Þ

Parameters K1 � K15; F1 � F4 are given in Appendix A.

3.3. Stresses in the improved shear-lag model

In Sections 3.1 and 3.2, we have obtained the radial and
hoop stresses induced by the Poisson’s and thermal effects
for a fiber-reinforced composite with an inhomogeneous
interphase. With the help of the above results, the axial
stresses in fiber, interphase and matrix can be found. Con-
sidering equations (5), (10), (13), (21) and (30), we obtain
the axial strain ez

i in the interphase

ez
i ðr; zÞ ¼

1
Ei

ri � mi rr
i þ rh

i

� �� �

¼ 1� 2m2
i

1� mi

� �
ri

PrQ �
mi

IirQ
A5Br�ðm2þ1Þ þ A6Cr�ðm1þ1Þ
h

þA5Br�ð �m2þ1Þ þ A6Cr�ð �m1þ1Þ
i

ð38Þ

The derivative of ez
i with respect to r is

@ez
i

@r
¼ � 1� 2m2

i

1� mi

� �
riQ

PrQþ1

� mi

Ii
A5Bðm1 � 1Þrm1�2 þ A6Cðm2 � 1Þrm2�2�

þA5Bð �m1 � 1Þr �m1�2 þ A6Cð �m2 � 1Þr �m2�2
i

ð39Þ

Then, the integral in Eq. (8) can be written as,Z ri

rf

Ei

2ð1þ miÞ
@ez

i ðr; zÞ
@r

dr ¼ � 1� 2m2
i

1� mi

� �
lnðri=rf Þ
2ð1þ miÞ

Qri

þ mi

2Iið1þ miÞ
½C1rf þ C2ri þ C3rm þ Q 5� ð40Þ

where

Q 5 ¼ C5 � C4
K8

K7

� �
q1 þ C6 � C4

K9

K7

� �
q2 ð41Þ

Another term in Eqs. (8) and (9) can also be derived

ez
mðrm; zÞ � ez

i ðri; zÞ ¼
mi

Ei
Q 4 �

mm

Em
Q 2

þ 2mmr2
i

Emðr2
m � r2

i Þ
H5

H8
þ mi

Ei

H12

H8

� 	
rf

þ 2mmr2
i

Em r2
m � r2

i

� � H6

H8
� 1

Ei
þ mi

Ei

H13

H8

" #
ri

þ 1
Em

1þ 2mmr2
i

r2
m � r2

i

H7

H8

� �
þ mi

Ei

H14

H8

� 	
rm

ð42Þ

where Q2 and Q4 are given in Eq. (37). Combining Eqs. (8),
(9), (40) and (42) results in
ds1

dz
¼ 1

B1rf
ðC7rf þ C8ri þ C9rm þ Q 6Þ

ds2

dz
¼ 1

2ð1þ mmÞB3ri
ðC10rf þ C11ri þ C12rm þ Q 7Þ

Q 6 ¼ �
B2

2ð1þ mmÞB3
mmQ 2 �

Em

Ei
miQ4

� �
þ mi

2Iið1þ miÞ
Q 5

Q 7 ¼ �mmQ 2 þ
Em

Ei
miQ 4

ð43Þ

The relevant parameters C1 � C12 are given in Appendix A.
Substituting Eq. (43) into (3) leads to

d2rf

dz2 ¼ �
2
rf

ds1

dz
¼ � 2

B1r2
f

ðC7rf þ C8ri þ C9rm þ Q 6Þ

d2ri

dz2 ¼
2

r2
i � r2

f

rf
ds1

dz
� ri

ds2

dz

� �
¼ 2

r2
i � r2

f

1
B1
ðC7rf þ C8ri þ C9rm þ Q 6Þ

�

� 1
2ð1þ mmÞB3

ðC10rf þ C11ri þ C12rm þ Q7Þ
	

d2rm

dz2 ¼
2ri

r2
m � r2

i

ds2

dz
¼ 1
ð1þ mmÞðr2

m � r2
i ÞB3

ðC10rf þ C11ri þ C12rm þ Q7Þ

ð44Þ

In addition, Eq. (4) yields,

rm ¼
1
c3
ðr0 � c1rf � c2riÞ ð45Þ

Then, the axial stress ri in the interphase can be obtained
by substituting Eq. (45) into the first equation of (44)

ri ¼ �
B1r2

f

2
d2rf

dz2 þ C7 � c1
c3

C9

� �
rf � Q 6 þ C9

c3
r0

� �
C8 � c2

c3
C9

ð46Þ

Further substituting Eq. (46) into the second equation of
(44) yields a fourth-order ordinary differential equation
about rf,

d4rf

dz4 þ S11
d2rf

dz2 þ S22rf þ S33 ¼ 0 ð47Þ

in which

S11 ¼
2

B1r2
f

C7 �
c1

c3
C9

� �
� 2

B1 r2
i � r2

f

� � C8 �
c2

c3
C9

� �
� 1

2ð1 þ mmÞB3
C11 �

c2

c3
C12

� �� 	

S22 ¼
2

B1r2
f r2

i � r2
f

� � 1
ð1þ mmÞB3

C11 �
c2

c3
C12

� �
C7 �

c1

c3
C9

� �
� C8 �

c2

c3
C9

� �
C10 �

c1

c3
C12

� �� 	

S33 ¼
2

B1r2
f r2

i � r2
f

� � 1
ð1þ mmÞB3

C11 �
c2

c3
C12

� �
Q 6 þ

C9

c3
r0

� �
� C8 �

c2

c3
C9

� �
Q 7 þ

C12

c3
r0

� �� 	

ð48Þ

Using the non-dimensional parameters r� ¼ r=rf ; z� ¼ z=Lf ;

r�i ¼ ri=rf ; r�m ¼ rm=rf and t� ¼ t=rf ¼ r�i � 1, Eq. (47) can be
rewritten as

d4rf

dz�4
þ 4q2S�11

d2rf

dz�2
þ 16q4S�22rf þ 16q4S�33 ¼ 0 ð49Þ

where q = Lf/2rf denotes the aspect ratio of the cylindrical
fiber and the dimensionless parameters S�11; S

�
22; S

�
33 are

S�11 ¼
2
B1

C7�
c1

c3
C9

� �
� 2

B1 ð1þ t�Þ2�1
h i C8�

c2

c3
C9

� �
� 1

2ð1þmmÞB3
C11�

c2

c3
C12

� �� 	

S�22 ¼
2

B1B3ð1þmmÞ½ð1þ t�Þ2�1�
C11�

c2

c3
C12

� �
C7�

c1

c3
C9

� �
� C8�

c2

c3
C9

� �
C10�

c1

c3
C12

� �� 	

S�33 ¼
2

B1B3ð1þmmÞ½ð1þ t�Þ2�1�
C11�

c2

c3
C12

� �
Q 6þ

C9

c3
r0

� �
� C8�

c2

c3
C9

� �
Q 7þ

C12

c3
r0

� �� 	

ð50Þ
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According to Afonso and Ranalli (2005) and Fu et al.
(2000a,b), the general solution to Eq. (49) can be obtained
as

rf ðz�Þ ¼ �
S�33

S�22
þW3 coshðk1z�Þ þW4 coshðk1z�Þ

k1 ¼ 2q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�S�11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S�211 � 4S�22

q
2

vuut
ð0 6 z� 6 1Þ

ð51Þ

Due to the assumption of perfectly bonded interfaces in the
present model, we have rf(0) = r0 and rf(1) = r0, which
yield

W3 ¼ r0 þ
S�33

S�22

W4 ¼
r0 þ S�33

S�22

� �
½1� coshðk1Þ�

sinhðk1Þ

ð52Þ

Then, the normalized closed-form solution of fiber’s axial
stress is

r�f ¼
rf ðz�Þ
r0

¼
� S�33

S�22
þ r0þ S�33

S�22

� �
sinh½k1ð1�z�Þ�

sinhðk1Þ
þ r0þ S�33

S�22

� �
sinhðk1z�Þ
sinhðk1Þ

r0

ð53Þ
4. The case with a linearly graded interphase

When the Young’s modulus of the interphase follows a
linear variation law in the radial direction, i.e.,

EiðrÞ ¼ aþ br ð54Þ

The continuity conditions of the Young’s modulus Ei at r = rf

and r = ri yield

a ¼ ri

ri � rf
Ef �

rf

ri � rf
Em; b ¼ � Ef � Em

ri � rf
ð55Þ

The average interphase modulus is

Ei ¼
Ef þ Em

2
ð56Þ

In contrast to the average interphase modulus in Eq. (12),
Ei is a constant in this case, which is independent of the
interphase size.

The similar method to that in Section 3 can be used to
find the radial and hoop stresses induced by Poisson’s con-
traction and thermal residual stress, respectively.

4.1. The radial and hoop stresses due to Poisson’s contraction

In the homogeneous fiber and matrix, the radial and
hoop stresses have the same forms as those in Eq. (14),
and the equilibrium equation in the interphase can be
written as

d2ur
i

dr2 þ
b

aþ br
þ 1

r

� �
dur

i

dr
þ bmi

rðaþ brÞ �
1
r2

� �
ur

i ¼ 0 ð57Þ

Let b
aþbr þ 1

r ¼ pðrÞ and bmi
rðaþbrÞ � 1

r2 ¼ qðrÞ. The general solution
to Eq. (57) can be found using the series solution method
(Johnson and Johnson, 1965). One can see that two singular
points exist in p(r) and q(r), i.e.r = 0 and r = �a/b. However,
both of them lie outside the interphase domain. Eq. (57)
can be solved as (Jayaraman and Reifsnider, 1992, 1993)

ur
i ðrÞ ¼

X1
n¼0

Rnðr � r0Þn; r0 ¼
ri þ rf

2
ð58Þ

in which r0 is a point locating at the middle of the inter-
phase layer and Rn are the coefficients of the power series.

Substituting Eq. (58) into Eq. (57) and using the Series
Solution method yield

ur
i ðrÞ ¼ R0f1ðr � r0Þ þ R1f2ðr � r0Þ ð59Þ

where f1(r � r0) and f2(r � r0) are n orders polynomials
with respect to (r � r0). The coefficients can be determined
by the Taylor expansions of p(r) and q(r) (Johnson and
Johnson, 1965). Numerical calculations show that the con-
vergence of the solution is satisfied only if n P 8. There-
fore, n = 8 is taken in Eq. (59) in order to get an
asymptotic solution of ur

i . The radial and hoop strains can
be obtained as

er
i ¼ R0f 01 þ R1f 02; eh

i ¼ R0
f1

r
þ R1

f2

r
ð60Þ

f 01; f
0
2 are the derivatives of f1, f2 with respect to r. Mean-

while, the radial and hoop stresses in the interphase are

rrp
i ¼

Ei

Ii
½A1ðrÞR0 þ A2ðrÞR1� þ

mi

1� mi
ri

rhp
i ¼

Ei

Ii
½A3ðrÞR0 þ A4ðrÞR1� þ

mi

1� mi
ri

rrp
i þ rhp

i ¼
Ei

Ii
½A5ðrÞR0 þ A6ðrÞR1� þ

2mi

1� mi
ri

ð61Þ

where

A1ðrÞ ¼ g y01 þ mi
y1

r

� �
; A2ðrÞ ¼ g y02 þ mi

y2

r

� �
;

A3ðrÞ ¼ g miy01 þ
y1

r

� �
; A4ðrÞ ¼ g miy02 þ

y2

r

� �
;

A5 ¼ A1 þ A3; A6 ¼ A2 þ A4

g ¼ ð1þ miÞð1� 2miÞ
1� mi

ð62Þ

Using the boundary conditions in Eqs. (23)–(25) results in

A ¼ 1
H4
ðH1rf þ H2ri þ H3rmÞ

R0 ¼
EmF4ðS1ri�mf rf Þ�Ef F2ðS2ri�mmrmÞ

EmEf ðF1F4�F2F3Þ

R1 ¼
EmF3ðS1ri�mf rf Þ�Ef F1ðS2ri�mmrmÞ

EmEf ðF2F3�F1F4Þ

F ¼ �r2
mH

H ¼ � r2
i

r2
m�r2

i

1
H4
ðH5rf þ H6ri þ H7rmÞ

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð63Þ

Further, we have

rrp
i þ rhp

i

� �
r¼rf

¼ 1
H4
ðH8rf þ H9ri þ H10rmÞ

rrp
i þ rhp

i

� �
r¼ri

¼ 1
H4
ðH11rf þ H12ri þ H13rmÞ

ð64Þ

The parameters F1 � F4,H1 � H13,S1 and S2 in the above
equations are given in Appendix B.
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4.2. Thermal residual stress

In the homogeneous fiber and matrix, the radial dis-
placements induced by the thermal effect possess similar
forms to Eq. (28). The general solution of the radial dis-
placement �ur

i can be obtained by the series solution meth-
od (Johnson and Johnson, 1965; Jayaraman and Reifsnider,
1992),

�ur
i ðrÞ ¼ R0

�f 1ðr � r0Þ þ R1
�f 2ðr � r0Þ � miDr ð65Þ

Numerical calculations show that n = 8 can guarantee the
convergence of the asymptotic solution of �ur

i . Then the ra-
dial and hoop stresses in the interphase are

qr
i ¼

Ei

Ii
A1ðrÞR0 þ A2ðrÞR1

h i

qh
i ¼

Ei

Ii
A3ðrÞR0 þ A4ðrÞR1

h i

qr
i þ qh

i ¼
Ei

Ii
A5ðrÞR0 þ A6ðrÞR1

h i
ð66Þ

in which

A1ðrÞ ¼ ð1� m2
i Þ�y01 þ mið1þ miÞ

�y1

r
; A2ðrÞ ¼ 1� m2

i

� �
�y02 þ mið1þ miÞ

�y2

r
;

A3ðrÞ ¼ 1� m2
i

� � �y1

r
þ mið1þ miÞ�y01; A4ðrÞ ¼ 1� m2

i

� � �y2

r
þ mið1þ miÞ�y02;

A5 ¼ A1 þ A3; A6 ¼ A2 þ A4

ð67Þ

Using the boundary conditions in Eqs. (32)–(35), we
have

A ¼ K1Dþ K2q1 þ K3q2

R0 ¼
F4 ½q1DTþðmi�mf ÞD��F2 ½q2DTþðmi�mmÞD�

F1F4�F2F3

R1 ¼
F3 ½q1DTþðmi�mf ÞD��F1 ½q2DTþðmi�mmÞD�

F2F3�F1F4

F ¼ K4Dþ K5q1 þ K6q2

H ¼ r2
m

1�2mm
½ðK4 þ mmÞDþ K5q1 þ K6q2�

D ¼ � 1
K7
ðK8q1 þ K9q2Þ

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð68Þ

where q1 = (af � ai)DT, q2 = (am � ai)D T. For the case with
a linearly graded interphase, qr

a þ qh
aða ¼ f ; i;mÞ has the

same general forms as Eq. (37), and the relevant parame-
ters K1 � K15; F1 � F4 are given in Appendix B.

4.3. Stresses in the improved shear-lag model

Combining Eqs. (5), (13), (61) and (66) yields

ez
i ðr; zÞ ¼

1
Ei

�
ri � mi rr

i þ rh
i

� �	

¼ 1� 2m2
i

1� mi

� �
ri

aþ br

� mi

Ii
A5ðrÞR0 þ A6ðrÞR1 þ A5ðrÞR0 þ A6ðrÞR1

h i
ð69Þ
Then, the integral in Eq. (8) can be written asZ ri

rf

Ei

2ð1þ miÞ
@ez

i ðr; zÞ
@r

dr ¼ � lnðEm=Ef Þ
2ð1þ miÞ

1� 2m2
i

1� mi

� �
ri

� mi

2Iið1þ miÞ

Z ri

rf

A7ðrÞR0 þ A8ðrÞR1½

þA7ðrÞR0 þ A8ðrÞR1

i
dr ð70Þ

in which

A7ðrÞ ¼ ðaþ brÞ dA5ðrÞ
dr

; A8ðrÞ ¼ ðaþ brÞdA6ðrÞ
dr

;

A7ðrÞ ¼ ðaþ brÞ dA5ðrÞ
dr

; A8ðrÞ ¼ ðaþ brÞdA6ðrÞ
dr

ð71Þ

Substituting R0;R1;R0;R1 into Eq. (70) yieldsZ ri

rf

Ei

2ð1þ miÞ
@ez

i ðr; zÞ
@r

dr ¼ � 1� 2m2
i

1� mi

� �
lnðEm=Ef Þ
2ð1þ miÞ

ri

� mi

2Iið1þ miÞ
½C1rf þ C2ri þ C3rm þ Q5�

ð72Þ

where Q 5 ¼ ðC5 � C4
K8
K7
Þq1 þ C6 � C4

K9
K7

� �
q2.

Combining Eqs. (5), (13), (14), (64) and (69) leads to an-
other term in Eqs. (8) and (9),

emðrm; zÞ � eiðri; zÞ ¼
mi

Ei
Q 4 �

mm

Em
Q 2

þ 2mmr2
i

Emðr2
m � r2

i Þ
H5

H4
þ mi

Ei

H11

H4

� 	
rf

þ 2mmr2
i

Em r2
m � r2

i

� � H6

H4
� 1

Ei
þ mi

Ei

H12

H4

" #
ri

þ 1
Em
ð1þ 2mmr2

i

r2
m � r2

i

H7

H4
Þ þ mi

Ei

H13

H4

� 	
rm

ð73Þ

Then, we have

ds1

dz
¼ 1

B1rf
ðC7rf þ C8ri þ C9rm þ Q 6Þ

ds2

dz
¼ 1

2ð1þ mmÞB3ri
ðC10rf þ C11ri þ C12rm þ Q 7Þ

Q 6 ¼ �
B2

2ð1þ mmÞB3
mmQ 2 �

Em

Ei
miQ4

� �
� mi

2Iið1þ miÞ
Q 5

Q 7 ¼ �mmQ 2 þ
Em

Ei
miQ 4

ð74Þ

Similar to Section 3.3, we can finally obtain a fourth-order
differential equation for fiber’s axial stress rf, which has
the same form as Eq. (49). Parameters C1 � C12 in this case
are given in Appendix B.

5. Results and discussions

Consider a unidirectional carbon fiber-reinforced com-
posite system subjected to a uniform tensile stress r0.
The matrix is a brittle thermosetting polymer (e.g. epoxy
resins), which enables the tensile load to be transferred
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by the elastic shear deformation at interfaces (Huang and
Young, 1996; Leveque and Auvray, 1996). In the composite
system, Young’s modulus of the interphase varies continu-
ously in the radial direction (Liu et al., 2008; Yang and Pitc-
humani, 2004). According to Chai and Mai (2001), Fu et al.
(2000), Jayaraman and Reifsnider (1992), Kiritsi and Ani-
fantis (2001), Wu et al. (1997) and Zhang et al. (2010),
the material parameters are taken as: Ef = 230 GPa, Em = 5 -
GPa, mf = 0.2, mi = mm = 0.35, q = 10, af = 12 � 10�6/�C,
ai = 28 � 10�6/�C, am = 55 � 10�6/�C, D T = �100 �C. The
ratio of length is Lf/Lm = 0.5, which will be fixed in the pres-
ent paper. Then, the volume fraction of fibers in Eq. (1) de-
pends only on the ratio rf/rm. Initially, we choose Vf = 0.18
and the uniform tensile load r0 = 10 MPa. Based on the
above theoretical analysis, the effects of the inhomoge-
neous interphase on the mechanism of stress transfer
among fibers, interphase and matrix are discussed as
follows.
Fig. 3. (a) The interphase Young’s modulus varying in the radial direction
for different interphase thicknesses in the model with a power variation
law; (b) The relation between the average interphase Young’s modulus
and the interphase thickness.

Fig. 4. Distributions of the fiber’s axial stress along the axis of fibers for
different interphase thicknesses in the model with a power variation law.
(a) Vf = 0.18; (b) Vf = 0.25.

Fig. 5. The average fiber stress versus the interphase thickness for
different volume fractions of fibers in the model with a power variation
law.
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5.1. The case with a power-graded interphase

Fig. 3(a) gives the Young’s modulus of interphase Ei

varying in the radial direction for different ratios of t/rf

according to a power variation law. Since the Young’s mod-
ulus of fibers is much larger than that of matrix and the
continuity conditions of Young’s modulus at interfaces
should be satisfied, Ei decreases in the radial direction.
Fig. 3(b) shows the average Young’s modulus of interphase
as a function of the non-dimensional interphase thickness.
From Fig. 3(b), one can see that Ei decreases slightly with
an increasing interphase thickness. The thicker the inter-
phase layer, the softer it will be. In this case, the overall
modulus of the composite annulus surrounding the fiber
will reduce as the volume fraction of interphase grows.

Fig. 4(a) and (b) plot distributions of the normalized fi-
ber’s axial stress along the normalized axial coordinate for
cases with different interphase thicknesses and volume
fractions of fibers. Clearly, the fiber’s axial stress rises rap-
idly from two ends to reach a plateau value in cases with
different volume fractions of fibers, and keeps almost uni-
form within the middle region of the fiber, exhibiting a
Fig. 6. Distributions of the interfacial shear stress along the axis of fibers
for different interphase thicknesses in the model with a power variation
law. (a) At the fiber/interphase interface; (b) At the interphase/matrix
interface.
similar pattern to those in Fu et al. (2000b), Wu et al.
(1997) and Zhang and He (2008). Meanwhile, it is found
that the increase of interphase thickness leads to an in-
crease of fiber stress. This phenomenon can be explained
by the reduction of the average interphase modulus with
an increasing interphase thickness as shown in Fig. 3(b).
Since the interphase layer becomes soft with an increasing
interphase thickness, the effective stiffness of the compos-
ite annulus (formed by the matrix and interphase layers)
surrounding the fiber decreases correspondingly, resulting
in a weakened load bearing capacity of the materials out-
side the fiber. More external loads should be supported
by the stiff carbon fiber. These results indicate that when
the interphase modulus has a power variation, a thicker
interphase layer is more helpful for a better stress transfer.

An average axial stress is defined as follows,

r�f
D E

¼
Z 1

0
r�f ðz�Þdz� ð75Þ
Fig. 7. (a) The interphase Young’s modulus varying in the radial direction
for different interphase thicknesses in the model with a linear variation
law; (b) The relation between the average interphase modulus and the
interphase thickness.



Fig. 9. The average fiber stress versus the interphase thickness for
different volume fractions of fibers in the model with a linear variation
law, the dashed line represents a referenced one parallel to the horizontal
axis.
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which is used to evaluate the stress level within the fiber.
Fig. 5 gives the average axial stress as a function of inter-
phase thickness for cases with different volume fractions
of fibers. One can see that the average fiber stress
increases almost linearly with an increasing interphase
thickness, but with a low slope. This tendency is consis-
tent well with that in Fig. 4. Both the results in Figs. 4
and 5 reveal that for the case with a power graded inter-
phase, the fiber’s axial stress will increase at a small and
constant growth rate when the interphase zone becomes
thicker. This argument is of significant reference for a
proper design of interphase size to achieve a desirable
axial stress of fibers.

Effects of the inhomogeneous interphase on the shear
stresses s1 and s2 at the fiber/interphase and interphase/
matrix interfaces are depicted in Fig. 6(a) and (b), respec-
tively. It is found that not only the distribution of s1 but
also that of s2 is almost insensitive to the variation of inter-
phase thickness in the middle region of a fiber. This result
is consistent with that in Fig. 4(a) and (b) and governed by
the relations in Eq. (3), in which the interfacial shear stress
Fig. 8. Distributions of the fiber’s axial stress along the axis of fibers for
different interphase thicknesses in the model with a linear variation law:
(a) The whole fiber length; (b) Amplifications of the middle region of the
fiber (0.1 6 z/L 6 0.9).
depends only on the increment of the axial stress for a
determined model structure. Only the interfacial shear
Fig. 10. Distributions of the interfacial shear stress along the axis of fibers
for different interphase thicknesses in the model with a linear variation
law. (a) At the fiber/interphase interface; (b) At the interphase/matrix
interface.
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stresses near both ends of the fiber are influenced by the
interphase thickness.
5.2. The case with a linearly graded interphase

Fig. 7(a) gives the schematics of Young’s modulus of the
interphase varying in the radial direction with a linear fea-
ture. The continuity conditions lead to the linearly varying
slope of the curves decreasing with an increasing inter-
phase thickness. Fig. 7(b) shows the average Young’s mod-
ulus of the interphase for cases with different interphase
thicknesses. One can see that the average Young’s modulus
is a constant independent of the interphase thickness in
the structure with a linear graded interphase.

Fig. 8(a) shows distributions of the normalized fiber
stress along the axial direction for cases with different
interphase thicknesses. In contrast to the corresponding
results in the case with a power variation law as shown
in Fig. 4(a), the interphase thickness does not exhibit sig-
nificant effects on the distribution of the axial stress of fi-
bers in the linear variation case. Amplifications of the
axial stress distributions in the middle of fibers are shown
Fig. 11. Comparisons of the fiber’s axial stress distributions between the
case with a power variation law and that with a linear one. (a) For t⁄ = 0.1;
(b) For t⁄ = 0.2.
in Fig. 8(b). It is surprising to find that, contrary to the re-
sults in Fig. 4(a), the plateau value decreases with an
increasing interphase thickness, though the decrement is
small. This feature is also reflected in Fig. 9, where the
average fiber stress r�f

D E
reduces linearly but slowly with

an increasing interphase thickness. This phenomenon can
also be characterized by the varying relation between the
average interphase modulus and interphase thickness for
the linear variation case, as shown in Fig. 7(b). It is noted
that the volume fraction of the interphase in the cylindrical
cell will increase and that of the matrix decreases with an
increasing interphase thickness. The effective stiffness out-
side the carbon fiber is enhanced because the constant
average interphase modulus Ei is much larger than the
modulus of polymer matrix. Consequently, fibers share a
less external load. With a constant average interphase
modulus, the effects of interphase properties on stress
transfer arise only from the variation of interphase thick-
ness, which are actually very small (Fu et al., 2000b).

Comparing the results in Figs. 4 and 8, one can see that
an increasing interphase thickness has totally opposite ef-
fects on the fiber stress in the cases with a power and a lin-
ear variation law. This phenomenon mainly arises from the
different varying trends of the interphase effective stiffness
versus thickness, as shown in Fig. 3(b) and 7(b), which is a
distinct characteristic of the graded interphase as com-
pared to a homogeneous one.

Effects of the interphase thickness on the shear stresses
s1 and s2 at the fiber/interphase and interphase/matrix
interfaces are depicted in Fig. 10(a) and (b), respectively.
It is found that not only the distribution of s1 but also that
of s2 is almost insensitive to the variation of interphase
thickness in the middle region of a fiber. The result is very
similar to that in the power variation case, which is gov-
erned by the relations in Eq. (3). The interfacial shear stress
depends only on the increment of the axial stress for a
determined model structure. Due to the existing plateaus
in Fig. 8(a) and (b), the corresponding interfacial shear
stress almost vanishes in the same region.

5.3. A comparison between the linear graded case and the
power graded one

Fig. 11(a) and (b) show the distributions of axial stress
of fibers for both cases with different volume fractions of
fibers and different interphase thicknesses. In the case with
a fixed interphase thickness, fiber’s axial stress in the
power case is larger than that in the linear one and it is rea-
sonable to find that fiber’s axial stress decreases with an
increasing fiber’s volume fraction. In the case with a fixed
volume fraction of fibers, the difference of the fiber’s axial
stress between the power case and the linear one increases
with an increasing interphase thickness. This tendency can
also be explained from the perspective of the average
interphase modulus. Since the average Young’s modulus
Ei in the power case is much smaller than that in the linear
one, which leads to a softer stiffness outside the carbon fi-
ber, the fiber in the former should sustain more tensile
loads. On the other hand, the average Young’s modulus Ei

in the power law case decreases with an increasing inter-
phase thickness, while Ei in the linear one keeps a constant.
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Therefore, the deviation of fiber’s axial stress in the two
cases enlarges with an increasing interphase thickness.
The results indicate that interphase with a power variation
law should be more effective for stress transfer than that
with a linear one.

Fig. 12(a)–(d) show the comparisons of the interfacial
shear stresses for the power and linear variation cases.
The differences between the two cases are very small if
the interphase thickness is small, because the interfacial
shear stresses s1 and s2 in most areas of the interface are
almost insensitive to the interphase properties. Only when
the interphase thickness becomes large, the interfacial
shear stresses in the power variation case exceed those
in the linear one at the region near the two ends of fibers.

In the practical design of novel fiber-reinforced com-
posites, one of the main objectives is to prevent the inter-
phase region from shear failure. The maximum shear stress
in the interphase can be expressed as

srz
i ðr; zÞ ¼

1
r2

i � r2
f

r2
i

r
� r

� �
rf s1ðzÞ þ r �

r2
f

r

 !
ris2ðzÞ

" #
;

ðrf 6 r 6 riÞ ð76Þ
Fig. 12. Comparisons of the interfacial shear stress distributions between the ca
interphase interface with t⁄ = 0.1; (b) At the fiber/interphase interface with
interphase/matrix interface with t⁄ = 0.2.
At an arbitrary radial position, the distribution of srz
i in z

direction has the same characteristic as s1 and s2, so the
maximum value should occur near the two ends of fiber,
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The distributions of si max for the two variation cases are
shown in Fig. 13. The maximum shear stress si max is obvi-
ously larger in the power variation case than that in the
linear one, which means that the latter should be more
favorable for reducing stress concentration in the inter-
phase region. Therefore, composites with an inhomoge-
neous interphase varying according to different laws may
own their special purposes. The interphase with its
Young’s modulus varying according to a power law should
be more efficient for stress transfer, while the one with a
linear variation law is more advantageous in preventing
shear fracture.
se with a power variation law and that with a linear one. (a) At the fiber/
t⁄ = 0.2; (c) At the interphase/matrix interface with t⁄ = 0.1; (d) At the



Fig. 13. Comparisons of the maximum shear stress in the interphase
between the case with a power variation law and that with a linear one.
(a) For t⁄ = 0.1; (b) For t⁄ = 0.2.

Fig. 14. Comparisons between the analytical and numerical predictions
of the (a) Fiber stress and (b) Interfacial shear stress, for the case with a
power variation law.
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5.4. Finite element (FE) validation

To validate the analytical results, finite element calcula-
tions are carried out based on the three-phase composite
system shown in Fig. 1. In order to simulate the thermal
residual stresses in different phases, the composite system
is subjected to a temperature change DT. ABAQUS is used
as a solver (DS SIMULIA, 2010) and the graded feature of
the interphase properties are implemented into the
numerical model via the subroutine USDFLD available in
ABAQUS.

Fig. 14(a) illustrates the theoretical and numerical pre-
dictions of fiber’s axial stress for the case with a power-
graded interphase. It is found that the theoretical result
agrees well with the numerical one in the case that the
interphase has a power-graded Young’s modulus, but a
constant Poisson’s ratio and a constant thermal expansion
coefficient. If not only the Young’s modulus but also the
Poisson’s ratio and thermal expansion coefficient vary
according to the same power-graded law as given by Eq.
(10) in the radial direction, the numerical result for this
case will have a small difference from the theoretical result
with assumptions of constant Poisson’s ratio and thermal
expansion coefficient, but the deviation is less than 10%.
Fig. 14(b) gives the theoretical and numerical predictions
of the fiber/interphase interfacial shear stress, in which
one can see that the interfacial shear stress is hardly sensi-
tive to the power graded Poisson’s ratio and thermal
expansion coefficient in the interphase.

Fig. 15(a) and (b) present the analytical and numerical
results for the case with a linearly graded interphase.
One can see that the effects of the linearly graded Poisson’s
ratio and thermal expansion coefficient of the interphase
on the fiber’s axial stress and interfacial shear stress at
the fiber/interphase interface are very weak. The deviation
between the theoretical prediction and the numerical one
is less than 10%.

The above comparisons demonstrate that the spatial
variations of the interphase Poisson’s ratio and thermal
expansion coefficient have very limited influences on the
stress distributions in the three-phase composite system,
and the constant assumptions of Poisson’s ratio and ther-
mal expansion coefficient in our analytical model is rea-
sonable. In fact, the constant assumptions have been
adopted in many studies of elastic graded materials, such
as Chen et al. (2009), Giannakopoulos and Pallot (2000),
Jayaraman and Reifsnider (1992) and Suresh et al. (1997).



Fig. 15. Comparisons between the analytical and numerical predictions
of the (a) Fiber stress and (b) Interfacial shear stress, for the case with a
linear variation law. Fig. 16. Distributions of fiber stress under different temperature changes

for (a) A power-graded interphase; (b) A linearly graded interphase.
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5.5. Effects of thermal mismatch on the stress transfer

The thermal expansion coefficients of different phases
are taken to be constants in our model, the magnitude of
thermal residual stress is governed by the temperature
change DT during the fabrication of composites. The dis-
tributions of fiber stress under different DT are shown in
Fig. 16(a) and (b) for cases with a power and linearly
graded interphase, respectively. It is easy to find that
the fiber stress increases with an increasing DT, which
is qualitatively consistent with the numerical results in
Song et al. (1996) and the experimental results in Huang
and Young (1996). Due to the increasing thermal mis-
match, the radial pressure at the interface increases,
resulting in an increasing fiber’s axial stress owing to
the Poisson’s effect.

Fig. 17 gives the corresponding distributions of interfa-
cial shear stress under different DT for the two cases. The
interfacial shear stress increases slightly near the two ends
of fibers with an increasing DT, which was also evidenced
by Huang and Young (1996) and Song et al. (1996). There-
fore, thermal mismatch in such a three-phase composite
would be helpful for achieving a better stress transfer,
but has a negative effect on protecting interface from shear
failure.
6. Conclusions

A three-phase shear-lag model is developed in this
paper to investigate the effects of an inhomogeneous inter-
phase on the mechanism of stress transfer in unidirectional
fiber-reinforced composites. The interphase Young’s mod-
ulus is regarded as spatially non-uniform while other
material parameters are chosen to be constant. A power
variation law and a linear one of interphase Young’s mod-
ulus are considered, respectively. Closed-form solutions to
the fiber’s axial stress and interfacial shear stress are ob-
tained. In the former, it is interesting to find that the in-
crease of interphase thickness leads to an increasing
fiber’s axial stress due to the reduction of the effective stiff-
ness of a thickened interphase layer. In the latter, the fi-
ber’s axial stress is found to decrease with an increasing
interphase thickness due to the enhancing overall modulus
of the composite materials outside fibers. In both cases, the



Fig. 17. Distributions of interfacial shear stress under different temper-
ature changes for (a) A power-graded interphase; (b) A linearly graded
interphase.
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interfacial shear stress is almost insensitive to the inter-
phase thickness except that near the two ends of fibers.
All the phenomena can be characterized by an average
Young’s modulus of interphase, which reduces or keeps
invariant in the two cases, respectively. Moreover, compar-
isons of both cases show that the former one is more
advantageous in stress transfer, while the latter is more
favorable for preventing shear failure. Numerical calcula-
tions are carried out and the numerical results agree with
the theoretical ones, which demonstrates the reasonability
of the constant assumptions of Poisson’s ratio and thermal
expansion coefficient of the interphase. The results in the
present paper are derived based on the elastic load transfer
mechanism, which should be useful for the design of some
novel fiber-reinforced thermosetting matrix composites,
especially for those with a modified interphase due to a
weakly adhesive interface between the fiber and matrix,
such as carbon fiber-reinforced epoxy composites
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Appendix A

In the case with the Young’s modulus of interphase
varying according to a power graded law, F1 � F4, S1, S2 in
Eq. (26) are
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Then, H1 � H14 in Eqs. (26) and (29) can be expressed as
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The parameters A1, A2, A5, A6 in Eqs. (A.1) and (A.2) can be
found in Eq. (22).

In the part of thermal residual stress, the coefficients
F1 � F4 in Eq. (36) are
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Then the coefficients K1 � K9 in Eq. (36) can be expressed
as
K1¼
If

Iið1þmf Þ
A1F4ðmi�mf Þ ri

rf

� � �m2�1
�A2F3ðmi�mf Þ ri

rf

� � �m1�1
þðA2F1�A1F2Þðmi�mmÞ

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1 �mf

K2¼
If

Iið1þmf Þ
A1F4

ri
rf

� � �m2�1
�A2F3

ri
rf

� � �m1�1

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1 ; K3¼
�If

Iið1þmf Þ
A1F2�A2F1

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1

K4¼�
Imr2

i

Ii

ðA1F4�A2F3Þðmi�mf Þ ri
rf

� � �m2�1
þ A2F1

ri
rf

� � �m2� �m1
�A1F2

� 	
ðmi�mmÞ

ðr2
m�r2

i Þð1þmmÞ½F1F4
ri
rf

� � �m2� �m1
�F2F3 �

�mm



Y. Yao et al. / Mechanics of Materials 58 (2013) 35–54 51
K5¼�
Imr2

i

Ii

ðA1F4�A2F3Þ ri
rf

� � �m2�1

ðr2
m�r2

i Þð1þmmÞ F1F4
ri
rf

� � �m2� �m1
�F2F3

� 	K6

¼�Imr2
i

Ii

A2F1
ri
rf

� � �m2� �m1
�A1F2

ðr2
m�r2

i Þð1þmmÞ F1F4
ri
rf

� � �m2� �m1
�F2F3

� 	K7

¼
Ef r2

f

2EmIf
ð1�m2

f Þþ2mf ð1þmf ÞK1

h i
þr2

m�r2
i

2Im
ð1�m2

mÞþ2mmð1þmmÞK4
� �

þEf M1

Em
K8

¼
Ef mf r2

f

EmIf
ð1þmf ÞK2þ

r2
m�r2

i

Im
mmð1þmmÞK5þ

Ef M2

Em
K9

¼
Ef mf r2

f

EmIf
ð1þmf ÞK3þ

r2
m�r2

i

Im
mmð1þmmÞK6þ

Ef M3

Em
ðA:4Þ

in which the parameters M1, M2, M3 are
M1¼
1

Qþ2
r2

i
ri

rf

� �Q

�r2
f

" #

þmið1þmiÞ
Ii

�m1þ1
1� �m2

r2
i

ri

rf

� ��ð1þ �m2Þ

�r2
f

" #(

�
F4

ri
rf

� � �m2�1
ðmi�mf Þ�F2ðmi�mmÞ

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1 �
�m2þ1
1� �m1

� r2
i

ri

rf

� ��ð1þ �m1Þ

�r2
f

" #
F3

ri
rf

� � �m1�1
ðmi�mf Þ�F1ðmi�mmÞ

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1

9>=
>;
ðA:5Þ

M2¼
mið1þmiÞ

Ii

�m1þ1
1� �m2

r2
i

ri

rf

� ��ð1þ �m2Þ

�r2
f

" #(

�
F4

ri
rf

� � �m2�1

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1�
�m2þ1
1� �m1

r2
i

ri

rf

� ��ð1þ �m1Þ

�r2
f

" #

�
F3

ri
rf

� � �m1�1

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1

9>=
>; ðA:6Þ

M3¼
mið1þmiÞ

Ii

�m1þ1
1� �m2

r2
i

ri

rf

� ��ð1þ �m2Þ

�r2
f

" #(

� �F2

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1þ
�m2þ1
1� �m1

½r2
i

ri

rf

� ��ð1þ �m1Þ

�r2
f �

� F1

F1F4
ri
rf

� � �m2�1
�F2F3

ri
rf

� � �m1�1

9>=
>; ðA:7Þ

The coefficients K10 � K15 in Eq. (37) are as follows,
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The parameters A1;A2;A5;A6 in Eqs. (A.3), (A.4), (A.5), (A.6),
(A.7), (A.8) can be found in Eq. (31).

The parameters C1 � C12 in Eqs. (40), (41) and (43) are

C1 ¼
A6F3mf

ri
rf

� �m1�1

ri
rf

� �m2�1
F1F4 � ri

rf

� �m1�1
F2F3

m2 �1
1þm1

ri

rf

� ��ðm1þ1Þ

� 1

" #

�
A5F4mf

ri
rf

� �m2�1

ri
rf

� �m2�1
F1F4 � ri

rf

� �m1�1
F2F3

m1 � 1
1þm2

ri

rf

� ��ðm2þ1Þ

�1

" #

ðA:9Þ

C2 ¼
A5F4S1

ri
rf

� �m2�1
� Ef

Em
A5F2S2

ri
rf

� �m2�1
F1F4 � ri

rf

� �m1�1
F2F3

m1 � 1
1þm2

ri

rf

� ��ðm2þ1Þ

� 1

" #

�
A6F3S1

ri
rf

� �m1�1
� Ef

Em
A6F1S2

ri
rf

� �m2�1
F1F4 � ri

rf

� �m1�1
F2F3

m2 � 1
1þm1

ri

rf

� ��ðm1þ1Þ

� 1

" #

ðA:10Þ

C3¼
Ef

Em

A5F2mm

ri
rf

� �m2�1
F1F4� ri

rf

� �m1�1
F2F3

m1�1
1þm2

8><
>:

� ri

rf

� ��ðm2þ1Þ

�1

" #
� A6F1mm

ri
rf

� �m2�1
F1F4� ri

rf

� �m1�1
F2F3

m2�1
1þm1

ri

rf

� ��ðm1þ1Þ

�1

" #9>=
>;
ðA:11Þ

C4 ¼
A5F4Ef ðmi � mf Þ ri

rf

� � �m2�1
� A5F2Ef ðmi � mmÞ

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F3

�
�m1 � 1
1þ �m2

ri

rf

� ��ð �m2þ1Þ

� 1

" #

�
A6F3Ef ðmi � mf Þ ri

rf

� � �m1�1
� A6F1Ef ðmi � mmÞ

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F33

�
�m2 � 1
1þ �m1

ri

rf

� ��ð �m1þ1Þ

� 1

" #
ðA:12Þ

C5 ¼
A5F4Ef

ri
rf

� � �m2�1

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F3

�m1 �1
1þ �m2

ri

rf

� ��ð �m2þ1Þ

� 1

" #

�
A6F3Ef

ri
rf

� � �m1�1

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F3

�m2 � 1
1þ �m1

ri

rf

� ��ð �m1þ1Þ

�1

" #

ðA:13Þ
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C6 ¼
A6F1Ef

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F3

�
�m2 � 1
1þ �m1

ri

rf

� ��ð �m1þ1Þ

� 1

" #

� A5F2Ef

ri
rf

� � �m2�1
F1F4 � ri

rf

� � �m1�1
F2F3

�
�m1 � 1
1þ �m2

ri

rf

� ��ð �m2þ1Þ

� 1

" #
ðA:14Þ

C7 ¼
B2

2ð1þ mmÞB3

2mmr2
i H5

r2
m � r2

i

� �
H8
þ Emmi

Ei

H12

H8

" #

þ miC1

2ð1þ miÞIi
ðA:15Þ

C8 ¼
B2

2ð1þ mmÞB3

2mmr2
i H6

r2
m � r2

i

� �
H8
� Em

Ei
þ EmmiH13

EiH8

" #

þ miC2

2ð1þ miÞIi
� 1� 2m2

i

1� mi

� �
Q lnðri=rf Þ
2ð1þ miÞ

ðA:16Þ

C9 ¼
B2

2ð1þ mmÞB3
1þ 2mmr2

i H7

r2
m � r2

i

� �
H8
þ Emmi

Ei

H14

H8

" #

þ miC3

2ð1þ miÞIi
ðA:17Þ

C10 ¼
2mmr2

i H5

r2
m � r2

i

� �
H8
þ EmmiH12

EiH8
;

C11 ¼
2mmr2

i H6

r2
m � r2

i

� �
H8
� Em

Ei
þ EmmiH13

EiH8
;

C12 ¼ 1þ 2mmr2
i H7

r2
m � r2

i

� �
H8
þ EmmiH14

EiH8

ðA:18Þ
Appendix B

In the case with the Young’s modulus of interphase
varying according to a linear graded law, the coefficients
F1 � F4, S1, S2 in Eq. (63) are

F1 ¼
y1ðrÞ

r
� 1� mf

Ii
A1ðrÞ

� 	
r¼rf

; F2 ¼
y2ðrÞ

r
� 1� mf

Ii
A2ðrÞ

� 	
r¼rf

F3 ¼
y1ðrÞ

r
þ ð1þ m2

mÞr2
m þ ð1� mmÞr2

i

Ii r2
m � r2

i

� � A1ðrÞ
" #

r¼ri

F4 ¼
y2ðrÞ

r
þ

1þ m2
m

� �
r2

m þ ð1� mmÞr2
i

Ii r2
m � r2

i

� � A2ðrÞ
" #

r¼ri

S1 ¼
mi

1� mi
ð1� mf Þ; S2 ¼ �

mi

1� mi

1þ m2
m

� �
r2

m þ ð1� mmÞr2
i

r2
m � r2

i

ðB:1Þ

Then, H1 � H7 in Eq. (63) can be expressed as

H1 ¼
mf

Ii
½A2ðrf ÞF3 � A1ðrf ÞF4�
H2 ¼
1
Ii
½A1ðrf ÞF4S1 �

Ef

Em
A1ðrf ÞF2S2 þ

Ef

Em
A2ðrf ÞF1S2

� A2ðrf ÞF3S1� þ
H4mi

1� mi

H3 ¼
Ef mm

EmIi
½A1ðrf ÞF2 � A2ðrf ÞF1�; H4 ¼ F1F4 � F2F3

H5 ¼
Emmf

Ef Ii
½A2ðriÞF3 � A1ðriÞF4�

H6 ¼
Em

Ef Ii
A1ðriÞF4S1 �

Ef

Em
A1ðriÞF2S2

�

þ Ef

Em
A2ðriÞF1S2 � A2ðriÞF3S1

	
þ H4mi

1� mi

H7 ¼
mm

Ii
½A1ðriÞF2 � A2ðriÞF1� ðB:2Þ

and H8 � H13 in Eq. (64) are

H8 ¼
mf

Ii
½A6ðrf ÞF3 � A5ðrf ÞF4 �

H9 ¼
1
Ii

A5ðrf ÞF4S1 �
Ef

Em
A5ðrf ÞF2S2 þ

Ef

Em
A6ðrf ÞF1S2 � A6ðrf ÞF3S1

� 	
þ 2H4mi

1� mi

H10 ¼
Ef mm

EmIi
½A5ðrf ÞF2 � A6ðrf ÞF1 �; H11 ¼

Emmf

Ef Ii
½A6ðriÞF3 � A5ðriÞF4�

H12 ¼
Em

Ef Ii
A5ðriÞF4S1 �

Ef

Em
A5ðriÞF2S2 þ

Ef

Em
A6ðriÞF1S2 � A6ðriÞF3S1

� 	
þ 2H4mi

1� mi

H13 ¼
mm

Ii
½A5ðriÞF2 � A6ðriÞF1 �

ðB:3Þ

The functions A1(r), A2(r), A5(r), A6(r) in Eqs. (B.1), (B.2),
(B.3) can be found in Eq. (62).

In the part of thermal residual stress, the coefficients
F1 � F4 in Eq. (68) are

F1 ¼
�y1ðrÞ

r
� If

Iið1þ mf Þ
A1ðrÞ

� 	
r¼rf

; F2 ¼
�y2ðrÞ

r
� If

Iið1þ mf Þ
A2ðrÞ

� 	
r¼rf

F3 ¼
�y1ðrÞ

r
þ Im

Iið1þ mmÞ
r2

i

r2
m � r2

i

� �þ r2
m

ð1� 2mmÞ r2
m � r2

i

� �
" #

A1ðrÞ
( )

r¼ri

F4 ¼
�y2ðrÞ

r
þ Im

Iið1þ mmÞ
r2

i

r2
m � r2

i

� �þ r2
m

ð1� 2mmÞ r2
m � r2

i

� �
" #

A2ðrÞ
( )

r¼ri

ðB:4Þ

Then, the coefficients K1 � K9 in Eq. (68) can be expressed
as

K1 ¼ If
½A1ðrf ÞF4 � A2ðrf ÞF3�ðmi � mf Þ þ ½A2ðrf ÞF1 � A1ðrf ÞF2 �ðmi � mmÞ

Iið1þ mf ÞðF1F4 � F2F3Þ
� mf

K2 ¼
If

Iið1þ mf Þ
A1ðrf ÞF4 � A2ðrf ÞF3

F1F4 � F2F3
;

K3 ¼
If

Iið1þ mf Þ
A2ðrf ÞF1 � A1ðrf ÞF2

F1F4 � F2F3

K4 ¼ �
Imr2

i

Ii

½A1ðriÞF4 � A2ðriÞF3 �ðmi � mf Þ þ ½A2ðriÞF1 � A1ðriÞF2�ðmi � mmÞ
ðr2

m � r2
i Þð1þ mmÞ½F1F4 � F2F3 �

� mm

K5 ¼ �
Imr2

i

Ii

A1ðriÞF4 � A2ðriÞF3

r2
m � r2

i

� �
ð1þ mmÞ½F1F4 � F2F3�

K6 ¼ �
Imr2

i

Ii

A2ðriÞF1 � A1ðriÞF2

r2
m � r2

i

� �
ð1þ mmÞ½F1F4 � F2F3�
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K7 ¼
Ef r2

f

2If
1� m2

f

� �
þ 2mf ð1þ mf ÞK1

h i

þ ðr
2
m � r2

i ÞEm

2Im
1� m2

m

� �
þ 2mmð1þ mmÞK4

� �
þM1

K8 ¼
Ef mf r2

f

If
ð1þ mf ÞK2 þ

r2
m � r2

i

� �
Em

Im
mmð1þ mmÞK5 þM2

K9 ¼
Ef mf r2

f

If
ð1þ mf ÞK3 þ

r2
m � r2

i

� �
Em

Im
mmð1þ mmÞK6 þM3

ðB:5Þ

in which

M1 ¼ P0 þ
mið1þ miÞ

Ii

ðP1F4 � P2F3Þðmi � mf Þ þ ðP2F1 � P1F2Þðmi � mmÞ
F1F4 � F2F3

M2 ¼
mið1þ miÞ

Ii

P1F4 � P2F3

F1F4 � F2F3
; M3 ¼

mið1þ miÞ
Ii

P2F1 � P1F2

F1F4 � F2F3

P0 ¼
a
2

r2
i � r2

f

� �
þ b

3
r3

i � r3
f

� �

P1 ¼
Z ri

rf

Ei½r�y01ðrÞ þ �y1ðrÞ�dr; P2 ¼
Z ri

rf

Ei½r�y02ðrÞ þ �y2ðrÞ�dr

ðB:6Þ

a, b satisfy Eq. (55). The coefficients K10 � K15 in Eq. (69)
are given as

K10 ¼
Ef

Ii

½A5ðrf ÞF4 � A6ðrf ÞF3�ðmi � mf Þ þ ½A6ðrf ÞF1 � A5ðrf ÞF2 �ðmi � mmÞ
F1F4 � F2F3

K11 ¼
Ef

Ii

A5ðrf ÞF4 � A6ðrf ÞF3

F1F4 � F2F3
; K12 ¼

Ef

Ii

A6ðrf ÞF1 � A5ðrf ÞF2

F1F4 � F2F3

K13 ¼
Em

Ii

½A5ðriÞF4 � A6ðriÞF3�ðmi � mf Þ þ ½A6ðriÞF1 � A5ðriÞF2 �ðmi � mmÞ
F1F4 � F2F3

K14 ¼
Em

Ii

A5ðriÞF4 � A6ðriÞF3

F1F4 � F2F3
; K15 ¼

Em

Ii

A6ðriÞF1 � A5ðriÞF2

F1F4 � F2F3

ðB:7Þ

In Eqs. (B.4), (B.5) and (B.7), the functions
A1ðrÞ;A2ðrÞ;A5ðrÞ;A6ðrÞ can be found in Eq. (67).

The parameters C1 � C6 in Eq. (72) are expressed as

C1 ¼
mf

Ef

V2F3 � V1F4

F1F4 � F2F3
; C2 ¼

1
Ef

ðV1F4 � V2F3ÞS1 þ
Ef

Em
S2ðV2F1 � V1F2Þ

F1F4 � F2F3

C3 ¼
mm

Em

V1F2 � V2F1

F1F4 � F2F3
; C4 ¼

ðV1F4 � V2F3Þðmi � mf Þ þ ðV2F1 � V1F2Þðmi � mmÞ
F1F4 � F2F3

C5 ¼
V1F4 � V2F3

F1F4 � F2F3
; C6 ¼

V2F1 � V1F2

F1F4 � F2F3

ðB:8Þ

in which

V1 ¼
Z ri

rf

A7ðrÞdr ¼
Z ri

rf

ðaþ brÞdA5ðrÞ
dr

� 	
dr

V2 ¼
Z ri

rf

A8ðrÞdr ¼
Z ri

rf

ðaþ brÞdA6ðrÞ
dr

� 	
dr

V1 ¼
Z ri

rf

A7ðrÞdr ¼
Z ri

rf

ðaþ brÞdA5ðrÞ
dr

" #
dr

V2 ¼
Z ri

rf

A8ðrÞdr ¼
Z ri

rf

ðaþ brÞdA6ðrÞ
dr

" #
dr

ðB:9Þ

The parameters C7 � C12 in Eq. (74) are given as follows,
C7¼
B2

2ð1þmmÞB3

2mmr2
i H5

r2
m�r2

i

� �
H4
þEmmiH11

EiH4
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