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The instability criterion of atomic structure is used to investigate the nanoindentation size effect
based on the dislocation nucleation mechanism. Both the dislocation nucleation location and the
emission direction under indentation can be predicted. The nanoindentation size effect for hardness
can be interpreted with a critical condition of the dislocation nucleation through adopting an Atomic
Finite Element Method which is associated with the instability criterion. The present results agree
well with the analytical solution based on the Rice model. The present results show that the nanoin-
dentation size effect with the flat indenter can be expressed by using the dislocation nucleation
concept. From dislocation nucleation point of view, the applied average force (hardness) required for
dislocation emission is proportional to the inverse of square root of the width of the nano-indenter
(contact zone size).
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1. INTRODUCTION

Owing to the unique properties, researches on nano-
materials have attracted a great amount of attentions.
As a primary measurement, nano-contact experiments
such as nanoindentation,1�2 nano-bending3 and nano-
compression4–7 etc. have been widely applied to testing
the mechanical properties of materials in small scale. Size
effect of material behavior has been displayed. Previously,
explanations on such phenomena are mostly from the con-
tinuum approachs, such as Nix, Gao,8 Huang et al.2�9 and
Wei et al.10�11 modeled size effects through adopting the
strain gradient plasticity theories. The explanation based on
the strain gradient plasticity is valid at the scale of sev-
eral tens of micron where discrete dislocation events are
ignored. Thus, it is still vague for the nanoindentation size
effect at the nano-scale, which is very useful for manipu-
lating atoms at experiment of nano-scale.
At the nano-scale, dislocation nucleation has significant

influence on the incipient plastic behavior of materials
compared with dislocation propagation behavior. Numer-
ous nanoindentation experiments have revealed that the
onset of discontinuous plastic deformation is associated
with dislocation nucleation under high stress induced by

∗Author to whom correspondence should be addressed.

indenter. The dislocation nucleation induces a sudden
load-drop in the load–displacement curves, thus it plays a
critical role in the plastic behavior of material at the nano-
scale. A number of methods have been used for inves-
tigating the dislocation nucleation phenomena, such as,
Li et al.12 Zhu et al.13 and Liu et al.14 have determined the
homogeneously nucleated dislocation based on the elastic
stability theory. Miller et al.15 have proposed a criterion
based on the atomic-scale acoustic tensor. Their mod-
els highlight the need for nonlocal considerations in the
development of a nucleation criterion. Xu et al.16�17 have
also reported the dislocation nucleation on free surfaces
and surface steps based on a general variational bound-
ary integral formulation of the Peierls-Nabarro dislocation
model. These criteria are mostly used for perfect crys-
tals under deformation gradient or high order strains, and
can not be employed for the evaluation of strengths in the
cases of non-uniform deformations or bodies of inhomoge-
neous atom structures, such as nano-wires, nano-films etc.
Umeno et al.18–20 have developed an instability criterion of
an atomic structure based on the energy balance of whole
system. This method can be applied to the evaluation of
the strength of arbitrary structures and materials.
In the present research, dislocation nucleation criterion

for arbitrary atomic system is firstly presented. Compared
to model based on uniform deformations of crystal,12–14
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this model has the advantage that it can be used to deal
with complicated configurations in the relatively small
atomic systems, where the continuum approach is known
to break down.21 The present dislocation nucleation model
is implemented into Atomic-scale finite element method
(AFEM)22 to study the nanoindentation size effect based
on the critical condition for dislocation nucleation. The
simulation result is also validated by comparing with the
analytical result based on the Rice model.23

2. SIMULATION METHOD

2.1. Dislocation Nucleation Criterion of
Arbitrary Atomic System

In general, the equilibrium configurations of any structures
can be determined by the state of minimal energy. This is
still valid for atomic structures. The atom sites at equilib-
rium state are determined by minimizing total energy of
the system. The total energy E of the structure under an
arbitrary deformation can be expressed as:

E = U −W (1)

where U denotes the strain energy and W is the work done
by the external load.
For a system composting of n atoms, the internal energy

stored between atoms is denoted as:

U = U�R�= U�r1� r2� � � � � rn� (2)

where R = �r1� r2� � � � � rn� indicates the vector consisting
of the coordinates of each atom.
Taylor’s series expansion of the total energy in terms of

infinitesimal deformation �R around the equilibrium state
is given by

E�R+�R� = E�R�+
n∑

i=1

�E

�ri
�ri

+ 1
2

n∑
i=1

n∑
j

�2E

�ri�rj
�ri�rj +· · · (3)

The state of minimal energy requires:

�E

�ri
= 0� i = 1�2� � � � � n (4)

Substituting Eq. (3) into Eq. (4), the deviation of the
total energy during the infinitesimal deformation, �E, is
obtained,

�E = E�R+�R�−E�R�= 1
2
�RTA�R (5)

where A is a matrix whose components are as follows

Aij =
�2E

�ri�rj
(6)

The structure can be stable only when the value of �E
keeps positive for arbitrary infinitesimal deformation, �R.

�E > 0� for arbitrary �R (7)

Unstable deformation takes place when the value is neg-
ative, namely, dislocation can be nucleated once the �E is
negative.
Suppose �1��2� � � � ��n� ��1 < �2 < · · · < �n� are the

eigenvalues of the matrix A. Equation (7) cannot be valid
once the minimum eigenvalue �1 becomes zero. This cri-
terion can be used to keep the positive of the symmetrical
matrix Aij .

�1 = 0 (8)

Suppose eigenvector p1 corresponding to eigenvalue �1 is
the direction of the arbitrary deformation �R. For defor-
mation displacement field at the specific direction by p1,
the incremental energy �E will always keep zero.

�E = �kpT
1 �A�kp1�= 	1k

2 = 0 (9)

where k denotes the amplitude of deformation on direc-
tion p1. Equation (9) keeps for any value of k. Thus,
Eq. (8) is the dislocation nucleation criterion and the dis-
location emission direction can be predicted by the defor-
mation mode p1.

2.2. Numerical Simulations

Molecule dynamics (MD) method is widely used to simu-
late the mechanical properties of nano-systems. Recently,
Atomic-scale Finite Element Method (AFEM)22 has been
used for simulation of nano-tube systems24�25 by taking
atoms as the finite element nodes. Compared to traditional
MD method, AFEM is of the same accuracy, but takes
less cost. For quasi-static processes of atomic systems,
the AFEM is an effective and robust atomistic simula-
tion method. Moreover, the dislocation nucleation crite-
rion (Eq. (8)) can be easily implemented into the AFEM.
Therefore, the AFEM instead of classical MD is used in
the present simulations.
As shown in Figure 1, the Cartesian coordinates are

selected so that X-axis is parallel to free surface. Atoms
are fixed at the both sides and the bottom. The indenter
is a rigid flat punch at width 2a and infinite length (plane
strain assumption). The tip is punched to the substrate with
a total force of F = 2pa, where p is the average pres-
sure (hardness). The punch force F gradually increases
from zero to the value until dislocation criterion Eq. (8) is
satisfied.
The interaction between atoms is characterized by using

classical LJ potential:

U = 4

((

r0
r

)12

−
(
r0
r

)6)
(10)
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Fig. 1. Sketch of the simulation modal (plane strain case).

Table I. Normalized units used in simulations.

Name Unit

Length r0
Energy 


Stress 
/r30
Force 
/r0

where 
 and r0 are the depth and radius of potential well,
respectively. The normalized units used in simulations are
listed in Table I. From these definitions, units of the other
quantities (such as pressure, time, momentum etc.) are fol-
lowing directly. The equilibrium distance between atoms is
taken as a0 = 1�1225 r0. The size of the indentation model
is 150a0×75

√
3 a0, approximately 22000 atoms.

3. RESULTS AND DISCUSSION

For the case of a flat frictionless indenter pushed on the
surface of the half-space, the distribution of normal trac-
tion within the contact region can be expressed by:26

q�x�= 2pa

�
√
a2−x2

(11)

Figure 2 shows the normal stress distributions along the
contact interface with the indenter size 50ao. The results
from molecular simulation agree well with the analytical
solution by Eq. (11).
Figure 3 shows the eigenvector p1, corresponding to the

instability criterion 	1 = 0, which indicates the unstable
deformation mode. For any deformation field at the spe-
cific direction denoted by the specific mode, the incremen-
tal energy �E will always keep zero. It can be seen from
Figure 3(a) that the shear band originating from the edge
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Fig. 2. Normal stress distributions on the contact interface.

of the indenter at the contact interface propagates down to
the substrate. The relative slip directions are denoted by
the arrows as shown in Figure 3. The contour plot of the
unstable mode is shown in Figure 3(b). The dislocation
nucleation site marked with black circle can be determined
by the amplitude of the mode. The dislocation emission
direction can be also successfully distinguished by the
eigenvectors.

Fig. 3. Displacement of atoms at the unstable deformation mode eval-
uated by eigenvector. (a) Lattice distortion; (b) deformation contour.
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Fig. 4. Crack models used in the analysis (a) contact interface is mod-
eled as part of the a large Mode I crack; (b) dislocation slip is modeled
as a pure Mode II crack.

The singular stress field at the contact corner is solved
by Nadai,27

�y�r�= 2p

√
a

�

1√
2�r

(12)

where r is the distance from the contact edge. This is
equivalent to the stress field of the mode I crack with the
stress intensity factor KI as shown in Figure 4(a),

KI = 2p

√
a

�
(13)

From Figure 4(b), it can be obtained that the dislocation
nucleation corresponds to the mode II crack activation with
the shear direction determined by the angle  between the
slip plane and the surface. The relationship between KI

denoted by Eq. (13) and the effective stress intensity fac-
tor KII of mode II was derived by Cotterell,28

KII = CKI (14)

where C is the constant depended on the angle between
the slip plane and the surface, denoted by .

C =−3
4
�sin�/2�+ sin�3/2�� (15)

Based on the Rice model,23 the condition for dislocation
nucleation is that the energy release rate in the slip plane
direction is equal to the unstable stacking energy �us ,

1−v

2�
�KII�

2 = �us (16)

where � is the shear moduli.
Combining Eqs. (13)–(16), we can obtain the relation-

ship between the average force (hardness) required for dis-
location nucleation and the indenter size,

p =Q/
√
a (17)

where Q is defined by

Q =
√

���us

2�1−v�C2
(18)

From Eq. (18), Q is a constant, depends on the material
properties (���us) and dislocation nucleation direction ().

Fig. 5. Average pressure (hardness) as a function of the size of
the indenter (contact zone size) based on the dislocation nucleation
mechanism.

Figure 5 shows the relationship between the average
pressures (hardness) required for dislocation nucleation
and the size of the indenter (size of contact zone). The
pressure decreases with increasing the contact zone size.
The MD simulation results (denoted by dot in Fig. 5) agree
well with the data deduced by analytical results using
Eq. (17). The force required for incipient plastic behav-
ior in nanoindentation experiment is proportional to the
inverse of the square root of the width of the indenter
(contact zone size). The lattice properties of copper (Cu)
by adopting L–J potential in Refs. [29, 30] are used in
present work to validate calculation result. From the curve
in Figure 5, the material constant Q can be predicted,
which is 45.03 in the unit of 
/

√
r50 (it is 1.19e5 J/

√
m5

in SI unit). And from simulation result,  can be measured
from Figures 3(a), (b), which is about �/3. The shear
modulus � used here is about 110.5 GPa.29 The calculated
unstable stacking fault energy is �us = 64�21 mJ/m2. It is
in the range predicted by 3D molecular simulation result
in Ref. [29] in which stable and unstable stacking fault
energies are �s = 10�8 mJ/m2, �us = 220 mJ/m2 respec-
tively. The present results also agree with the analysis of
dislocation nucleation under an idealized nanoindentation
test based on Peierls-Nabarro dislocation model.31 It can
be concluded that the loading capacity of crystal surface
can be increased by increasing the indenter number while
reducing the indenter size on the meantime.

4. SUMMARY

Dislocation nucleation criterions for uniform deformation
have been widely studied in the past several years, and
these works are mostly based on Cauchy-Born rule. Zhu
et al.13 proposed low order theory and Miller et al.15
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extended to the high order. The basic assumption for those
previous works is that the deformation has to be uniform so
that all the atoms’ deformation can be represented by the
deformation gradient (or high order deformation gradient)
locally around the material point. However, this assump-
tion can not be satisfied at the small scale in which affine
deformation occurs hardly, such as nanowire (or nanofilm)
system which has large part of surface atoms, flat nanoin-
dentaion case which has the singularity at the contact edge,
etc. Thus, continuum approach may not be effective in
those cases. In our model, all the atom’s freedoms are con-
sidered in the energy term to determine the instability mode
instead of using homogenization by previous work. It is
much more complete than homogenized model proposed
before. With the aid of AFEM which makes not only con-
venient but also efficient to assemble the system stiffness
matrix, it is highly possible to extend present method to
other application such as nanowire or nanofilm systems.
In the present work, this model is used to investigate

the dislocation nucleation mechanism under nanoindenta-
tion with a flat indenter. Dislocation nucleation site has
been determined by using the instability criterion, while
dislocation nucleation direction has been also successfully
predicted by using the unstable deformation model. The
nanoindentation size effect has been investigated based on
the dislocation nucleation mechanism and through using
the AFEM. The present results agree well with the ana-
lytical solution based on the Rice model. The results have
also indicated that nanoindentation size effect is obvi-
ous based on the dislocation nucleation mechanism. The
applied average force (hardness) required for dislocation
emission is proportional to the inverse of the square root
of the width of the indenter (or contact zone size).
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