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Abstract: An analytical method based on the eigenfunction expansion and the Graf’s addition theorem for Bessel functions is 
developed to study the hydrodynamic interactions of an array of truncated circular cylinders with each cylinder oscillating 
independently in different prescribed modes. The hydrodynamic radiation and diffraction of linear waves by such an array of 
cylinders are investigated and the analytical solutions of the velocity potentials are obtained. After comparisons for degenerated cases 
and program verifications, several cases for an array of truncated cylinders with each cylinder oscillating independently in surge, 
sway, heave, roll, and pitch modes with different prescribed amplitudes, are studied and the hydrodynamic forces and moments 
acting on the cylinders are obtained. 
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Introduction  

Many kinds of offshore structures were deve- 
loped for various exploration and exploitation purpo- 
ses. The arrays of truncated circular cylinders are the 
main components of many offshore floating structu- 
res[1-6]. There are different configurations of cylinders, 
thus the arrays of cylinders can be classified into two 
categories: one is the array with all cylinders oscilla- 
ting as a whole (hereafter referred to as “C1 array”), 
the other is that with each cylinder in the array osci- 
llating independently (hereafter referred to as “C2 
array”). The interaction between the water waves and 
the arrays of cylinders is important and was much 
studied. Most investigations concerned with the “C1 
array”. For the “C2 array”, the analyses (especially by 
using the analytical method) were relatively few. 

For offshore structures with an irregular configu- 
ration, various numerical methods might be the only 
way to obtain the detailed solution. On the other hand, 
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for other structures with a regular configuration, such 
as a single truncated circular cylinder or arrays of cir- 
cular cylinders, an analytical analysis might be possi- 
ble. Many studies in this direction based on the eigen- 
function expansion were carried out. Sabuncu and 
Calisal[7] investigated the radiation problem of a single 
truncated cylinder and calculated the hydrodynamic 
coefficients. Bhatta and Rahman[8] presented analyti- 
cal solutions for the velocity potential and wave loads 
for the case of a vertical circular cylinder with surge, 
heave and pitch motions in a finite-depth water in the 
presence of an incident wave. Bhatta[9] presented the 
computational results of analytical expressions in 
Ref.[8]. Zheng et al.[10] investigated the radiation and 
diffraction problem for the interaction of linear water 
waves with two vertical truncated cylinders. For 
arrays of cylinders, hydrodynamic interactions 
between waves and cylinders should be considered. 
Large-spacing approximation was adopted in some 
studies, which ignores the evanescent waves attenua- 
ting rapidly. Besides, some accurate interaction theo- 
ries were developed. Kagemoto and Yue[11] proposed 
an interaction theory for multiple bodies based on the 
matrix method and a multiple-scattering idea, by using 
only the diffraction characteristics of individual 
members. Yilmaz et al.[12] obtained analytical solu- 
tions for group of circular cylinders by using the inte- 
raction theory developed in Ref.[11]. Miao et al.[13] 
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established a recursion formula for the wave diffra- 
ction problems for a huge number of circular piles. 
Duclos and Clement[14] considered arrays of unevenly 
spaced cylinders, for the effect of a small level of dis- 
order on the wave transmission. Walker and Eatock 
Taylor[15] extended the linear diffraction theory for an 
array of cylinders by considering the incident wave as 
NewWaves. Walker et al.[16] studied the diffraction of 
monochromatic waves by an array of four cylinders 
using the linear and second order theory. Siddorn and 
Eatock Taylor[17] investigated the independent radia- 
tion by an array of cylinders using an exact algebraic 
method, and numerical results are obtained for hydro- 
dynamic forces acting on each cylinder oscillating in 
translational modes. 

The studies of the hydrodynamic interaction 
between cylinders were mainly focused on “C1 array”, 
namely, with all cylinders oscillating as a whole. On 
the other hand, for “C2 array”, in which each cylinder 
may oscillate independently, the studies (especially by 
using analytical methods) were relatively few. The 
published results for “C2 array” mainly concern with 
concrete examples in which each cylinder oscillates in 
translational modes such as surge, sway and heave, 
rather than an array oscillate independently in rota- 
tional modes such as roll and pitch. 

In this paper, the linear water wave radiation and 
diffraction by an array of truncated circular cylinders, 
with each cylinder oscillating in arbitrary rigid modes 
(including translational and rotational modes with any 
prescribed amplitude), are investigated. An analytical 
method is proposed for this problem by extending the 
interaction theory of Kagemoto and Yue[11]. Formulas 
for velocity potentials, hydrodynamic forces and mo- 
ments are derived, which are applicable to any number, 
spacing and dimension of cylinders. And numerical 
results are presented for an array of cylinders in which 
each cylinder oscillates with prescribed amplitudes in 
all rigid modes such as surge, sway, heave, roll and 
pitch. There is no need for considering the yaw 
because of the axial symmetry of the circular cylinder. 
This paper includes four sections. In Section 1, the 
formulas of first order velocity potentials for the 
hydrodynamic interactions of an array of cylinders, 
with each cylinder oscillating in different modes (in- 
cluding the rotational mode), are derived. In Section 2, 
the formulas for the hydrodynamic pressure, the force 
and the moment are obtained. In Section 3, degenera- 
ted cases are calculated for verification. The compari- 
sons show a good agreement. Furthermore, an array of 
four cylinders is considered, three cases with different 
oscillation modes are computed. Numerical results are 
presented and discussed. The last section is the con- 
clusion, focusing on some key points of this paper. 
 
 
 

1. The solutions for velocity potential 
The radiation and diffraction of linear waves by 

an array of truncated circular cylinders are studied, in 
which each cylinder oscillates independently in diffe- 
rent modes. This means that any cylinder among the 
array may oscillate with different prescribed ampli- 
tude in different mode (such as surge, sway, heave, 
roll, pitch, and yaw). The sketch of an array of cyli- 
nders, the motion modes, and the coordinates systems 
are shown in Fig.1. Due to the axial symmetry of the 
circular cylinder, the yaw motion does not introduce 
hydrodynamic forces for a perfect fluid.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.1 The sketch of an array of cylinders 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2 A truncated circular cylinder array and the local cylind- 

rical coordinate systems 
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The array of cylinders consists of N vertical sur- 
face-piercing circular cylinders, as shown in Fig.1. A 
right-handed Cartesian space fixed coordinate system 
OXYZ is introduced. The plane OXY coincides with 
the undisturbed calm water surface, and the positive 

-Z axis is pointing vertically upwards. 
The local cylindrical coordinate systems i i iO r zθ  

are centered on the origin of each cylinder, as shown 
in Fig.2(a). The coordinates of the origin of cylinder j 
in the cylindrical coordinate systems centered on the 
origin of cylinder i are ( , , )i j i jR zα . As illustrated in 
Fig.2(b), the water depth is d, the radius and draught 
of each cylinder are ia  and ih , respectively. The 
fluid is divided into two regions: the exterior region 
and the core region. 

In this paper, the following assumptions are ado- 
pted: the fluid is incompressible, inviscid and the flow 
is irrotational. Then the potential theory can be emplo- 
yed. The wave steepness and the amplitude of the mo- 
tion are small. The linear steady-state oscillations are 
considered, in which the related physical quantities 
are periodic functions of the time with angular freque- 
ncy 0ω . Then the space and time factors of the total 
velocity potential RDΦ  can be separated as 
 

0i( , , , ) = Re ( , , )e t
RD RDX Y Z t X Y Z ωΦ ϕ −          (1) 

 
The velocity potential RDϕ  may be divided into 

two parts: one part is the radiation potential generated 
by the prescribed oscillation of each cylinder, the 
other one is the velocity potential of the diffraction of 
emission waves (of other cylinders) by each cylinder. 
Therefore the potential RDϕ  for an array of cylinders 
with different prescribed motions may be expressed as 
the sum of radiation and diffraction potentials mention 
above 
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For a circular truncated cylinder, all the five rigid 

motions such as surge, sway, heave, roll, and pitch are 
considered in this paper. The five modes are denoted 
by = 1, 2, 3, 4, 5s . i

Rsϕ  is the radiation potential of 
cylinder i in the sth mode oscillation. 1

i
D sϕ  is the di- 

ffraction potential by cylinder i in the ambient waves 
emanating from other cylinders. Rϕ  is the total radia- 
tion potential, and 1Dϕ  the total diffraction potential.  

The instantaneous displacement of cylinder i in a 
small-amplitude periodic oscillation with angular fre- 
quency 0ω  is 

{ }0i( ) = Re e ti i
s st ωζ −Ξ                         (3) 

 
where i

sζ  is the oscillation amplitude of mode s for 
cylinder i. The corresponding velocity is 
 

{ }0i
0( ) = Re i e ti i

s st ωω ζ −Ξ −                     (4) 

 
The velocity potential should satisfy the 

Laplace’s equation together with the free surface con- 
dition, the impermeable condition on the body surface 
and seabed, and the radiation condition at infinity. The 
velocity potential i

Rs Eϕ −  for the exterior region and 
the potential i

Rs Cϕ −  for the core region satisfy the im- 
penetrable body surface conditions as follows 
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where 0= ii i

s sv ω ζ− , is the velocity of cylinder i in 
mode s. The expressions of ( )sf z , ( )s ig r , msλ  are 
shown as follows: 
 

( ) = 1sf z , ( ) = 0s ig r , = 1, 2s                (6a) 
 

( ) = 0sf z , ( ) = 1s ig r , = 3s                 (6b) 
 

( ) = ( )sf z z z− − , ( ) =s i ig r r , = 4s           (6c) 
 

( ) = ( )sf z z z− , ( ) =s i ig r r− , = 5s            (6d) 
 

11 15
1= =
2

λ λ , 13 = 0λ , 12 14
1= =
2i

λ λ         (7a) 

 
01 05= = 0λ λ , 03 = 1λ , 02 04= = 0λ λ          (7b) 

 

11 15
1= =
2

λ λ− − , 13 = 0λ− , 12 14
1= =
2i

λ λ− − −    (7c) 

 
= 0msλ , 0, 1m ≠ ±                         (7d) 

 
The other boundary conditions on the free sur- 
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face, the seabed and at infinity, the matching condi- 
tions on the interface between the exterior and core re- 
gions, and the Laplace’s equation are listed as follows 
 

2 = 0i
Rs Eϕ −∇ , in fluid domain                 (8a) 
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2 = 0i

Rs Cϕ −∇ , in fluid domain                 (8e) 
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The radiation potential in the exterior region of 

cylinder i, in the sth mode oscillation is 
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where mH , mK  are the mth-order Hankel functions 
of the first kind and the modified Bessel functions of 
the second kind, respectively. The wave numbers 0k , 

( 1, 2, )nk n =   are the positive real roots of the follo- 
wing dispersion equations 
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while 0 ( )Z z  and ( )nZ z , 0
i
msR  and i

nmsR  are expre- 
ssed as: 
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mD and s

nmD  can be solved from Eq.(A1) in the 
appendix, and 
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Equation (9) can be expressed in matrix form as 

 
T T
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where 0(0, ) = i

is msm RR , ( , ) = i
is nmsn m RR , and the 

column vector of the partial diffraction waves in the 
exterior region D E

i
−ψ  is 

 
i
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i m in m Z z H k r θ−ψ , = 0n       (14a) 

 
i( , ) = ( ) ( )e imD Ε
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By using the Graf’s addition theorem for Bessel 
functions, we have 
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which can also be expressed in matrix form as 
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=D E I
i i j j

− Tψ ψ                              (16) 
 
where i jT  defines a coordinate transformation from i 
to j, which means that the waves emanate from cyli- 
nder i in the local coordinate system centered in the 
origin of cylinder j. The elements in i jT  are 
 

i ( )
0( , , ) = ( )e i j m l

i j m l i jn m l H k R α −
−T , = 0n       (17a) 

 
i ( )( , , ) = ( )e ( 1)i j m l l
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− −T , 1n ≥   (17b) 

 
I
jψ  is the column vector of incident partial-wave fun- 

ctions 
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The exterior potential in the vicinity of cylinder i, 

which is generated from the diffraction of waves ema- 
nating from other cylinders by the cylinder i, is: 
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and in matrix form 
 

T T
1 = =i D I

D E Ri i Ri ij jϕ − A A Tψ ψ                    (20) 
 
where RiA  is the unknown column vector consisting 
of amplitudes of diffraction partial waves. 

The total incident potential in the vicinity of cyli- 
nder j is the sum of the radiation potentials due to the 
different oscillations of other 1N −  columns and the 
diffraction potentials resulting from the hydrodynamic 
interactions between cylinders, i.e., 
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For cylinder j, the diffraction potential 1
i
D Eϕ −  

and the incident potential I
jϕ  can be related by the 

diffraction transfer matrix E
jB  in the exterior region, 

as 
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where E

jB  is obtained from the results of the diffra- 
ction by a single truncated circular cylinder due to the 
unit-amplitude incidence of the progressive and the 
evanescent cylindrical waves. The elements of E

jB  
are listed in the appendix. 

With the known E
jB  and isR , the unknown 

vector R jA  can then be obtained by solving Eq.(22), 

when i
sζ  is prescribed. Thus the total exterior pote- 

ntial in the vicinity of cylinder j due to the oscillations 
of each cylinder with different modes ( =s 1, 2, 3, 4, 5) 
is obtained as 
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Following the same procedure, the velocity pote- 

ntial of cylinder j in its core region can be deduced as 
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where ( , , )C

Rs r zϕ θ  is the potential of cylinder j in its 
core region due to the unit-velocity oscillations of this 
cylinder as an isolated one (not as the component of 
the array of cylinders) 
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= 0sΛ , = 1, 2s                           (25b) 
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0
s
mC  and 0

s
mC  in Eq.(25) can be found in the appe- 

ndix. 
D C
j

−ψ  in Eq.(24) is the column vector of the par- 
tial-wave functions in the core region 
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C
jB  in Eq.(24) is the diffraction transfer matrix 

for cylinder j in its core region, whose elements are 
listed in the appendix. 

Therefore, the velocity potential in the vicinity of 
cylinder j as each cylinder in the array oscillates in an 
arbitrary mode ( = 1- 5)s s  or their combinations 
with an amplitude ( = 1, 2, , )i

s i Nζ 2  is obtained. 
j

RD Eϕ −  is the potential for the exterior region adjacent 
to cylinder j, which is given in Eq.(23). j

RD Cϕ −  is the 
potential for the core region of cylinder j, which is 
given in Eq.(24). 
 
 
2. The hydrodynamic forces 

When j
RD Eϕ −  and j

RD Cϕ −  are obtained, the first- 
order pressure on the surface of cylinder j can then be 
obtained as 
 

== Re
j j

j
j RD

RD r ap
t

Φ
r

 ∂
− 

∂ 
                  (27) 

 
The pressure integration over the wetted surface 

of cylinder j yields the resultant first-order hydro- 
dynamic forces jΓ  and moments jχ  
 

= dj j jp S∫ nΓ                           (28a) 

= ( )dj j jp S×∫ L nχ                       (28b) 

 
The space and time factors of jΓ  and jχ  can also 
be separated as 
 

0i= Re{ e }tj j ω−FΓ                        (29a) 
 

0i= Re{ e }tj j ω−Mχ                        (29b) 
 
where jn  is the unit normal vector on cylinder j poi- 
nting out of the fluid domain, L  is the position 
vector of a point on the body surface with respect to 
the center of gravity of cylinder j. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 Added masses and damping coefficients for / =d a 3 
 
 
3. Results for several cases and discussions 

Based on the method developed in the preceding 
sections, a computer program is developed. The pro- 
gram is verified before further calculations for the 
hydrodynamic interactions between each oscillating 
body in the array of cylinders. 

The radiation hydrodynamic coefficients of a 
single oscillating truncated cylinder were given in 
Ref.[7]. Several examples in Ref.[7] are recalculated, 
and the results are shown in Fig.3 and Fig.4. ,sp spa b  
are the added mass and the damping coefficients of a 
single cylinder, respectively, where p denotes the 
oscillation mode and s the direction of the force/ 
moment.  
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Fig.4 Added masses and damping coefficients for / =d a 10 
 

 
 
 
 
 
 
 
 
 
Fig.5 Sketch of an array of four cylinders 
 

In Figs.3-4, various lines such as solid lines, 
dash-dot lines etc. denote the results of this paper, the 
points with various shape denote the results of Ref.[7]. 
It can be seen that the agreement is good. Furthermore, 
an array of four truncated circular cylinders is ana- 
lyzed, as shown in Fig.5. 

Firstly, the array with = 10d a , = 5h a , =R  
50a  is calculated, where a is the radius of a cylinder, 
and R is the spacing. Because of the spacing between 
cylinders are very large, the case can be taken as the 
limit case with the spacing tending to infinity. Thus 
the interactions between the cylinders in the array are 
small, and the results should be close to those of a 
single isolated cylinder. Our results indicate that this 
is indeed the case. The added mass and damping coe- 
fficients of Cylinder 1 are calculated, as Cylinder 1 
oscillates in surge, heave and pitch modes with other 
cylinders held in rest. As shown in Fig.6, the results of 
Cylinder 1 in the array agree with those of a single 
isolated cylinder. In Fig.6, the points with various 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6 Comparisons of added mass and damping coefficients 

between an isolated cylinder and a cylinder in an array 
with large spacing 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.7 Cylinders 1, 2, 3, 4 -X (1 and 2 roll in phase, 3 and 4 

pitch out of phase) 
 
shapes denote the results of a cylinder in the array, 
and the various lines denote those of a single cylinder. 
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Fig.8 Cylinders 1, 2, 3, 4 -Y (1 and 2 roll in phase, 3 and 4 

pitch out of phase) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.9 Cylinders 1, 2, 3, 4 -Z (1 and 2 roll in phase, 3 and 4 

pitch out of phase) 
 

Secondly, another array with = 20d a , = 5h a , 
= 5R a  is analyzed. For this cylinder array, two osci- 

llation cases are considered. Case 1: Cylinders 1 and 2 
oscillate in phase in the roll mode, at the same time, 
Cylinders 3 and 4 oscillate out of phase in the pitch 

mode. And the amplitudes of oscillations are the same. 
The hydrodynamic forces ( , , )

j j

j j j
x y zF F F  and mome- 

nts ( , , 0)
j j

j j
x yM M  are calculated.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10 Cylinders 1, 2, 3, 4 roll - (1 and 2 roll in phase, 3 and 4 

pitch out of phase) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.11 Cylinders 1, 2, 3, 4 pitch - (1 and 2 roll in phase, 3 and 4 

pitch out of phase) 
 

Numerical results for Case 1 are shown in Figs.7 
through 11. In the captions of these figures, “ -X ”,                                  
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“ -Y ”, etc. denote the hydrodynamic forces or mome- 
nts. For example, the label “ -X ” refers to the forces 
in X direction on Cylinders 1, 2, 3, 4 due to combina- 
tion oscillations of in phase roll of Cylinders 1 and 2 
and out of phase pitch of Cylinders 3 and 4. 

Because the geometry of this array of four circu- 
lar cylinders is symmetric, and the oscillation modes 
of cylinders are symmetric or anti-symmetric, it can 
be deduced that: (1) the surge forces acting on 
Cylinders 1 and 2, Cylinders 3 and 4, should be sym- 
metric about Y axis, (2) the sway and heave forces on 
Cylinder 1 and Cylinder 3 should be equal to those on 
Cylinder 2 and Cylinder 4, respectively, (3) the roll 
moments on Cylinder 1 and Cylinder 3 should be 
equal to those on Cylinder 2 and Cylinder 4, respe- 
ctively, (4) the pitch moments on Cylinders 1 and 2, 
Cylinders 3 and 4, should be symmetric about Y axis. 
From Figs.7 through 11, it can be seen that our results 
are in agreement with these observations. Comparing 
Fig.7 with Fig.11, and Fig.8 with Fig.10, it is seen that 
the variation trends versus ka of the surge forces and 
the pitch moments, the sway forces and the roll mo- 
ments are similar. 

From Figs.7 through 11, it can also seen that the 
curves of the hydrodynamic forces and the moments 
fluctuate to different extents when ka is smaller than 
1.5, and the curves tend to be flattened when ka 
becomes larger than 1.5. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.12 Cylinders 1, 2, 3, 4 -X (cylinders 1-4 oscillate in five 

different modes simultaneously) 
 

We now move on to Case 2. In Case 2, Cylinders 
1-4 oscillate in five different modes simultaneously. 
The amplitudes of oscillations are given as: = 1j

sζ , 

=s 1, 2, 3, = 1j
shζ , =s 4, 5. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.13 Cylinders 1, 2, 3, 4 -Y (cylinders 1-4 oscillate in five 

different modes simultaneously) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.14 Cylinders 1, 2, 3, 4 -Z (cylinders 1-4 oscillate in five 

different modes simultaneously) 
 

Numerical results for Case 2 are shown in 
Figs.12 through 16. In the captions of these figures, 
“ -X ”, “ -Y ” etc. denote the hydrodynamic forces or 
moments. For example, the label “ -X ” refers to the 
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forces in X direction on Cylinders 1, 2, 3, 4 due to 
combination oscillations of Cylinders 1-4 in five diffe- 
rent modes simultaneously. From Figs.12 through16, 
it can be seen that the curves of the hydrodynamic 
forces and the moments fluctuate to different extents 
when ka is smaller than 1.5, whereas the forces and 
moments tend to increase or decrease monotonically 
as ka increases. This example also shows the favora- 
ble application prospect of the method developed in 
preceding sections. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.15 Cylinders 1, 2, 3, 4 roll - (cylinders 1-4 oscillate in five 

different modes simultaneously) 
 
 
4. Conclusions 

The hydrodynamic interactions of linear waves 
with arrays of circular truncated cylinders, in which 
each cylinder may be under any rigid oscillation 
modes (including translational and rotational modes 
with arbitrary prescribed amplitude), are investigated 
in this paper. An analytical method based on the eige- 
nfunction expansion and the Graf’s addition theorem 
for Bessel functions is developed. Formulas for velo- 
city potentials, hydrodynamic forces and moments are 
derived, which are applicable to any number, spacing 
and dimension of cylinders. 

Numerical results for typical arrays of truncated 
cylinders are obtained by using the proposed method. 
Results of degenerated cases show good agreement 
with the available results. Further results for arrays of 
cylinders, in which each cylinder oscillates with given 
amplitudes in all rigid modes such as surge, sway, 
heave, roll and pitch, are presented, which show the 
favorable application prospect of the method deve- 

loped in this paper.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.16 Cylinders 1, 2, 3, 4 pitch - (cylinders 1-4 oscillate in five 

different modes simultaneously) 
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Appendix 

The unknown coefficients s
nmC , s

nmD  of velo- 
city potentials can be obtained by the following equa- 
tions 
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Here the known coefficients in Eq.(A1) are: 
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The diffraction transfer matrices of the truncated 

single cylinder E
jB  and C

jB  are obtained following 

the procedure given in Ref.[11], the element of E
jB  

(or C
jB ) is the amplitude of the qth (or pth) partial 

wave of the diffraction potential due to a single unit- 
amplitude incidence of mode n on cylinder j, which 
are listed below: 
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The coefficients such as [ ] m

pC n , [ ] m
qD n  are 

determined by linear algebraic equations having the 
same form as Eq.(A1), which can be found in Ref.[12] 
and not listed here in detail. 
 
 
 




