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A systematical study of size effects and mechanical behaviors for the nanocrystalline (nc)
metals is performed. The grain boundary fracture process is considered and described
by the mixed-mode interface cohesive model. The grain material is characterized by the
conventional theory of strain gradient plasticity. In the present investigation, the effects of
five important parameters on the overall mechanical behavior are studied systematically,
which include the grain size, critical separation strength, energy release rate of interface
separation, mixity of separation strength, as well as the mixity of separation energy
release rate. A finite element method (FEM) covering the above characteristics within the
grain and on the grain boundary is developed. The present results show that the overall
strength and ductility of the nc metals strongly depend on the grain boundary features
described by the mixed-mode cohesive interface model, and there is a competition of
deformation of grain boundary with that of grain interior.

Keywords: Intergranular fracture; nanocrystalline metal; mixed-mode cohesive model;
finite element method.

1. Introduction

Mechanical behaviors of polycrystalline materials with grain sizes typically at nano-
or micron scale (such as nanocrystalline (nc) metals) have been attracting a great
deal of interest over the past two decades. The nc metals exhibit the higher yield
strength, tensile strength and hardness, but the lower tensile ductility relative to
their bulk counterparts. Although some mechanisms have been presented for gov-
erning the mechanical behavior of polycrystalline aggregates [Gleiter, 2000; Kumar
et al., 2003; Wei et al., 2005], very few direct experimental evidences exist to show
the fracture and failure processes in the nc metals, especially inelastic deformation
competition of grain interior and grain boundary. Shan et al. [2004] reported that
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the grain boundary-mediated process of the nc nickel film dominates its deformation
in the observation using the transmission electron microscope (TEM). Moreover, the
molecular dynamics (MD) simulations have shown that grain boundary related slip
and separation phenomena plays an important role in the overall inelastic response
with decreasing grain-size [Cao and Wei, 2007; Hasnaoui et al., 2003; Schiotz et al.,
1999; Van Swygenhoven and Derlet, 2001; Van Vliet et al., 2003]. Due to the limita-
tion of time and dimensional scales in MD simulations for the mechanical behaviors
of the nc metals with realistic experiment sample sizes and strain rates, several con-
tinuum models have been used to describe the grain boundary effect and the failure
response for the nc materials [Fu et al., 2004; Ovid’ko, 2007; Schwaiger et al., 2003;
Warner et al., 2006; Wei et al., 2005, 2006; Wei and Anand, 2004]. Considering
the inherently characteristics of grain boundaries in the nc metals, both the grain
boundary affected zone (GBAZ) model [Fu et al., 2004; Schwaiger et al., 2003; Wei
et al., 2005, 2006] and the cohesive interface model [Warner et al., 2006; Wei and
Anand, 2004] were proposed to characterize the grain boundary response in poly-
crystalline aggregates.

Specifically, Wu and Wei [2010] studied the size effects of mechanical behavior for
the nc metals by adopting the cohesive interface model and the conventional theory
of mechanism-based strain gradient plasticity (CMSG) [Huang et al., 2004], and they
used a normal separation cohesive model to describe the grain boundary separation.
More recently, Wu et al. [2012] investigated the size effects of mechanical behavior
for the nc metals. They presented a trans-scale mechanics theory with respect to
both the interface energy effect and the strain gradient effect, and they used the
normal separation cohesive model to describe the grain boundary fracture process.

Although the comprehensive analyses of mechanical behaviors for the nc materi-
als by using above-mentioned continuum models and the normal separation cohesive
interface model were carried out recently, it is still difficult to unambiguously define
the interfacial properties of grain boundaries. The conventional elastic–plastic the-
ory is also difficult to characterize the size effects of intragranular deformation in
nanoscale. Therefore, in the present research, we shall pay our attention in using a
mixed-mode cohesive interface model to describe the grain boundary deformation,
separation as well as the fracture. In addition, the CMSG model [Huang et al.,
2004] will be used to characterize the strain hardening of grain materials. Special
attention is focused on the effects of grain boundary properties and grain sizes on
the size effect and overall strength and ductility of nc metals.

2. Descriptions of Overall Mechanical Behavior for nc Materials

2.1. Grain material

When grain size is at micro- or nanoscale, the mechanical behavior of the grain
material cannot be well described by using the classical elastic–plastic theory. So in
the present research, the mechanical behavior of the grain material is described by
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the strain gradient theory. For simplifying the analysis, the CMSG theory [Huang
et al., 2004] will be used. Unlike the general strain gradient plasticity theory [Gao
et al., 1999; Wei and Hutchinson, 1997a], the CMSG theory is a lower-order theory
which does not involve the higher-order stress, and is easy to develop a finite element
scheme.

Briefly, the constitutive relation for CMSG theory [Huang et al., 2004] can be
expressed as follows:

σ̇ij = Kε̇kkδij + 2µ

{
ε̇′ij −

3ε̇

2σe

(
σe

σY

√
f2 (εp) + lηp

)m

σ′
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}
, (1)

where K is the bulk modulus, µ is the shear modulus, m is the rate-sensitivity
exponent (m ≥ 20) [Hutchinson, 1976; Kok et al., 2002], εp and ηp are the effective
plastic strain and plastic strain gradient, which can be expressed as:
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(2)

l is the intrinsic material length scale in strain gradient plasticity, σY is the initial
yield stress, f is a non-dimensional function of plastic strain which takes the form
as follows for a power-law hardening solid,

f(εp) =
(

1 +
Eεp

σY

)N

, (3)

where E is the Young’s modulus, N is the strain hardening exponent (0 ≤ N < 1).
ε̇ =

√
2/3ε̇′

ij ε̇′
ij is the effective strain rate, ε̇′ij is the deviatoric strain rate and σe =√

3σ′
ijσ′

ij/2 is the von Mises effective stress.

2.2. Grain boundary description

Grain boundary fracture process is simulated by using the cohesive interface model,
which was performed early by Barenblatt [1959, 1962] and Dugdale [1960]. In last
several decades, the cohesive interface models have undergone a great development
in describing the materials fracture process by using the finite element methods
(FEMs) [Needleman, 1990; Tvergaard and Hutchinson, 1992; Wei and Hutchinson,
1997b]. The traction–separation (T–S) relations of cohesive interface have been
extended to represent the fracture process of grain boundaries [Warner et al., 2006;
Wei and Anand, 2004; Xu et al., 2010]. In the present investigation, a mixed-mode
cohesive interface model developed by Turon et al. [2004] will be used to describe
the initiation and evolution of grain boundary fracture.

As is well known, keeping both height and area, shape effect of T–S cohesive
relation on the material behavior is small and can be neglected usually. Therefore,
for simplification we shall use a bilinear mixed-mode cohesive model in the present
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(a)

(b)

Fig. 1. Illustration of mixed-mode cohesive interface model (a) and bilinear T–S response (b).

study, which is pictured in Fig. 1 in detail in a 3D map. Three coordinate axes
are normal relative displacement δ1, shearing relative displacement δs and traction,
respectively. Figure 1 shows the scheme of the mixed-mode cohesive interface model
within the space of both traction and separation displacements, and shows the rela-
tionship between the mixed-mode cohesive model with the pure normal separation
cohesive model as well as with the pure shear separation cohesive model. Referring
to Fig. 1, both the triangle O − T1 − δf

1 and O − TS − δf
s (O is coordinate origin)

are the bilinear responses in pure normal and pure shear modes, respectively. Any
point located on the O − δf

s − δf
1 plane will correspond to a mixed-mode interface

separation process. Subscripts “1” and “s” are used to represent the pure normal
mode and pure shear mode, respectively. The critical relative displacements corre-
sponding to the initiation of damage are identified with the superscript “0”. The
limit relative displacements corresponding to failure state are identified with the
superscript “f”.

The relations between critical relative displacements and maximum tractions
are given by:

δ0
1 =

T1

K1
, δ0

s =
TS

KS
, (4)
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where T1 and TS are the limit tractions for pure normal mode and pure shear mode,
respectively. K1 and KS are the penalty stiffness.

The relations between the maximum relative displacements and fracture energies
can be written as follows:

δf
1 =

2G1C

K1δ0
1

, δf
s =

2GSC

KSδ0
s

, (5)

where G1C and GSC are the fracture energies for pure normal mode and pure shear
mode, respectively.

In order to describe the combination effect of normal and shear deformations
across the interface, an effective relative displacement is introduced as follows:

δm =
√
〈δ1〉2 + δ2

s , (6)

where symbol 〈δ1〉 is Macaulay bracket of δ1, which signifies that its value is equal
to zero for δ1 ≤ 0, otherwise δ1, where δ1 and δs are the normal separation and
shear relative displacements along the interface, respectively.

The mixed-mode T–S relations are illustrated in Fig. 1(b), where σ is the trac-
tion, δ0

m is the critical effective separation displacement at damage initiation, T is
the critical traction and δf

m is effective separation displacement at failure state. Both
δ0
m and δf

m are defined by the mixed-mode damage initiation and fracture criteria
as determined according to the following Eqs. (7) and (8), respectively.

The damage is assumed to be initiated when the following quadratic relation is
satisfied [Mi et al., 1998]: ( 〈σ1〉

T1

)2

+
(

τs

TS

)2

= 1, (7)

where σ1 and τs are the normal and shear stresses on the interface, respectively.
T1 and TS are the limit tractions for pure normal mode and pure shear mode,
respectively.

The mixed-mode fracture criterion is described as follows [Mi et al., 1998]:

G1

G1C
+

GS

GSC
= 1, (8)

where G1 and GS are the current fracture energies for the normal and shear cases,
respectively, GC = G1 +GS is the total current fracture energy for mixed-mode case
when above condition is satisfied.

3. Numerical Simulations of Mechanical Behavior
of the nc Materials

3.1. Cell model and periodic boundary conditions

A regular quasi-three-dimensional cell model is presented here. Figure 2 shows
the schematic drawing of the cell model. The cell model is consisted of 12 regu-
lar hexagon grains and the grain size d is the diameter of the circumcircle of regular
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Fig. 2. A representative cell model for nc metal with periodic boundary conditions of xy-plane
and z-direction.

hexagon. The separation process of grain boundary between two hexagon grains
is modeled by using a single layer of the cohesive elements with zero thickness, as
shown in Fig. 2.

Generally speaking, nc materials can be envisaged as a periodical array of the
cell model, therefore, the periodic boundary conditions can be applied. As displayed
in Fig. 2, periodic boundary conditions are enforced along the four sides in xy-
coordinate plane [Van der Sluis et al., 2001]:

�u12 − �uV4 = �u11 − �uV1, (9)

�u22 − �uV1 = �u21 − �uV2, (10)

�uV3 − �uV2 = �uV4 − �uV1, (11)

where �uij is a displacement vector for a material point on the boundary Γij, and
�uVi is a displacement vector for the vertex Vi. In Eqs. (9)–(11), both the periodic
boundary conditions and the rigid displacement eliminating conditions are satisfied
simultaneously.

An arbitrary periodically deformed unit cell under uniaxial tensile conditions is
shown in Fig. 3, where (a) represents the initial undeformed state and (b) represents
the deformed state under periodic boundary conditions.

If the nc material is treated as a plane-strain case, the strength of the material
will be over-estimated, in order to describe the three-dimensional effect, in the
present research a quasi-three-dimensional case will be considered which corresponds
to exerting a periodic boundary condition in z direction. A displacement vector �uz

on boundary is enforced in the z-coordinate direction, assuming that the material
geometry in z-direction is also a periodic structure which has a finite-thickness [Wu
and Wei, 2010].
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Fig. 3. Illustration of periodic boundary conditions. (a) Represents the initial undeformed state.
(b) Represents the deformed state under periodic boundary conditions.

3.2. Overall mechanical behaviors of nc materials

The main purpose of the present research is not only to simulate the mechanical
behavior of a specific polycrystalline material, but also to provide some insights into
the effects of the cohesive parameters on the overall strength and failure behavior
of the nc materials. A systematical parametric study will be performed. The overall
stress–strain relation normalized by the initial yield stress σY and intrinsic material
length l with parameter dependence can be expressed as:

σ

σY
= f


ε;

E

σY
, v, N,

d

l
,︸ ︷︷ ︸

intragranular parameters

T1

σY
,

TS

T1
,

G1C

σYl
,

GSC

G1C
,

K̄1

σY

K̄S

σY︸ ︷︷ ︸
interfacial parameters


 . (12)

Specially, there exist two additional important parameters (TS/T1 and
GSC/G1C) compared to conventional cohesive interface model since the mixed-mode
cohesive interface model is adopted. Intragranular parameters are Young’s modulus
E, Poisson’s ratio v, strain hardening exponent N and grain size d, respectively.
The interfacial parameters of grain boundary are maximum separation strengths
T1 and TS, fracture energy G1C and GSC for normal separation mode and shear
mode, initial separation modulus K̄1 = K1l = T1/(δ0

1/l), K̄S = KSl = TS/(δ0
s /l),

respectively.
For convenience, we define a mixed angle of the limit traction ratio of pure shear

mode with pure normal mode as:

ϕ = arctan(TS/T1) ∗ 180/π, (13)

where ϕ = 0◦ and ϕ = 90◦ correspond to the normal separation case and shearing
separation case, respectively. Similarly, another mixed angle of the limit energy
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release rate ratio of pure shear mode with pure normal mode is defined as:

Φ = arctan(GSC/G1C) ∗ 180/π, (14)

where Φ = 0◦ and Φ = 90◦ correspond to the normal separation case and shearing
separation case, respectively. So the function relation of stress with strain and with
normalized independent parameters (Eq. (12)) can be rewritten as follows.

σ

σY
= g


ε;

E

σY
, v, N,

d

l
,︸ ︷︷ ︸

intragranular parameters

T1

σY
, ϕ,

G1C

σYl
, Φ,

K̄1

σY

K̄S

σY︸ ︷︷ ︸
interfacial parameters


 . (15)

3.3. Finite element method

FEM is used in numerical simulations for overall mechanical behavior of nc
materials. Generally speaking, when the strain gradient effect is considered, the
conventional FEM fails [Wei, 2006]. The CMSG theory is a lower-order strain gra-
dient theory without involving the higher-order stress, so in this case the govern-
ing equation, boundary conditions and algorithms usually employed in classical
mechanics are readily available and can be conveniently applied to study problem
when strain gradient effect is considered. One can easily modify the existing finite
element program to incorporate the plastic strain gradient effect approximately
[Swaddiwudhipong et al., 2006]. In the present research, we have implemented a C0

Fig. 4. (Color online) Cloud figure of the normalized stress σ22/σY (loading direction is along
y-direction) is shown for d = 0.1l0, ϕ = 45◦. Its average value corresponds to overall stress and
the peak stress when exerting load reaches maximum value.
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three-dimensional solid element incorporating the CMSG theory in the ABAQUS
software via its user subroutine UMAT.

The influences of intragranular and interfacial parameters on the overall
mechanical behaviors are investigated by using the FEM. The study is based
on a reference parameters selected by the comparison of results between present
model and the experimental measurements (in Sec. 4.5). The reference parameters
used in the present research are selected as: E/σY = 166.6, ν = 0.3, N = 0.2,
TS = T1 = σY , GSC = G1C = 0.053σYl, l = l0 = 18α2(µ/σY)2b ≈ 1 µm [Huang
et al., 2004], where b is magnitude of Burgers vector; and α is an empirical coefficient
around 0.3. In the parametric study, K̄1 and K̄S is taken as Young’s modulus of
crystal grain.

The finite element mesh adopted in the present research can refer to Fig. 4. The
grain interior is discredited with hexahedron, eight-node continuum elements C3D8,
while the cohesive elements with zero thickness used to simulate grain boundaries
are hexahedron, eight-node cohesive elements COH3D8. The element numbers of
both C3D8 and COH3D8 for a cell model are 3883 and 342, respectively.

4. Results and Discussions

4.1. Effect of the ratio Ts/T1

Referring to Fig. 2, considering the cell with the periodic boundary conditions under
unidirectional tension (in y), vertical normal stress σ22/σY is calculated first, and
the stress cloud figure is given in Fig. 4. Average value of the vertical normal stress
is the “overall stress” of cell material, and its limit value is called the “peak stress”
in the present research. From the distribution of vertical normal stress in Fig. 4,
clearly, there exist three-level loading regions, described by yellow, green and blue
colors. The yellow (or red) color region is the high-stress region, while the blue color
region is the low-stress region.

The dependence of overall stress–strain relations on the mixed angle ϕ for three
selected grain size values (in our simulation, l = l0 = 18α2(µ/σY)2b = 1 µm) is
shown in Fig. 5 taking T1 as σY . We consider five cases of ϕ values corresponding
to several ratios of Ts/T1. From Fig. 5, the results show that the overall strength
and ductility for nc materials are very sensitive to ϕ (describing the ratio Ts/T1).

In Fig. 6, the curves of the peak stresses (ultimate tensile stress, UTS) with
the mixed angle are given, which increase with decreasing grain size, especially for
ϕ ≥ 45◦, and display obvious size effects.

From Figs. 5 and 7, it is clearly displayed that the ultimate failure strains increase
with decreasing ϕ for ϕ ≤ 45◦ and the overall stress–strain curves display a ductile
fracture feature, which is because the grain boundaries related slip and separation
phenomena play more important role in the overall inelastic response of the nc
materials when TS ≤ T1 = σY. However, for ϕ ≥ 45◦, the ultimate failure strains
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(a) (b)

(c)

Fig. 5. Overall stress–strain curves for several values of ratio Ts/T1 (see Eq. (13)). (a)–(c) Cor-
respond to three selected grain sizes.

Fig. 6. The dependence of peak stress on the different ratio Ts/T1 for three selected grain sizes.
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Fig. 7. The dependence of ultimate failure strain on the different ratio Ts/T1 for three selected
grain sizes.

increase with increasing ϕ. The overall stress–strain curves display a brittle fracture
feature. Therefore, the intragranular elastic–plastic deformation is dominant and the
nc materials display a good ductility and high strength.

4.2. Effect of the ratio GSC/G1C

The dependence of overall stress–strain relations on the mixed angle Φ (referring to
Eq. (14)) for three selected grain sizes is given in Fig. 8. In the figure, five cases of
Φ values are considered (keeping G1C constant). From Figs. 8 and 10, the ductility
of nc material is sensitive to Φ (describing the ratio GSC/G1C). On the other hand,
the overall strength of nc material is not sensitive to the value of Φ from Figs. 8
and 9.

4.3. Effect of the maximum separation strength T1

Figure 11 shows the dependence of overall stress–strain relations on the maximum
separation strength T1/σY with the grain size d = 0.1l0. In this figure, we consider
eight cases of T1/σY = 0.5, 1.0, 2.0, 3.0, 4.0, 6.0, 8.0 and 10.0. The results show that
the overall strength and ductility of nc materials are very sensitive to the ratio
T1/σY. The tensile strength and ductility of nc materials increase with increasing
of T1/σY.

The relations of peak stress with T1/σY are shown in Fig. 12. The grain size
effects in inelastic deformation are much bigger with increasing of T1/σY. The
dependence of intergranular fracture on the grain size is gradually diminished for
grain diameter d ≥ l0, and the grain size effects in plastic flow are much bigger
for d = 0.1l0. The intragranular elastic–plastic deformation is dominant and the nc
materials display a good ductility and high strength for the case of T1 ≥ σY . On the
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(a) (b)

(c)

Fig. 8. Overall stress–strain curves for the several values of the ratio GSC/G1C (see Eq. (14)).
(a)–(c) Correspond to three selected grain sizes.

Fig. 9. The dependence of peak stress on the different ratio GSC/G1C for three selected grain
sizes.
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Fig. 10. The dependence of ultimate failure strain on the different ratio GSC/G1C for three
selected grain sizes.

other hand, the grain boundaries may be weakened and cause the overall strength
decreased for T1 < σY.

4.4. Effect of fracture energy G1C

Figure 13 shows how the variation of fracture energy G1C influences the overall
stress–strain relations for the grain size d = 0.1l0. From Fig. 13, both the ductility
and strength undergo an obvious increase. Figures 14 and 15 show the variations
of peak stress and failure strain with normalized fracture energy G1C respectively.
A comparison between Figs. 14 and 15 indicates that the ductility undergoes a more
obvious increase with increasing the fracture energy G1C.

4.5. Comparison with experimental measurements

In order to verify the validity of the present model, we use our model to simulate
some cases where the experimental investigations were performed. The first exper-
iment is on the nc Cu under uniaxial tension was reported in Sanders et al. [1997],
and the second experiment on nc Ni under uniaxial tension was reported in Zhu
et al. [2005].

In our simulation, the parameters of grain interior and the grain boundary for
nc Cu and nc Ni are listed in Tables 1 and 2, respectively.

The grain boundary strength parameter T1 is chosen to coincide with the yield
strength σY, while grain boundary parameter TS is generally selected in the range
from yield strength σY to shear strength for fcc metals, which is usually estimated
as µ/30 (µ is the shear modulus) [Wei and Anand, 2004]. For normal separation
case such as in Wu and Wei [2010], one only needs to consider T1, without TS, but
for the present mixed mode we need to consider effects from both TS (or T1) and
TS/T1.
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(a)

(b)

(c)

Fig. 11. Overall stress–strain curves for several values of the grain boundary separation strengths,
T1/σY .
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Fig. 12. The dependence of peak stress on different maximum separation strength of grain bound-
ary T1, for three selected grain sizes.

(a)

(b)

Fig. 13. Overall stress–strain curves for several values of the fracture energy G1C.
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Fig. 14. The dependence of peak stress on different fracture energy G1C for three selected
grain sizes.

Fig. 15. The dependence of ultimate failure strain on different fracture energy G1C for three
selected grain sizes.

Table 1. Simulation parameters for grain of nc metals, Cu and
Ni.

Nc metal E (GPa) v b (nm) d (nm) σY (GPa)

Cu 134 0.35 0.25 49 0.24
Ni 210 0.3 0.3 20 1.2

Table 2. Simulation parameters for mixed-mode cohesive inter-
face of nc metals, Cu and Ni.

Nc metal T1 (GPa) TS (GPa) G1C (J/m2) GSC (J/m2)

Cu 0.24 1.5 80 80
Ni 1.2 1.5 30 30
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Fig. 16. Comparison of results (overall stress–strain relation) between present model and the
experimental data for nc Cu.

Fig. 17. Comparison of results (overall stress–strain relation) between our model and the exper-
imental data for nc Ni.

Figures 16 and 17 show the comparisons between our model results and the
corresponding experimental data for nc Cu and nc Ni, respectively. From figures,
the predicted stress–strain curves maintain a good agreement with the experimental
data under tension.

The present simulations for the experiments confirm that the present model
and FEM method developed for the nc materials are effective. The model and the
numerical method can be used to describe the mechanical behavior of nc metals
effectively.

5. Concluding Remarks

Through the systematical parametric studies on the size effect and overall mechan-
ical behavior of nc materials, we conclude that five important parameters (d, T1,
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G1C, TS/T1 and GSC/G1C), i.e., the grain size, critical separation strength, inter-
face separation energy release rate, the mixity of separation strength, as well as the
mixity of separation energy release rate, have the important influence on the size
effect, strength and ductility for the nc materials. The effects of the five parame-
ters on the size effect and overall mechanical behavior cause the transition of grain
boundaries deformation with that of grain interiors at the different scale. Both T1

and TS/T1 jointly control the intragranular elastic–plastic deformation, while both
G1C and GSC/G1C jointly control the grain boundary separation.

Through comparison of modeling and simulation with experiment, one can find
that present model is convinced and can be used to characterize the overall mechan-
ical behavior of nc metals effectively.

Usually, the grain boundary fracture processes were characterized by the cohe-
sive zone model in the mechanical behavior simulations based on mechanics theory
(in the present research corresponds to mixed-mode cohesive zone model), there-
fore the grain boundary properties of the nc materials are fully described by the
parameters of the cohesive zone model. The higher-order effect of strain gradient
within the grain boundary zone may be adjusted by selecting the cohesive interface
parameters, and further work is needed to be done in the future. The strain gradient
effects within interior grain are closely connected with grain size, and increase with
decreasing the grain size, the simulation results of mechanical behavior depend on
the normalized length scale (length scale of strain gradient theory over grain size).

Under the assumptions of the periodic boundary conditions for the nc materials,
the simulation results of micro-structure evolutions are still of periodic characteris-
tic, requiring the same micro-structure evolutions at neighboring cells, even though
the grain boundary starts cracking and the cell failure occurs. This is a limitation of
the periodic boundary condition assumptions that may be away from the true cases.
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