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A universal power law for metallic glasses
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We report a universal power law between bulk modulus and molar volume that holds for metallic glasses (MGs) and most poly-
crystalline metals, which demonstrates that the volumetric derivative of energy minima can be determined by the average atomic
volume. Our findings reveal a characteristic size rang of the short-range order of 0.23–0.32 nm in MGs that is closest to that in
face-centered cubic metals. More interestingly, the short-range order in noncrystalline and crystalline metals seem to be self-similar
from a viewpoint of the compressibility.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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The emergence of metallic glasses (MGs) poses
large challenges to our knowledge of conventional
glasses and crystalline metals [1–3]. The deviation of
the atomic configuration from its crystalline counterpart
causes metallic glasses to be in a thermodynamically
metastable state, which corresponds to a local minimum
of a very complicated potential energy landscape (PEL)
[4–6]. The depth of the potential well reflects the stability
of the system, and the landscape curvature near its min-
imum determines the system’s elastic properties. Search-
ing for the stability–elasticity correlations is a hot
topic in condensed matter physics and materials science
[7–9], since it opens a window onto the understanding
of the structure–property relationship of matter. The
stability–elasticity correlation in PEL implies that
mechanical instabilities for a system can be governed
by its elastic constants. For isotropic solids such as
MGs and polycrystalline metals, there are only two inde-
pendent elastic constants, namely, shear modulus and
bulk modulus. The shear modulus measures the intrinsic
capability of the PEL to resist distortion, while the bulk
modulus measures the inverse compressibility of the
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system. Many models [7,9–11] reveal that the barrier
height for plastic instability or viscous flow of MGs to
occur is proportional to the shear modulus, which is
strongly configuration dependent. In contrast, the bulk
modulus seems to be insensitive to the subtle structural
details [12–14], which possibly implies a universal char-
acteristic of the structures of MGs. In this paper, we the-
oretically derived a power-law relationship between bulk
modulus and molar volume for isotropic solids that
universally holds not only for metallic glasses but also
for most polycrystalline metals. The physics behind the
relation is briefly discussed as well.

In seeking for a relation between the bulk modulus
and stability of a system, we consider the potential en-
ergy for one molar atom of an MG. Previous studies
have shown that the model system of a Lennard–
Jones-type interatomic interaction function could
predict precisely the lattice parameters for intermetallic
systems [15–17], and could even be representative of
more complex glasses [18]. In that case, the potential
energy has the simplest landscape, given as the following
function:

U ¼ 1

2
NA � 4e � r

r

� �m
þ r

r

� �nh i
; ð1Þ

where NA is Avogadro’s constant, e is the depth of the
potential well, r is the finite distance at which the
inter-atom potential is zero, r is the distance between
two atoms, which is approximately equal to the atomic
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Figure 1. Plot of the bulk modulus vs. the molar volume for about 80
metallic glasses, including Au-, Ca-, Cu-, RE-, Ni-, Pd-, Pt- and Zr-
based systems, as well as 55 polycrystalline metals (14 fcc, 14 bcc and
27 hcp lattice). The solid line represents the theoretical prediction by
Eq. (5). The inset shows the case of metallic glasses, which indicates a
brittle–plastic transition with decreasing molar volume and increasing
bulk modulus.

Figure 2. Power law of the bulk modulus vs. the molar volume for a
variety of isotropic metal systems shown as double-logarithmic
coordinates. The experimental data reveals a short-range order of
about 0.23–0.32 nm for metallic glasses and also demonstrates a
critical length of 0.46 nm, beyond which the power law breaks down
(e.g. bcc-type Cs and Fr metals).
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radius, and m and n are the exponents denoting the en-
ergy of attraction and repulsion, respectively. Since the
average atomic volume scales with the radius Va/r3,
we can rewrite the landscape in terms of the molar vol-
ume ~V m ¼ N AV a with the form:

U ¼ � A
~V m=3

m

þ B
~V n=3

m

; ð2Þ

where A ¼ N 1þm=3
A � 2erm and B ¼ N 1þn=3

A � 2ern. A system
at temperatures well below the glass transition tempera-
ture is at or near a potential minimum U0, which can be
determined by @U 0=@V m ¼ 0. From this, we obtain:

U 0 ¼
m� n

n
A

V m=3
m

: ð3Þ

The application of an external pressure will induce a
deviation of ~V m from the equilibrium Vm. Equating the
energy produced by the external pressure to the change
in potential energy gives Grüneisen’s first rule [19]:

K ¼ V m

@2U

@ ~V 2
m

�����
V m

¼ mn
9

U 00
V m

: ð4Þ

This equation indicates that the bulk modulus at or near
equilibrium is a function of the molar volume density of
the atomic bonding energy U 00 ¼ �U 0 [20]. By eliminat-
ing U 00 from Eqs. (3) and (4), and writing
C ¼ 103�2m � 2mðn� mÞN 1þm=3

A erm=9, one obtains:

KV 1þm=3
m ¼ C; ð5Þ

which represents a power-law relationship between the
bulk modulus and the molar volume (equivalently aver-
age atomic volume), if the parameter C is constant for
the materials considered. Here, K is in units of GPa,
and the units of Vm are cm3 mol–1.

Next, we apply the power law (5) to MGs. We col-
lected data of about 80 MGs (Au-, Ca-, Cu-, rare earth
(RE)-, Ni-, Pd-, Pt- and Zr-based) for which the K and
Vm values were available (Supplementary Table 1). It
should be pointed out that these MGs are mainly metal-
loid free or metallic bond dominated, which guarantees
the validity of Eq. (1). For comparison, 55 polycrystal-
line metals, including 14 face-centered cubic (fcc), 14
body-centered cubic (bcc) and 27 hexagonal close-
packed (hcp) lattices, are also considered (Supplemen-
tary Table 2). Figure 1 clearly shows a strong correlation
between K and Vm for all metallic materials regardless of
whether they are crystalline or noncrystalline: the smal-
ler the molar volume, the higher the bulk modulus; that
is, the more strongly the system resists the bulk defor-
mation. These experimental data can be fitted well by
Eq. (5) so long as m = 3.9 and C = 2.5 � 104. This
means that, for materials with similar atomic bond
types, their bulk modulus can be fully determined by
the molar volume that measures the atomic packing
density. To confirm this, we further apply Eq. (5) to a
polycrystalline Fe–Ti alloy and find that it is also valid
for the data if C is adjusted to C = 4.7 � 104 (Supple-
mentary Fig. 1). The inset in Figure 1 magnifies the case
for MGs. It is interesting to find that, with increasing
bulk modulus and decreasing molar volume, the MG
systems tend to be more plastic. This indicates that the
atomic packing density might be a key factor to the plas-
ticity of glasses [21–24]. In fact, Rouxel et al. [23] re-
ported a direct correlation between the atomic packing
density and Poisson’s ratio, which is considered to be
a good indicator of a material’s plasticity [25–27].

More importantly, the universality of Eq. (5) for both
MGs and crystalline metals could provide some insight
into their atomic structures. We reconstruct Figure 1
in double-logarithmic coordinates, as shown in Figure 2,
where the power law (5) is transformed into a linear
dependence. From the viewpoint of the fractal behavior,
the correlation shown in Figure 2 is conceptually sur-
prising. It indicates that, for isotropic metals, regardless
of their crystalline or glassy state, their bulk modulus or
compressibility is self-similar; the value depends on a
scaling quantity, which in this case is given by the molar
volume. It has been known that MGs preserve short- to
medium-range order similar to that in crystalline struc-
tures [28–31], although the long-range order is absent.
The fractal-like behavior observed here should originate
from the short-range order (SRO) structural similarity
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among glassy or crystalline metals. This revelation may
help explain why nanocrystal formation is often ob-
served in a severely plasticity-localized zone or shear
band [32–34]. It is naturally expected that, if the SRO
is very similar to the crystalline structure, only a shear
transformation could be sufficient to transform a short-
to medium-range order region into a critical nucleus for
crystallization. In particular, we note that the data of
metallic glasses and fcc metals largely overlap. This im-
plies that MGs have the SRO closest to that of fcc met-
als [28,29], obeying the ideal-mixing rule. From our
observations, a characteristic length of the SRO of
MGs, LSRO, of 0.23–0.32 nm can be identified, corre-
sponding to 7–20 cm3 mol–1 of molar volume, which is
in fair agreement with the measured range of 0.21–
0.29 nm [30,35] and less than the 0.36 nm reported by di-
rect observation [36]. We also note that two points for
the bcc Cs and Fr metals, circled in Figure 2, deviate
seriously from the theoretical prediction. This demon-
strates that there possibly exists a length scale over
which such a size-dependent self-similarity will break
down. As indicated in Figure 2, the critical length scale
is about 0.46 nm; interestingly, this value is close to the
predicted scale (0.4 nm) for fcc Cu below which the size
dependence of the elasticity should be considered [37].

Finally, it is worth discussing the implications of our
present results. The molar volume (or the atomic pack-
ing density) reflects the average free volume of MGs to a
certain extent. In fact, the free-volume approach [38–40]
is very successful as a simple one-parameter description
of the “static” structures and their flow instability of
glasses. In contrast, it would be expected that a descrip-
tion based on a simple packing density approach would
break down if dynamic properties (relaxation dynamics
in frequency spaces) were considered, since the dynamics
depends directly on the details of the local binding forces
and their anisotropy [5–6]. The present findings also
indicate that the “nanoglasses” advocated by Gleiter
[41] are truly a different state of matter, since their high
atomic volume directly means that close packing is not
an issue and that a change in the relative contributions
of the directional and non-directional binding forces is
probably involved.

In summary, the bulk modulus of isotropic atomic
bonding systems with densely packed atoms can increase
with decreasing average atomic volume, corresponding
to a smaller molar volume. The molar volume and the
bulk modulus show a universal power-law relationship,
which does not depend on how atoms are packed on the
long-range scale but originates from the self-similarity of
the short-range order under pressure. It should be noted
that our current model is essentially a hard-sphere mod-
el of atoms for metallic glasses where the electron contri-
butions are not taken into account [42]. This implies that
the compressibility of systems at or near equilibrium
state can be characterized well by the hard-sphere model
[43–45]. However, the compressibility of a system far
from an equilibrium state, e.g. under ultrahigh pressure,
can be govern by special electron structures. For exam-
ple, the delocalization of 4f electrons of the constituent
Ce atom under high pressure can contribute to the great-
er compressibility of Ce–Al metallic glasses, causing a
transition from a low-bulk-modulus state to a high-
bulk-modulus state [46].
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