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The fatigue strength and crack initiation mechanisms of very-high-cycle fatigue (VHCF) for two
low alloy steels were investigated. Rotary bending tests at 52.5 Hz with hour-glass type speci-
mens were carried out to obtain the fatigue propensity of the test steels, for which the failure
occurred up to the VHCF regime of 108 cycles with the S-N curves of stepwise tendency.
Fractography observations show that the crack initiation of VHCF is at subsurface inclusion
with ‘‘fish-eye’’ pattern. The fish-eye is of equiaxed shape and tends to tangent the specimen
surface. The size of the fish-eye becomes large with the increasing depth of related inclusion
from the surface. The fish-eye crack grows faster outward to the specimen surface than inward.
The values of the stress intensity factor (KI) at different regions of fracture surface were cal-
culated, indicating that the KI value of fish-eye crack is close to the value of relevant fatigue
threshold (DKth). A new parameter was proposed to interpret the competition mechanism of
fatigue crack initiation at the specimen surface or at the subsurface. The simulation results
indicate that large inclusion size, small grain size, and high strength of material will promote
fatigue crack initiation at the specimen subsurface, which are in agreement with experimental
observations.

DOI: 10.1007/s11661-011-0816-7
� The Minerals, Metals & Materials Society and ASM International 2011

I. INTRODUCTION

THE research of metal fatigue dates back more than
150 years.[1] Conventionally, the fatigue limit of metallic
materials is recognized as the fatigue strength at the
loading cycles of 107 without failure.[2] Although
Kikukawa et al.[3] presented fatigue data at failure
cycles beyond 108 in the mid-1960s, which were tested
with loading frequencies from 13 to 100 kHz, their
attention was directed toward the frequency effect on
the fatigue strength of mild steels. In the mid-1980s,
Naito et al.[4,5] clearly reported the occurrence of fatigue
fracture at the cycles beyond 108 with specific fatigue
characteristics for carburized steels. Since then, a new
regime of fatigue research, namely, very-high-cycle
fatigue (VHCF),[6] also called ultra-high-cycle fatigue,[7]

ultra-long-life fatigue,[8] or gigacycle fatigue,[9] which
concentrated on the specific fatigue behavior at failure
cycles beyond 107 and even up to 1011 loading cycles,
has attracted investigators in this field. The importance

of VHCF research is no doubt related to the growing
trend of engineering applications, including aircraft,
automobile, ship, railway, bridge, etc., for which the
components and structures are required to endure the
fatigue life larger than 107 loading cycles, and even
requiring 1011 life cycles of endurance in some vital cases.
Since the mid-1980s, the results of fatigue failure

beyond 107 loading cycles were successively published,
e.g., References 10 through 20. The characteristics of
crack initiation and its early growth are essential aspects
in the understanding of the VHCF mechanism. For the
case of low-cycle and high-cycle fatigue, cracks originate
from the specimen surface due to localized plastic
deformation with persistent slip process. For the case
of VHCF, on the contrary, cracks seem prone to initiate
at the specimen subsurface (interior). It is natural to ask
in which situation will cracks initiate at the surface, and
in which other situation will cracks originate at the
subsurface. For this, the competition mechanism of
different crack initiation modes is not clear. Although
the observations of ‘‘fish-eye’’ and ‘‘optical dark-area’’
patterns were confirmed in the literature,[8,11,18] there is
still a lack of knowledge in the interpretation of the
influence tendency on the crack initiation process.
In this article, the fatigue strength and the crack

initiation mechanism of VHCF are investigated with two
low alloy steels. The hour-glass type specimens were
tested by using a rotary bending machine operating at a
frequency of 52.5 Hz. The results show that VHCF
damage and failure occurred for both test steels with the
S-N curves of stepwise tendency. The fractography of
broken specimens was examined to reveal that fatigue
cracks almost initiate at the specimen subsurface for
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VHCF with a fish-eye pattern. The stress intensity
factors at different zones of fracture surface are calcu-
lated to evaluate the cracking propensity. A new param-
eter is proposed to interpret the competition mechanism
of fatigue crack initiation from the specimen surface or at
the subsurface, which is affected by inclusion size, grain
size, strength of material, and applied stress.

II. FATIGUE TESTING AND RESULTS

The test materials in the present investigation are two
low alloy steels, i.e., the Chinese brands of GCr15
(equivalent US code SAE 52100 or Japan code SUJ2)
and 40Cr (equivalent US code AISI 5140 or Japan code
SCr440). GCr15, designated as material G in the
following text, is a bearing steel with main chemical
compositions of 1.0 pct C and 1.5 pct Cr (Fe balance).
40Cr, designated as material C in the following text, is a
structural steel with main chemical composition of
0.4 pct C and 1.0 pct Cr (Fe balance). Hour-glass shape
specimens were machined with the minimum diameter of
3 mm and the round notch radius of 7 mm, as shown in
Figure 1. The stress concentration factor for the spec-
imen is simply calculated as 1.06.

The raw specimens of material G were heated at
1118 K (845 �C) for 2 hours and oil quenched; they
were then tempered at 453 K (180 �C) for 1 hour and air
cooled to give the microstructure of tempered martens-
ite. The average grain size of original austenite is 10 lm
measured from 167 grains on 11 observation fields. The
average ultimate tensile strength is 2372 MPa from the
tensile tests on four specimens with the same heat-
treatment procedure.

The raw specimens of material C were heated at
1118 K (845 �C) for 2 hours and oil quenched; they
were then tempered at 473 K (200 �C) for 1 hour and air
cooled. Such heat-treated specimens are of the micro-
structure with tempered martensite. The average size of
original austenite grains is 11.2 lm measured from 200
grains of intergranular morphology on SEM photos
taken of fracture surfaces. The average ultimate tensile
strength is 1768 MPa from the tensile tests on four
specimens with the same heat-treatment procedure.

The surfaces of diameter reduced part for the heat-
treated specimens were ground and polished to a smooth
finish in order to eliminate the machining scratches.
Thus, the specimens were ready for fatigue testing.

Fatigue tests were performed by using a rotary
bending machine at laboratory air environment of room
temperature, for which the rotating speed of the axis was

3150 rpm, i.e., the frequency being 52.5 Hz. The
machine contains two pairs of rotating axes, each with
two ends for clamping specimens, such that it is capable
of allowing four specimens to be tested simultaneously.
A weight was independently loaded to the end of each
specimen through a fixture as a cantilever type loading.
The loaded weight was given by the conversion of
required applied stress with a simple relation, and the
stress ratio was -1 for this type of cyclic loading.
Figure 2 shows the experimental results of the S-N

relation for the two test materials. For material G
(GCr15), the failure cycles ranged from 4 9 104 to
4 9 108 (Figure 2(a)), and for material C (40Cr),
the failure cycles ranged from 8 9 104 to 4 9 108

(Figure 2(b)). The cycling ranges for both cases passed
through the high-cycle fatigue regime and entered the
VHCF regime. It is obvious that fatigue failure for both
test materials happened at the loading cycles beyond 107

even over 108, suggesting that the traditional fatigue

Fig. 1—Schematic drawing of hour-glass-shape specimen for rotary
bending fatigue test (dimensions in millimeters).

Fig. 2—Results of rotary bending tests showing fatigue strength vs
number of cycles to failure for two test materials and the symbol
styles indicating the mode of fatigue crack initiation: (a) results of
material G (GCr15) and (b) results of material C (40Cr).
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limit no longer existed. The shape of the S-N curves
shown in Figure 2 presents a stepwise tendency, and this
is more evident for material C (Figure 2(b)). The
stepwise shape of the S-N curve is one of the VHCF
specific characteristics for metallic materials.[11,12,16,18]

The symbol styles in Figure 2 also indicate the mode of
fatigue crack initiation, which will be described in the
next part of this article.

III. FRACTOGRAPHY

Fracture surfaces of broken specimens were examined
by scanning electron microscopy (SEM) and optical
microscopy (OM). During the examination, special
attention was given to the crack initiation region.

Figures 3(a) through (c) are the fracture surface of
VHCF for a specimen of material G, showing the region
of crack initiation. The photograph of low magnifica-
tion (Figure 3(a)) indicates three regions of different
gray levels and the location of crack origination on the
fracture surface. Region A is the crack initiation and
early growth zone, which is responsible for a substan-
tially large part of fatigue life. Region B is the crack fast
growth zone, and region C is the final fracture zone. The
enlargement of region A (Figure 3(b)) shows the typical
patterns of optical-dark-area (also named fine-granular-

area (FGA)) and fish-eye, with the latter being tangent
to the specimen surface. The diameter of the fish-eye is
about 200 lm and that of the inside optical-dark-area is
about 50 lm. Further enlargement of the crack initia-
tion region (Figure 3(c)) shows the embedded inclusion
of about 10 lm in diameter, which is the crack origin
and debonds from its embraced matrix.
Figures 4(a) through (c) show the fractography of a

specimen of material C after VHCF failure. The low
magnification image (Figure 4(a)) shows the entire
fracture surface, where the left part is the crack
origination region. The enlargement of the crack orig-
ination region (Figure 4(b)) shows the subsurface crack
initiation with a fish-eye pattern. The further enlarge-
ment (Figure 4(c)) shows the crack origin due to an
inclusion with clear evidence of interface debonding of
the inclusion from the surrounding matrix.
Figures 3 and 4, which are typical examples of VHCF

fractography for materials G and C, respectively,
indicate that for the low alloy steels tested, subsurface
crack initiation is preferable to surface initiation at the
VHCF regime. The interface debonding of the related
subsurface inclusion from its surrounded matrix leads to
VHCF crack initiation. When the crack initiation zone
(fish-eye) extends and approaches the specimen surface,
the fatigue crack enters into the early steady growth
period.

Fig. 3—Fracture surface of specimen G1 at VHCF regime with rmax = 1024 MPa and Nf = 3.5 9 108, showing fatigue crack originated from
an inclusion at the subsurface: (a) OM photo of whole fracture surface, (b) OM photo of fish-eye pattern, and (c) SEM photo of dark-area
morphology.
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In addition to the subsurface origination of fatigue
cracks at the VHCF regime, fatigue cracks may nor-
mally initiate from the surface at low-cycle and high-
cycle regimes, as also indicated by the symbol styles in

Figure 2. For material G, fatigue cracks almost initiate
at the specimen surface for failure cycles below 106, and
both surface and subsurface initiation prevail for failure
cycles between 106 and 107. For material C, the usual
surface crack origination occurs when the failure cycles
below 5 9 106. Figures 5(a) and (b) are SEM photos
showing fatigue crack initiation at the specimen surface
for specimens G2 and C2. The former is due to an
inclusion at the surface (Figure 5(a)), and the latter is
without the participation of an inclusion (Figure 5(b)).
Figures 6(a) through (c) are the measurements of fish-

eyes and embedded inclusions from the crack initiation
region of 10 specimens of material C, for which the
values of 2a and 2b of fish-eye, the depth of inclusion,
and the diameter of inclusion were measured from the
SEM photos taken of the fracture surfaces. It is seen
that the ratio of 2ai to 2bi of fish-eye is between 0.85 and
1.15 (Figure 6(a)), indicating that the dimension of fish-
eye in the direction perpendicular to the specimen
surface is equal, on average, to the length parallel to the
specimen surface; i.e., the shape of fish-eye is almost
equiaxed. Figure 6(b) shows that the distance (i.e., the

Fig. 5—Fractography of fatigue crack initiation at the specimen sur-
face: (a) specimen G2 with rmax = 1419 MPa and Nf = 4.3 9 104

and (b) specimen C2 with rmax = 720 MPa and Nf = 1.1 9 106.

Fig. 4—SEM photos showing fractography of specimen C1 after
VHCF failure with rmax = 610 MPa and Nf = 3.27 9 108: (a)
whole fracture surface with left part being the crack initiation
region, (b) enlargement of the crack initiation region with a fish-eye
underneath the surface, and (c) enlargement of the inclusion embed-
ded in the fish-eye with clear evidence of interface debonding.
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depth) of the embedded inclusion away from the
specimen surface increases with the related fatigue
failure cycles, which indicates that if the location of an
inclusion is with large depth from the surface, the crack
initiation zone, i.e., the size of the fish-eye, will be
relatively large; therefore, a large value of fatigue cycles
will be expected for the initiation period. Figure 6(c)
shows the diameter of the inclusion as the crack origin
decreases with the related fatigue failure cycles, indicat-
ing that large inclusions may cause an early initiation of
fatigue crack and lead to a shorter fatigue life, whereas
relatively small inclusions may upgrade the fatigue
resistance of the material.

The dimension measurements of fish-eyes and embed-
ded inclusions for material G show that the size of fish-
eye is irrelevant to fatigue failure cycles (Figure 7(a)) and
that the fish-eye radius is linearly proportional to the
embedded inclusion depth underneath the specimen
surface (Figure 7(b)) with a fit of y = 0.74x. On one
hand, the size of a fish-eye is dependent of the location of
the related inclusion that causes the crack initiation, and
the further the inclusion away from the surface, the
larger the fish-eye will be. On the other hand, the initial
growth of fish-eye crack is somewhat faster outward to
the specimen surface than inward to the specimen center.

As mentioned in the interpretation of Figure 3, region
A is responsible for a substantially large part of fatigue

life. In a parallel article,[21] we further investigated the
characteristics and the threshold mechanical value for
the fish-eye and FGA in region A. In addition, the
investigation of the fish-eye and FGA for VHCF of
high strength steels also may be referred to recent
publications.[18,22–24]

In order to further investigate the crack propagation
process, we designed a kind of v-notch specimen testing,
in which a circumferential v-notch was introduced at
the reduced section of the rotary bending specimen
(Figure 1). Fatigue cycling of a group of specimens was
interrupted for every specimen at a preset loading cycle,
and the specimen was broken at low temperature in
order to reveal the fatigue cracking damage evolution
process. The experimental details and results were
reported elsewhere.[25,26]

IV. CRACK INITIATION MECHANISM

For the two test materials, all the fatigue fracture
surfaces of either surface crack initiation or subsurface
crack initiation modes present the morphology of three
regions, as shown in Figure 3(a). Regarding the inner
boundary as a crack tip for regions A and B at the
fracture surface, i.e., the crack length a is taken as A for
region A or as B for region B (Figure 8(a)), one may

Fig. 6—Measurements of dimensions for fish-eyes and imbedded inclusions for specimens of material C: (a) 2a/2b of fish-eye vs Nf, (b) depth of
inclusion vs Nf, and (c) inclusion diameter vs Nf.

Fig. 7—Measurements of dimensions for fish-eyes and embedded inclusions for specimens of material G.
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calculate the stress intensity factor KI with the following
formula:

KI ¼ Fra

ffiffiffiffiffiffi

pa
p

½1�

In the calculation, region A is regarded as elliptical shape
and region B is regarded as circular shape. Figure 8(b) is
the result of KI vs fatigue failure cycles for material G,
and Figure 8(c) is that for material C. It is seen from
Figure 8 that the values of KI almost remain constant
from low cycle to VHCF regime for region A for both
materials. The average value of KI for region A for
material G is 28 MPa m1/2, and that for material C is
16 MPa m1/2. It is also seen from Figure 8 that the
values of KI for region B are largely scattered, with the
range between 38 and 86 MPa m1/2 for material G and
between 35 and 60 MPa m1/2 for material C. In addition,
we use the same method to obtain the KI values for fish-
eye regions. The average KI value of fish-eye regions for
material G (20 specimens) is 9.2 MPa m1/2 and that for
material C (10 specimens) is 10.1 MPa m1/2. Such values
for the two materials are close to the corresponding DKth

values,[10] implying that fish-eye region is the fatigue
crack initiation zone. Thereafter, fatigue crack enters the
steady growth stage (region A), and region B is probably
the crack fast growth zone. The KI value of region B of
the fracture surface, although with large scattering, is
relevant to the corresponding fracture toughness.
In order to interpret the competition mechanism of

fatigue crack initiation either at the surface or at the
subsurface, we propose a new parameter D* for this
regard:

D� ¼ Ni

Ns
½2�

In fact, D* is the ratio of two general time variables,
which is called the Deborah factor in reference to the
Deborah number proposed in Reference 27. When
Ns <Ni, i.e., D*> 1, cracks originate at the surface.
On the contrary, when Ns >Ni, i.e., D*< 1, cracks
initiate at the subsurface (interior).
Note that crack initiation related to inclusions could

be of different cases. One is the weak cohesive state
between the inclusion and matrix (case A). Under cyclic
loading, a crack will easily form due to the interface
debonding and grow into the matrix. The other is the
strong cohesive state between the inclusion and matrix
(case B). Crack initiation is due to the localization of
nonuniform deformation at the local region of the
interface between the inclusion and matrix. Referring to
the derivation of D* in the Appendix with Eqs. [A18]
and [A25], we may write the basic expressions of D* for
cases A and B, respectively.
For case A,

D� ¼ Ni

Ns
¼ 1:25kwðu� 1Þ2

D ~Uw2
½3�

For case B,

D� ¼ Ni

Ns
¼ 2:5kwðu2 � 1Þ2

D ~U1

½4�

In this calculation, kw is taken as unity. Thus, we may
calculate the values of D* as a function of u and w, and

Fig. 8—KI values vs fatigue failure cycles for regions A and B of
fracture surface: (a) schematic of regions A and B on the fracture
surface referred to Fig. 3(a), (b) results of material G (GCr15), and
(c) results of material C (40Cr).
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the results are shown in Figure 9. For the sake of clear
description in the following discussion, recall the defi-
nitions of u and w. u = 0.5Dr/k represents the ratio of
applied stress amplitude Dr to dislocation resistance k,
with the value of u taken as 1.2, 1.4, 2.0, 4.0, and 16 in
the calculation. w = r/l represents the ratio of the
inclusion radius r to grain radius l, with the range of w
taken from 0.0 to 2.0.

There is a horizontal line of D* = 1 in Figure 9. For
the zone of D*> 1, cracks tend to initiate at the surface,
whereas for the zone of D*< 1, cracks tend to originate
at the subsurface. By comparison of Figures 9(a) and
(b), the zone of D*< 1 for case A is much larger than
that for case B, indicating that fatigue cracks more
possibly initiate at the subsurface in the circumstance of
the weak cohesive state between inclusion and matrix.
This is consistent with the observations of interfacial
debonding between the subsurface inclusion and sur-
rounding matrix (Figures 3(c) and 4(c)).

For the sake of further discussion, we define w* as the
w value corresponding to the intersection point between

the distribution curve of u = 16 and the line of D* = 1.
Thus, for case A, w* is about 0.2, whereas for case B, w*
is about 0.9. For a given loading state (u is constant),
when w < w*, i.e., small inclusion size r or large grain
size l, if D*> 1, crack initiation tends toward the
surface. With the increase of w, i.e., the increase of
inclusion size r or the decrease of grain size l, the value of
D* gradually decreases and leads to D*< 1; then fatigue
crack initiation will shift from ‘‘at surface’’ to ‘‘at
subsurface.’’ On the other hand, when w is given, the
value of D* decreases with the decrease of u (decrease of
loading level Dr or increase of dislocation resistance k,
i.e., the strength of material). Thus, fatigue cracks tend to
initiate at the subsurface. This may be interpreted as
indicating that surface crack initiation occurs at shorter
fatigue cycles under relatively higher loading levels and
subsurface crack origination occurs at longer fatigue
cycles under relatively lower loading levels.
In general, fatigue crack initiation tends toward the

subsurface at the situation of relatively low cyclic
loading level, high strength of material, large inclusion
size, small grain size, and vice versa.

V. CONCLUSIONS

The following conclusions are drawn for the low alloy
steels subjected to the rotary bending test at the cycling
frequency of 52.5 Hz and at laboratory air environment.

1. VHCF failure occurred up to fatigue cycles beyond
108 with the S-N curves of stepwise tendency.

2. Crack initiation of VHCF is at subsurface inclusion
with fish-eye pattern. The fish-eye is of equiaxed
shape and tends to tangent the specimen surface.
The size of fish-eye becomes large with the increas-
ing depth of related inclusion from the surface. The
fish-eye crack grows faster outward to the specimen
surface than inward.

3. The KI value of fish-eye crack is close to the value
of corresponding DKth. Also, there is an early crack
steady growth zone with constant KI value between
DKth and fracture toughness.

4. A Deborah factor is proposed to interpret the com-
petition mechanism of crack initiation at the surface
or subsurface. Fatigue crack initiation tends toward
subsurface at the situation of relatively low cyclic
loading level, high strength of material, large inclu-
sion size, and small grain size.
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APPENDIX: DERIVATION OF D*

Case A

For the case of weak cohesive bonding between
inclusion and matrix (case A), the following relations
were proposed in Reference 28:

Dc ¼ 1

2A
ðDr� 2kÞl2 ½A1�

DU0 ¼
1

2
DcðDr� 2kÞ ½A2�

In such a case, when fatigue crack initiates from an
inclusion at the subsurface, the criterion is

Ui ¼ 2NiDUi ¼ 8lwi ½A3�

where

DUi ¼
DrDcT1

2
� kDcL1 þ

r2Dr2

2A
½A4�

with

DcT1 ¼
bDr
A
ð2c2 � r2Þ

þ 2kr

pA
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � r2
p

� 2rI
h i

þ kr2

2A

½A5�

DcL1 ¼
2bDr
pA

c2 cos�1
r

c
� d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � r2
p

þ p
2
ðc2 � r2Þ

h i

þ 4kr

p2A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � r2
p

pþ cos�1
r

c

� �

þ 2r ln
r

c
� prI

h i

½A6�

b ¼ 1� k

Dr
� 2k

pDr
cos�1

r

c

� �

½A7�

and

I ¼ 1

pr2

Z c

r

t2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � r2
p ln

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � r2
p

þ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � t2
p

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � r2
p

� r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 � t2
p

�

�

�

�

�

�

�

�

�

�

dt ½A8�

Case B

For the case of strong cohesive state between the
inclusion and matrix (case B), the following relations
were also proposed in Reference 28:

Dc ¼ 3

2A
ðDr� 2kÞl2 ½A9�

DU0 ¼
C

2
DcðDr� 2kÞ ½A10�

with

C ¼ 1

3
1þ 2 ln

2R

l

� �� 	

The criterion for crack initiation is

Ui ¼ 2NiDUi ¼ 4lwi ½A11�

Referred to Reference 29, one has

DUi ¼
Dr� 2k

4A
b0Drl2 þ 2Drr2 1� rð3l2 þ 2r2Þ

2 l2 þ r2ð Þ3=2

" #( )

þ b0Dr2r2

2A
1� r

ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 � r2
p

� �

þ Dr2r5

2A

1

l2 þ r2ð Þ3=2
4r4 þ 2r2l2 þ l4

4r3
ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ r2
p � 1

� �

½A12�

with

b0 ¼ 1� 2k

Dr
þ r3

l2 þ r2ð Þ3=2
½A13�

Crack Initiation at Surface

For fatigue crack initiation at the surface, the
situation of case A with Eqs. [A1] and [A2] is approx-
imately referred.[28] Considering the surface crack factor
and half-cycling process, one has

DUs ¼ 1:122
1

2
DU0

� �

¼ 1:25

2A
l2ðDr� 2kÞ2 ½A14�

Generally,

Us ¼ 2NsDUs ¼ 4lws ½A15�

Thus,

Ns ¼
4Aws

1:25lðDr� 2kÞ2
½A16�

Expressions of D*

The basic definition of D* is the ratio of Ni to Ns.
Thus, from Eqs. [A3] and [A15], one may write the
following formula for case A:

D� ¼ Ni

Ns
¼ 2kw

DUs

DUi
½A17�

The further derivation may give the expression of D*
for case A:

D� ¼ 1:25kwðu� 1Þ2

D ~Uw2
½A18�

Here, the dimensionless unit increment of energy D ~U is

D ~U ¼ uD~cT1 � D~cL1 þ u2

2
½A19�

with

D~cT1 ¼ buð2~c2 � 1Þ þ 1

p
3
ffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � 1
p

� 2~I
� �

� 1

4
½A20�
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D~cL1 ¼
2bu
p

~c2 cos�1
1

~c

� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � 1
p

þ p
2
ð~c2 � 1Þ

� 	

þ 2

p2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � 1
p

pþ cos�1
1

~c

� �� 	

þ 2 ln
1

~c

� �

� p~I


 �

½A21�

b ¼ 1� 1

2u
� 1

pu
cos�1

1

~c

� �

½A22�

~c ¼ c

r
¼ w

2ðwþ 2Þ 1þ 1þ 2

w

� �2
" #

½A23�

and

~I ¼ 1

p

Z ~c

1

t2
ffiffiffiffiffiffiffiffiffiffiffiffi

t2 � 1
p ln

t
ffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � 1
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � t2
p

t
ffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � 1
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~c2 � t2
p

�

�

�

�

�

�

�

�

�

�

dt ½A24�

Similarly, one may write the following expression of
D* for case B:

D� ¼ Ni

Ns
¼ kw

DUs

DUi
¼ 2:5kwðu2 � 1Þ2

D ~U1

½A25�

Here,

D ~U1 ¼ ðu� 1Þ ub0 þ 2uw2 1� wð2w2 þ 3Þ
2ðw2 þ 1Þ3=2

" #( )

þ 2u2w2b0 1� w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 þ 1

q

0

B

@

1

C

A

þ 2u2w2

1þ 1
w2

� �3=2

4w4 þ 2w2 þ 1

4w3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 þ 1

q � 1

0

B

@

1

C

A

½A26�

and

b0 ¼ 1� 1

u
þ 1þ 1

w2

� ��3=2
½A27�

In short, Eqs. [A18] and [A25] are the basic expres-
sions of D* for cases A and B, respectively, which are
used for the simulation and therefore for the discussion
of the competition mechanism for fatigue crack initia-
tion at surface or at subsurface.

TABLE OF SYMBOLS

a crack length
2 ai fish-eye dimension in direction perpendicular to

specimen surface
A l/[(2p(1 – m)]
2bi fish-eye dimension in direction parallel to

specimen surface

D* Deborah factor
F correction factor of crack shape
K resistance of dislocation movement
kw wi/ws

KI stress intensity factor
DKth threshold value of KI amplitude for fatigue

crack growth
L grain radius
Nf fatigue failure cycles
Ni fatigue cycles required for crack initiation at

subsurface
Ns fatigue cycles required for crack initiation at

surface
r inclusion radius
R radius of dislocation stress field
Ui total energy related to dislocation pipe-ups for

subsurface crack initiation
Us total energy related to dislocation pipe-ups for

surface crack initiation
DU0 unit increment of energy
D ~U; D ~U1 dimensionless unit increment of energy
DUi unit increment of energy for subsurface crack

initiation
DUs unit increment of energy for surface crack

initiation
wi surface energy related to subsurface crack

initiation
ws surface energy related to surface crack initiation
Dc increment of plastic deformation
l shear modulus
m Poison’s ratio
ra applied stress
rmax maximum applied stress
Dr stress amplitude
F 0.5Dr/k
w r/l
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