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ON THE ST. VENANT FLEXURE PROBLEM FOR
CROSS SECTIONS OF A SERIES OF SYMMETRICAL AIRFOILS

Lin, Tung-CHI
(Institute of Mechanics, Academia Sinica)
ABSTRACT

This paper deals with the problem of flexure of a uniform cantilever beam with
a symmetrical airfoil cross section. The loading is applied at the free end at right
angles to the plane of symmetry as shown in Fig. 1. The material is assumed to be
homogeneous and isotropic, and the body forces are assumed to be negligible. In
general, such a beam will twist as well as bend.

The mathematical form assigned to the cross-sectional shape is based on the
inversion of a hyperbola. This expression contains a single parameter % for adjusting
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Fig.1 The cantilever beam

the fineness ratio of the airfoil. Some of the possible shapes of the orogs section are
shown in Fig. 2.

It is well known in the theory of elasticity that the problem of a ocantilever
beam of constant cross section under the action of a transverse load applied at the free
end has been reduced by St. Venant to a problem of finding plane harmonic functions
satisfying a certain condition on the boundary of the cross section. In the case of
cross sections having uni-axzial symmetry with load applied at right angles to the axis
of symmetry, the St. Venant flexure problem has been reduced by Stevenson into a
boundary value problem involving three canonical flexure functions, of which one is
the torsion function of the cross section.

For the present problem, it is shown that these canonical flexure functions can
be obtained by introducing complex variables. The method employed is that of ex-
pressing the boundary equations of the real eanonical functions as either the real or
the imaginary parts of funetions of a complex variable. However, the complex func-
tions thus obtained contain singularities, which lie within the cross section of the
airfoil. An essential feature of the method employed is that of eliminating these
singularities,

An exact and general solution of the 8t. Venant flexure problem is obtained for
cross sections of a series of symmetrical airfoils with load applied at right angles to
the axis of symmetry.

The solution for the Lamniscate of Bernouli (which is a special case of the
series of airfoils with k=1) worked out by the present method checks with that due
to Stevenson by a different method, but the present method is applicable for larger
values of the parameter %, i. e., for thinner airfoils.

As the airfoil becomes thinner, the maximum shearing stress due to torsion
moves towards the nose as is shown in Fig. 3.
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Fig.2 The airfoils Fig.3 The shearing stress under bending

The effect of Poisson’s ratio » tends to increase the shearing stress due to
bending as is shown in Fig. 4.

In Figs. 3 and 4, r is the shearing stress along the boundary of the airfoil, and
¢ and [ are respectively the chord and the moment of inertia of the airfoil about
the z-axis. E, @ and v are respectively Young’s modulus, the modulus of rigidity,
and Poisson’s ratio of the material of the beam. 7 is the associated twist per unit
length of the beam, and P is the load.
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Fig.4 The shearing stress under torsion
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