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Even–odd harmonics generated from above-threshold ionization
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We are reporting a theoretical prediction: The photoelectrons forming above-threshold-ionization
(ATI) peaks emit both even and odd harmonics. These harmonics exhibit plateau and cut-off features
similar to those odd-only harmonics observed in ATI experiments.
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High harmonic generation (HHG) accompanying above-
threshold ionization (ATI) is one of the most interesting
phenomena in strong-field laser physics. In the recent two
decades, many observations of odd-only harmonics ac-
companying ATI peaks have been reported [1, 2]. Almost
all related theoretical models are based on an assumption
that electrons which emit the odd-only harmonics transit
back to the initial bound states [3–9] and are, therefore,
called recombination models. Electromagnetic processes
conserve charge, parity, and time reversions. The can-
celation of even harmonics in theoretical derivations of
recombination models is due to the symmetry of initial
and final boundary conditions in the sub-Hilbert space of
electron, as a natural consequence of the parity conser-
vation or the charge-parity conservation. This success of
recombination models really indicates that the electrons
emitting odd-only harmonics are not the photoelectrons
forming ATI peaks, but those transiting back to the ini-
tial state with no contributions to ATI peaks. When more
ionized electrons transit back to the initial bound state,
the ATI rate should reduce and show stability [10]. Thus,
the odd-only HHG is not really accompanying the ATI
peaks, rather accompanying the stabilization of atoms in
ATI. Then, a natural question is: What kind of harmon-
ics will electrons emit if they do not transit back to the

initial state, especially the photoelectrons forming ATI
peaks?

Previous theoretical studies proved that the photo-
electrons forming ATI peaks had spontaneous emission,
enforced by the energy–momentum conservation, and
the frequencies of the spontaneous emission were spaced
by one laser photon energy [11]. With the asymmetric
boundary condition, the harmonics emitted by photo-
electrons forming the ATI peaks must show both even
and odd orders. Actually, there was already this type of
high harmonic spectra observed from plasmas generated
by laser light [12–14] and received some attention [15–
19]. A question is: why ATI experiments do not show
the even–odd harmonics? While, this question should
not prohibit a theoretical prediction that photoelectrons
forming ATI peaks emit both even and odd harmonics.
Further studies on the spectra of these harmonics are
necessary to facilitate further experimental observations.

In 1991, Kulander et al. [20], in a computer simulation
of a three-dimensional hydrogen model, showed evidence
of even harmonics. They, using parity conservation, in-
terpreted the evidence as a result of the asymmetry of
the electric field. In 1992, Ehlotzky [21] predicted spon-
taneously emitted high harmonics with both even and
odd orders, where the ATI process and the HHG pro-
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cess were assumed to be in parallel. While, these pioneer
predictions of even harmonics were neither observed by
experimentalists nor discussed enough by theoreticians.

The mechanism of even–odd harmonics discussed here
is different from previous ones. In the current discussion,
the even–odd harmonic generation follows photoioniza-
tion in the field. The two processes are in series. This
is not from an assumption, rather a derived result from
fundamental equations. The even harmonics discussed
here is a natural consequence of the asymmetry between
the initial and the final electron states due to the parity
conservation or charge-parity conservation.

According to Guo, Åberg and Crasemann (GAC) [22],
the final state of the photoelectron is not a Volkov state,
but a plane wave; the Volkov states play the role of in-
termediate states. In the single-mode assumption, GAC
theory results in an integer condition for the ponderomo-
tive parameter up ≡ Up/(�ω), which indicates the exis-
tence of a spontaneous light emission [11]. One may think
that this is a failure of GAC theory, but we rather think
this is a great advantage of using this theory. In contrast
with all classical-field treatments, GAC theory has step
by step energy and momentum conservation. Only this
theory revealed the inadequateness of the single-mode
assumption, which was previously adopted by all other
theories, because its violates the energy–momentum con-
servation in the up non-integer case. The above assertion
concerning the final state was soon verified by an existing
measurement of the half Kapitza–Dirac effect performed
by Bucksbaum et al. [23]. The excellent agreement be-
tween Bucksbaum et al.’s measurement [23] and GAC
theory in the standing-wave case [24] further strength-
ened the believe that the extra photon mode has to be in-
cluded in single-mode photoionization. The theory later
was developed with the inclusion of the spontaneously
emitted photon mode [11]. The numerical calculations in
the current paper are based on this formula. Comparing
the current calculations with existing experimental mea-
surements we believe that there are two coexisting mech-
anisms for HHG, electron recombination and escape. A
unified picture of ATI accompanied by HHG is given in
the last part of this paper.

The transition formula is the angular distribution for
a given ATI peak [11]
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where j is the transferred-photon number in the ioniza-
tion process, P = Pf−qk+k′, Pf is the final momentum

of the photoelectron; Φi(P ) is the Fourier transform of
the initial wavefunction with binding energy Eb ≡ ebω.
To add all photoelectrons rates accompanied by differ-
ent harmonic emissions for a specific ATI peak, the sum
in Eq. (1) is performed over all possible integer q. The
function Xq(Pf , k′) is defined by

Xq(Pf , k′) ≡ 1
ω
X−j(z, η)

∑

j′
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where k′ and ε′ denote the wave vector and the po-
larization vector of spontaneous emission mode respec-
tively, and Xj(z, η) ≡ ∑±∞

s=0 Xj−2s(z)Xs(η) are the gen-
eralized phased Bessel functions [25] defined in terms of
phased Bessel functions Xn(z) of a complex variable, say
z, and related to the ordinary Bessel functions Jn(r) by
Xn(z) = Jn(r) exp(inϕ), with z = r exp(iϕ). The argu-
ments in Eq. (2) are defined as follows:

zf = 2
|e|Λ
meω

Pf · ε, zk′ = 2
|e|Λ
meω

k′ · ε

z = zf + zk′ , η =
1
2
up cos ξ (3)

where ξ is the polarization degree, and Λ =
|e|−1(upmeω)

1
2 , one half of the classical amplitude of the

laser field. In Eq. (2), the transferred-photon number j

signifies the order of ATI peaks [11]. The Fourier trans-
form of initial wavefunction Φi(P ) in our numerical cal-
culations is chosen as the one for the outer-most shell
5P3/2 of xenon atom with the binding energy Eb = 12.1
eV. The ionization rate for a given ATI order can be ob-
tained by integrating over the solid angles of both the
electron and the spontaneous-emission mode; while the
total ionization rate is the summation of the rates over
all ATI peaks.

Each term in the summation indexed by q in Eq. (1)
corresponds to one harmonic, emitted by the electron
transiting from the initial bound state to the final plane
wave of the jth ATI peak, with the frequency

ω′ = (q + up − j)ω (4)

Here q = ni − nf is the overall transferred photon num-
ber through the transition. This relation is obtained from
the energy conversation required by the scattering the-
ory. The quantity q +up − j suggests the following phys-
ical process: the electron ionizes into the laser field by
absorbing j photons, then, exits the field by re-absorbing
q−j photons from the field for q > j and converting these
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photons into a high frequency one as the spontaneous-
emission mode.

This spontaneous emission has a discrete energy spec-
trum featuring it as harmonics. The other important fea-
tures shared by this emission and odd-only HHG will
be discussed in later context. The spacing between two
neighboring harmonics in the spectrum of the sponta-
neous emission is exactly the laser photon energy Δω′ =
ωΔ[up − (j − q)] = ω. The order of a harmonic can
be determined by q − j + [up]. It is shown again that
the ponderomotive energy, as a component of the pon-
deromotive four momentum [26], cannot be kept by the
photoelectron when it exits the field; but turns into, as
a part, the energy of the light harmonic.

To obtain the angular distribution formula for the
spontaneous emission in a given order, we start from
Eq. (1) with the following steps. i) We only calculate one
term in Eq. (1) without summing over q, because q spec-
ifies one harmonic. ii) We integrate over the solid angle
in the electron momentum space because photoelectrons
escaping in different directions may generate the same
harmonic. iii) We sum over all different ATI peaks be-
cause photoelectrons forming different ATI peaks may
generate the same harmonic. Thus, we have the angular
distribution formula for the spontaneous emission

d2W
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where the summation over j corresponds to adding all
the contributions from photoelectrons forming different
ATI peaks. The total yield of a harmonic is obtained by
integrating over the solid angle of k′, the propagation
vector of the harmonic mode, in Eq. (5).

In our sample calculation, the wavelength of the inci-
dent laser is chosen as 1064 nm and linearly polarized.
The laser intensity varies from 1013 W/cm2 to 3 × 1014

W/cm2. Our calculations include angular distributions
and spectral distributions of the spontaneous emission.
The angular distribution obtained reveals a pronounced
forward-propagation property, as well as the backward-
propagation property. Here the forward direction means
the laser propagation direction. The harmonic emission
rate in the forward direction is, at least, twice that of
the emission in the laser polarization plane, as shown in
Fig. 1. The spectral distribution further reveals that the
spontaneous emission does have all main characters of
the experimentally observed HHG in the odd-only case,
such as the plateau and cutoff structures, as shown in
Figs. 2 and 3.

Fig. 1 Angular distributions of several harmonics: (a) 2nd; (b)
20th; and (c) 40th. The laser intensity is chosen as 1014 W/cm2,
and the azimuthal angle is φ′ = 0.

Fig. 2 The calculated HHG spectrum along the laser propagation
for laser intensity 1× 1014 W/cm2. Other conditions are the same
as those in Fig. 1. Other parameters: Eb/ω = 10.4, ξ = 0, λ = 1064
nm. Line with dot-centered circles denotes the spectrum of the even
harmonics and line with squares denotes the spectrum of the odd
harmonics.

From the experimental points of view, high harmonics
have the forward-propagation property [27]. Most earlier
calculations assumed that the high harmonics propagate
in this direction. From the theoretical points of view, the
forward propagation assumption needs to be removed
from the theory. To fulfill this purpose, we calculate
the angular distributions of several harmonics. Figure 1
shows the angular distributions of several harmonics at
laser intensity 1014 W/cm2. Even though our formula
allows us to calculate the full angular distribution of all
harmonics, to make the problem simple, we only calcu-
late the angular distribution in the laser polarization-
propagation plane (the x–z plane) which is a function
of the scattering angle θ′ for the fixed azimuthal angle
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Fig. 3 The calculated HHG spectrum along the laser propaga-
tion for laser intensity 2.5×1014 W/cm2. Other conditions are the
same as those in Fig. 2.

φ′ = 0. Figure 1(a) is the angular distribution of the
second harmonic. The emission rate in the forward di-
rection θ′ = 0, as well as the backward direction θ′ = π,
are much larger than those in the transverse direction,
θ′ = 0.5π. For the harmonics of higher orders, the maxi-
mum of the emission rate is still in the forward direction
and the backward direction, as shown in Fig. 1(b) for
the 20th order harmonic. For further higher-order ones,
even though the maximum of the emission rate slightly
departs from the forward direction, as shown in Fig. 1(c),
the forward-propagation preference still generally holds.

Since the harmonics emitted are mostly in the forward
and backward directions, we set θ′ = 0 in the calcula-
tions of the spectral distribution of harmonics. Our cal-
culations show that the emission rate falls off drastically
after few beginning orders, with increasing of the har-
monic order, then exhibits a plateau where all the har-
monics have the comparable strength, and finally ends
up with a sharp cutoff. The plateau and cutoff, two out-
standing features of the spectra of odd-only harmonics,
are now shared with the spectra of even–odd harmonics
as a consequence of our calculations.

Just as in the odd-only case, the plateau and the cut-
off frequency of even–odd harmonics also vary with the
laser intensity. At low laser intensities, the plateau and
the cutoff are both not outstanding. With increasing of
laser intensity, a clear plateau and a sharp cutoff appear
in the harmonic spectra, as shown in Figs. 2 and 3 at
laser intensities 1014 W/cm2 and 2.5 × 1014 W/cm2, re-
spectively. Because the even harmonics produced in the
photoelectron-exit process have a comparable strength
with the odd ones, we term the harmonics in the current
discussion as even–odd harmonics.

From our calculations, we assert that there are two
coexisting mechanisms to produce high harmonics. In
the recombination mechanism, photoelectrons fall back
to the original atomic bound state with an emission of

odd-only harmonics. In the escape mechanism, photo-
electrons escape from the laser field with an emission of
both even and odd harmonics.

The next question is: How to observe these even har-
monics? With the two mechanisms of HHG, let us think
about two extreme cases. Case I: The atoms in the laser
field show stability and the ionization rate is rather low.
In this case, most electrons are recombined, the HHG
spectra will show odd-only. Since there is no much even
harmonics, if the other sources of noises can be well-
controlled, one should observe clean odd-only harmonics
with good ratio of signal versus noise. Case II: The atoms
do not show stability in the laser field and the ionization
rate is high. In this case, most electrons escape from
the laser field to form ATI peaks. The electrons form-
ing ATI peaks emit both even and odd harmonics. Since
there are no many recombined electrons which emit odd-
only harmonics, if one still observes “odd-only” spectra,
these spectra cannot be very clean, i.e., must have big
noise. The even harmonics must hide in the noise. With
improved experimental techniques, it is very possible to
separate the even harmonics from those high noises.

In closing this paper, we want to emphasize that the
emission of even–odd harmonics from ATI process is an
inevitable theoretical result. In spite of detailed theoret-
ical proof, a quick way to look at this result is using
the Furry’ theorem developed in the early years of quan-
tum electrodynamics [28]. When Furry theorem applies
to a nonvanishing Feynman diagram with a closed elec-
tron line, the number of the total external photon lines
in the diagram is an even number. The closed electron
line means that the electron transits back to its origi-
nal state. The even-number requirement for the external
photon lines forces the harmonics emitted by the electron
to be an odd order. The electrons which do not transit
back to its original state, such as photoelectrons pro-
duced in ATI, must emit both even and odd harmonics.
The assertion of the even–odd harmonics from ATI elec-
trons is a natural consequence of fundamental theories
in physics, also supports the widely used recombination
models as their supplemental. The history of the obser-
vation of HHG from ATI experiments is still very young,
during which there are not enough emphasized theoreti-
cal predictions of even–odd HHG. Many important theo-
retical predictions in physics took much longer time than
this short history, such as gravitational waves which has
been predicted nearly a century still without direct evi-
dences. We believe that with our emphasized prediction,
the even–odd harmonics will be observed in the near fu-
ture after more efforts devoted by both experimentalists
and theoreticians.
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