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Abstract
The effects of the scalar dissipation rate (SDR) on the quenching points of the steady laminar
flamelet model at different stoichiometric ratios of reactants are investigated for a one-step
reversible reaction with the Arrhenius rate. SDRs are either presumed uniform or modeled by
the mapping closure approach. With these two models, steady flamelet equations are solved in
mixture-fraction space, and complete ‘S-shaped’ curves are obtained. The results show that
the SDR models affect the locus of the ‘S-shaped’ curves and the quenching points are
remarkably different. The quenching state is reached at a lower χst for χ = χst but at a higher
χst for χ = χstexp[ − 2 erfc−1(2z)2]. However, when the flame state is far from the quenching
point, the difference in ‘S-shaped’ curves is small. This result is associated with the mixed
state of the reactants; the poorer the mixing, the more remarkable the difference in ‘S-shaped’
curves becomes.

PACS numbers: 47.27.E−, 47.70.pq

(Some figures in this article are in colour only in the electronic version.)

1. Introduction

The steady laminar flamelet model (SLFM) is one of the most
popular models used in non-premixed combustion. The idea
that a turbulent diffusion flame consists of an ensemble of
stretched laminar flamelets came from Williams [1]. Flamelets
are thin reactive–diffusive layers embedded in an otherwise
non-reacting turbulent flow field. In practice, flamelets occur
in many different combustion apparatuses, such as the diesel
engine, the spark-ignition engine, supersonic combustion,
etc [1]. A flamelet equation has the mixture fraction as
an independent variable and uses the scalar dissipation
rate (SDR) for the mixing process. Therefore, the SDR
plays a central role in the flamelet model in non-premixed
combustion. In general, flamelets are relatively insensitive to
variations in scalar dissipation and thus scalar dissipation can
be assumed to be a constant mean value [2]. However, it
was found that the SDR has a significant effect on extinction
and ignition in non-premixed combustion [3]. Therefore, it
is necessary to investigate the effects of SDR models on the
solutions of flamelet equations. It is expected that this will
help in understanding the turbulence–chemistry interaction
and in extending the SLFM.

2. A simple model for chemical reactions

We consider a one-step reversible reaction as given below:

F + r O 
 (r + 1)P, (1)

where F, O and P are fuel, oxidant and product, respectively.
For a simple reaction of two reactants, we define the

mixture fraction by

z =
rYF − YO + 1

1 + r
. (2)

Here r is the stoichiometric ratio and is defined as the mass of
the oxidant disappearing with unit mass of fuel [4]. Therefore,
the stoichiometric value of the mixture fraction is

zst =
1

1 + r
. (3)

The subscript st indicates the stoichiometric value. YF , YO and
YP are the mass fractions of the fuel, oxidant and product,
respectively. We set r = 1 and r = 2, which correspond to the
values of zst in table 1. Using an equilibrium constant K , the
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Table 1. Stoichiometric ratios used in this paper.

Stoichiometric ratio (r) 1 2
Stoichiometric mixture fraction (zst) 0.5 0.333

Table 2. Numerical values of the thermochemistry parameters.

A α β K

8 × 104 0.87 4.0 100

production rate in the simple reaction can be written as

ωp = (r + 1)A exp

(
−β

α

)
× exp

[
−β(1 − θ)

1 − α(1 − θ)

] (
YF YO −

1

K
θ r+1

)
. (4)

Here, the chemical reaction is characterized by the
pre-exponential factor A, the heat-release parameter α and the
Zeldovich number β. The latter two parameters are defined as

α =
Tb − Tu

Tb
, (5)

β =
Ta

Tb
α, (6)

where Ta is the activation temperature, Tb is the adiabatic
flame temperature and Tu is the temperature of both the
unburned fuel and the oxidant. The normalized temperature
θ is defined as

θ =
T − Tu

Tb − Tu
. (7)

Table 2 shows the value of thermochemistry parameters used
in this study. These values are selected so that the reaction
rates are strongly temperature dependent and lead to local
extinction in a strongly burning flame [4, 5]. For a one-step
reaction, each mass fraction together with the mixture fraction
determines the other two mass fractions. The product mass
fraction, YP, is equal to the normalized temperature θ [4].

3. The steady laminar flamelet equations

The steady laminar flamelet equations can be described as

0 =
χ

2

d2Yi

dz2
+ ω, i = F, O, P. (8)

Here, Yi are mass fractions of the reactants. χ is the
dissipation rate of the mixture fraction, that is, χ = 2D(∇z)2.
In the SLFM, mass fractions depend on space and time
through the local instantaneous value of the mixture fraction
z and SDR χ . The χ acts as an external parameter that is
imposed on the flamelet structure by the mixture fraction [6].
This suggests that there is a general dependence of χ on
the mixture fraction. This dependence is the so-called ‘scalar
dissipation rate (SDR) model’. We investigate two different
SDR models: the first one is the mapping closure model [7, 8]
and the second one is uniform in both space and time. The two
models are given in table 3.

Table 3. The SDR model.

The SDR model

Model 1 χ = χstexp[ − 2 erfc−1(2z)2]
Model 2 χ = χst

χst
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Figure 1. The typical ‘S-shaped’ curve with Arrhenius kinetics.

These two models will be used to investigate the
effects of SDR models on the solutions of the SLFM. The
complete locus of solutions of steady flamelet equations
should be calculated. With Arrhenius kinetics, there are
typically three flame states: steady burning, the unstable,
partially extinguished state and complete extinction. The
curve, sometimes called the ‘S-shaped’ curve in diffusion
flame theory, is determined primarily by the chemical
kinetics [9]. A typical curve is shown in figure 1. The vertical
axis is maximum flame temperature θmax and the horizontal
axis is SDR at the stoichiometric value of the mixture fraction,
χst. Figure 1 indicates that on the steady burning branch,
the maximum flame temperature decreases with increasing
dissipation rate. When the critical point is reached, the flame
temperature becomes so low that Arrhenius rate factors in the
chemical kinetics begin to limit the reaction rates. Below the
critical point on the unstable branch, the dissipation rate must
decrease with decreasing flame temperature, and the flame
state is unstable, without a steady flame; on the complete
extinction line, the effect of chemical kinetics is negligible.
Therefore, the location of the critical point is very important
for the unstable flame state. At the critical point, the maximum
temperature is θq and the SDR is χq, where the subscript q
indicates the value at the quenching point in the SLFM, i.e.
the critical point in this paper.

4. Results and discussion

Equation (8) can be discretized as a large, nonlinear system of
equations. But it is noteworthy that this system has multiple
roots. There are some difficulties in solving equation (8), but
in order to obtain the complete S-shaped curve, all solutions
of the system should be obtained.
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Table 4. Calculation results.

χq and θq

Stoichiometric
ratio SDR model This work [10] [4]

r = 1 Model 1 1.02, 0.65 1.02, 0.65 1.04, 0.65
(reference)
Model 2 0.96, 0.65 – –

r = 2 Model 1 1.54, 0.66 – –
Model 2 1.35, 0.66 – –

In this work we used the BVP4C MATLAB program to
solve the flamelet equations. The results obtained are listed in
table 4. We use the first case as a reference case. The chemical
reaction, thermochemistry parameters, stoichiometric ratio
and SDR model are the same as those in [4, 10]. Here the
values of χq and θq are consistent with [10] and very close to
those in [4].

In table 4, one can see different chemical states at
the quenching point that result from the SDR models.
The different SDR models may cause the differences in
stoichiometric dissipation rate at the quenching point χq,
especially in the r = 2 case where the difference is more
remarkable. However, the maximum temperatures at the
quenching point θq, which were related to thermochemistry
parameters such as α and β [4], in table 1, are insensitive to
the SDR model.

As can be seen in figures 2(a) and 3(a), the complete
locus of solutions of steady flamelet equations is plotted
for different stoichiometric ratios using the SDR models.
From them, we can see the effects of the SDR models on
S-shaped curves. Figures 2(b) and 3(b) show the distributions
of temperature in the mixture fraction space, i.e. the solutions
of the steady flamelet equations. The solid lines correspond to
the steady burning state, and the dashed lines to the unstable
state. We have chosen dissipation rates χst = 0.9 in figure 2(b)
and χst = 1.2 in figure 3(b) for presenting the solutions of the
flamelet equations. Figure 2 shows that, for r = 1, the SDR
model has an effect on the quenching point of the S-shaped
curve. Near the quenching point, the solutions of the flamelet
equations for the two SDR models are remarkably different
(see figure 2(b)), which was more obvious for r = 2 (see
figure 3(b)). The quenching point is a critical point and is
very important for the SLFM. The steady-flamelet library
is shown in figure 4, which indicates that, in the SLFM,
the steady-flamelet library is somehow incomplete because
it could represent any of the ‘partially extinguished’ inter-
mediate states that should fill the gap between the critical
point and complete extinction [9]. Hence, the critical point
determines whether the flame state is steady burning or com-
plete extinction. The different quenching points indicate the
effects of the SDR model on the simulation of the flame state.

The quenching point was determined based on two
quantities: the maximum temperature and the dissipation rate
of the mixture fraction at a stoichiometric value. In model
1, the dissipation rate is not uniform and the maximum
dissipation rate is χst. However, in model 2, the dissipation
rate is uniformly χst. On average, the dissipation effect of
model 2 was higher than that of model 1. As we know, the
maximum temperature at the quenching point is related to
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Figure 2. Stoichiometric ratio r = 1: (a) Locus of maximum
flame temperature from a complete set of steady-flamelet solutions
for two SDR models. Model 1 is a mapping closure model and
model 2 is a uniform model. (b) The distributions of temperature in
the mixture fraction space. The solid lines correspond to the steady
burning states (the upper line—model 1, the lower line—model 2),
and the dashed lines to the unstable states (the upper line—model 2,
the lower line—model 1).

thermochemistry parameters such as α and β but insensitive
to the SDR model. Hence, we have fixed the value of
the maximum temperature at the quenching point in this
paper. The higher dissipation effect implies better mixing;
the flame temperature at the steady burning state is more
inclined towards the quenching temperature with increasing
maximum dissipation rate. In particular, when the flame is
near the quenching state, the mixture fraction field mixes
poorly and the dissipative effect of the non-uniform SDR
model is considerably lower than that of the uniform SDR
model; hence, the quenching point is clearly different, and
the quenching point of the S-shaped curve with model 2 is
on the left hand side. When the flame is far away from the
quenching state, the mixture fraction field is well mixed; even
if the non-uniform SDR model is applied, all values of the
dissipation rate are close to the maximum dissipation rate, and
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χst

θ m
ax

0 0.3 0.6 0.9 1.2 1.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

θq

χqχq

model 1

model 2

(a)

z

θ

0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8 (b)

Figure 3. Stoichiometric ratio r = 2: (a) Locus of the maximum
flame temperature from a complete set of steady-flamelet solutions
for two SDR models. Model 1 a mapping closure model and model
2 is a uniform model. (b) The distributions of temperature in the
mixture fraction space. The solid lines correspond to the steady
burning states (the upper line—model 1, the lower line—model 2),
and the dashed lines to the unstable states (the upper line—model 2,
the lower line—model 1).

so the dissipation effects of the non-uniform SDR model and
the uniform SDR model are similar to each other. Therefore,
the S-shaped curves for the two models are remarkably
different near the quenching state and similar far away from
the quenching state.

5. Conclusion

In the SLFM, the SDR can be regarded as a parameter
to indicate the effect of flow on mixing and describe the
influence of the flow field on the flamelet structure. SDR
plays a central role and affects the performance of the
SLFM. We used the BVP4C MATLAB program to solve
the flamelet equations with Arrhenius-type chemical reaction
and obtained complete S-shaped curves. In the reference
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Figure 4. Locus of maximum flame temperatures in the
steady-flamelet library. There is a discontinuous jump between
burning and extinguished solutions at the critical point. This should
be compared with figures 2 and 3.

case (see table 4), our results were in good agreement
with [4, 10].

This paper shows that the SDR model influences the
locus of the S-shaped curve. Since the quenching temperature
was a fixed value for different SDR models and the higher
dissipative effect of SDR models would accelerate the
drop in temperature from a high temperature at the steady
burning state, the quenching state was reached at a lower
χst for the uniform SDR model but at a higher χst for the
non-uniform SDR model. The difference in S-shaped curves
was considerable near the quenching point and very slight
where the state was far away from the quenching point, which
was associated with the mixed state of the reactants. As the
mixing became poorer, the difference in S-shaped curves
became more remarkable.

As we know, the quenching point is a critical point and
determines whether the flame state is burning or extinction.
From the above analysis, if the SLFM was used to calculate
the flame extinction, the SDR model would play an important
role and remarkably affect the calculation results. An accurate
SDR model is necessary for flame extinction.
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