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Low thermoplastic formability is a key factor limiting the usage of magnesium alloys,
which otherwise can have broad application in automotive industry for their competitive
strength to density ratio. Combining with experimental calibration and validation, we
report a systematic numerical investigation about the plastic deformation of magnesium
alloy AZ31B at different temperatures and subjected to different boundary conditions. By
employing 3D Voronoi grains based microstructure and the crystal plasticity constitutive
model developed by Staroselsky and Anand (2003), which accounts for both dislocation
slip and deformation twinning in polycrystalline magnesium, we estimate the dependence
of critical resolved shear stresses (CRSS) of different slip/twinning systems on temperature.
We further obtain the fractional plastic strains contributed by individual slip/twinning sys-
tems at different loading conditions. Grain level deformation analysis indicates that there
exists significant stress and plasticity inhomogeneity among grains.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

The application of magnesium alloys in automotive industry as alternatives to currently used steel- and aluminum-based
automobile parts has gained increasing interests in the last decade for their competitive strength to density ratio and being
more environmental friendly (Alves et al., 2001; Haferkamp et al., 2001; Kulekci, 2008; Liu et al., 2012; Luo, 2002; Wei and
Anand, 2007). Unlike their counterparts, however, magnesium alloys are notorious for poor thermoplastic formability, a key
factor limiting their wider application (Kim et al., 2008; Lee et al., 2008b). The poor formability in magnesium originates
from its hexagonal-close-packed (HCP) crystallographic nature. In contrast to face-centred-cubic (FCC) metals where all
12 slips systems for dislocation motion have roughly equal resistance and hence it is easy to find five independent slip sys-
tems – the Taylor’s minimum shear principle to be fulfilled for compatible plastic deformation (Leffers, 2001; Styczynski
et al., 2004; Taylor, 1938), plastic deformation mechanisms in HCP crystalline magnesium are rather complex. Plasticity
in magnesium may involve more than five kinds of slip/twinning systems (Styczynski et al., 2004; Taylor, 1938): the basal
hai slip, the non-basal hai slip, the non-basal hc + ai slip, the extension twin{01 �12} h0 �111i, and the contraction twin{0 �111}
h0 �11 �2i. At room temperature, the slip resistance to basal hai dislocation slip is much lower than other slip/twinning systems
but the basal hai slip systems alone cannot supply arbitrary compatible deformation required by the Taylor principle. Acti-
vation of non-basal slip and/or twinning systems is hence necessary (Agnew and Duygulu, 2005; Koike et al., 2003a). As a
result, the collective mechanical response induced by the activation of heterogeneous slip systems show distinct features
in contrast to its FCC counterparts (Choi et al., 2010; Hama and Takuda, 2011) due to the strong anisotropy (Gottstein, 2004).
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Given the strong correlation between plasticity in magnesium and its formability, many research groups have carried out
experiments and theoretical analysis to explain and predict the deformation mechanisms of magnesium subjected to various
boundary value problems (Agnew et al., 2006; Beyerlein et al., 2011; Choi et al., 2010; Cipoletti et al., 2011; Fernandez et al.,
2011; Khan et al., 2006; Lévesque et al., 2010; Lee et al., 2008a; Li et al., 2010; Mayama et al., 2011; Proust et al., 2009; Staro-
selsky and Anand, 2003; Walde and Riedel, 2007a; Wang et al., 2010a). Theoretically, crystal plastic model has been proved
to be an effective way to capture the activation of different plastic deformation mechanisms at the microscopic level. There
exist several pioneering works and subsequent developments. For example, Staroselsky and Anand (2003) put forward a con-
stitutive model considering deformation by both slip and twinning and implemented it into a finite-element program to sim-
ulate the stress–strain response and texture evolution of AZ31B. The model stemmed from the crystal plasticity model for
plastic deformation of FCC materials by slip and twinning (Kalidindi, 1998; Myagchilov and Dawson, 1999; Staroselsky and
Anand, 1998). In those models, deformation twinning is regarded as pseudo slip, a strategy originally suggested by Van Hou-
tte (1978) and Tomé et al. (1991). Soon several versions of crystal plasticity model for HCP metals emerged, with new fea-
tures to enrich the physics of modeling. For example, Fernandez et al. considered cross-hardening between slip and twinning
systems based on the constitutive model (Fernandez et al., 2011); a rate-sensitive crystal plasticity constitute model was also
used by Lévesque et al. (2010) to simulate the deformation in magnesium alloy AM30; Walde and Riedel used a viscoplastic
self-consistent model to simulate the forming processes of a variety of materials where deformation twinning cannot be
avoided (Walde and Riedel, 2007b); Li et al. proposed a TWINLAW based on three phenomenological deformation modes
(slip, twinning and de-twinning) (Li et al., 2010); Beyerlein et al. developed a crystal plasticity constitutive model dealing
with the nucleation of deformation twins (Beyerlein et al., 2011); Wang et al. developed a large strain elastic-viscoplastic
self-consistent model for polycrystalline materials and employed it into AZ31B sheet (Wang et al., 2010a,b); Kochmann
and Le presented an energy-based micromechanical model and described the mechanical characteristics of deformation
twinning (Kochmann and Le, 2009); and Mu et al. used a modified grain interaction model to simulate the texture evolution
of AZ31 at different temperatures (from 473 to 673 K) based on twin reorientation scheme of Tomé and the cluster type Tay-
lor models (Mu et al., 2010, 2011).

While substantial progress has been achieved for understanding the plasticity in magnesium alloys, there are few the-
oretical works devoted to the plastic deformation mechanism in magnesium at temperatures between 78 and 473 K, a
temperature range changing magnesium alloy AZ31B from brittle to ductile. Experimentally, the temperature dependence
of the critical resolved shear stress (CRSS) for basal hai slips (Graff et al., 2007), prism hai slip (Cazacu et al., 2006; Lee
et al., 2008a), and second-order pyramidal hc + ai slips (Agnew and Duygulu, 2005; Lee et al., 2009; Lévesque et al.,
2010) have been explored. It is interesting to see that in contrast to the other two groups, Ando and Tonda (2000) reported
larger CRSS in second-order pyramidal hc + ai slips at higher temperatures. Since the second-order pyramidal slips are
capable of producing deformation along the c-axis in single crystalline magnesium, it may be crucial for ductility enhance-
ment if such slips can be activated, as alternatives to deformation twinning. It is hence desired to have a systematical
understanding on the competition between the aforementioned slips and deformation twinning at different temperatures
and at the grain level, and to reveal the correlation between deformation mechanisms with strain hardening observed in
the stress–strain response of magnesium alloys. In addition, previous simulations are largely based on equal weighted ele-
ments to represent individual grains. Deformation compatibility induced by grain structures and its consequent influence
on mechanical properties cannot be accounted in that circumstance. In this research, we have performed experiments for
an initially-textured magnesium alloy AZ31B deforming by crystallographic slip and twinning at different temperatures,
and applied the crystal plasticity based constitutive modeling (Staroselsky and Anand, 2003) to capture the deformation
behavior of AZ31B at several temperatures and subjected to different loading paths. With the experimental validation of
the model, we reveal (a) the dependence of slip/twinning resistance on temperature, (b) the contribution of individual
deformation mechanisms at different temperature, and (c) the correlation between strain hardening and texture evolution
at different temperatures.
2. Experimental observation

2.1. Sample preparation and initial structures

As-drawn AZ31B (96.486%Mg, 2.798%Al, 0.715%Zn, Balanced Mn, Fe in wt.%) rods was bought from the Good Fellow Inc.
As for the mechanical properties of AZ31B, both initial crystal orientations (Gottstein, 2004; Wang et al., 2012; Yang et al.,
2004; Yuan et al., 2011) and grain size (Barnett et al., 2004; Kim, 2009; Mabuchi et al., 2003; Mo et al., 2011; Wei and Anand,
2007) are of great impact. We give the information about sample preparation, initial microstructure, and initial texture in
Fig. 1. Cylindrical rods with length of 12 mm and diameter of 6 mm were cut from AZ31B rods for quasi-static uniaxial com-
pression at different temperatures. L- and R-samples indicate that applied loading will be parallel to the L direction and the R
direction, respectively, as illustrated in Fig. 1a. Along the L direction, standard dog bone samples were prepared for quasi-
static uniaxial tension test, while in the R direction, samples with gauge length about 4 mm and diameter of 3 mm are used.
All tests were carried out at the strain rate of 1 � 10�3/s. Low temperature (78 K) tests were performed while immersing the
samples in liquid nitrogen. We use temperature chamber for tests at 473 K.



Fig. 1. Sample preparation and initial structures. (a) Illustration for the characteristic directions and the XRD reflecting planes. In what follows, we use L/R-
samples to refer samples loading along the L/R direction. (b) Initial pole figures from experiments. (c) Optical micrograph of as-received AZ31B rod in plane
A.
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Pole figures of the initial and deformed samples were obtained by using Siemens D5000 diffractometer with copper-K
radiation. Original pole figure data from X-ray diffraction (XRD) were corrected for background and defocusing. We then
use the MTEX package in Matlab (Bachmann et al., 2010; Hielscher and Schaeben, 2008) to abstract the orientation distri-
bution function (ODF). To ensure the reliability of the way for texture measurement, we conduct two independent XRD mea-
surements (one from plane A, and the other from plane B) and find no difference between those two measurements. We
show in Fig. 1b the experimental pole figures of the initial sample obtained from plane A. We can see from the initial pole
figures on {0001} and {10 �10} crystallographic planes that there exist strong texture in as-drawn AZ31B, and a large pro-
portion of {10 �10} prismatic planes are parallel to the axial direction of the as-drawn AZ31B rods, which is consistent with
previous reports (Eros and Smith, 1961; Gottstein, 2004). For microstructure examination, the surface of an undeformed
sample was etched in 100 ml ethanol, 5 g picric acid and 10 ml acetic acid solution for 20 s. Fig. 1c shows the optical micro-
graph of as received AZ31B rod in plane A, and the average grain size is about 16 lm.
2.2. Stress–strain curves and mechanical properties of AZ31B

We show in Fig. 2 the stress–strain behavior of AZ31B at different temperatures; the end of each curve indicates corre-
sponding failure point. For each type of curve, we test more than two independent samples, and find the stress–strain behav-
ior highly repeatable. We summarize typical mechanical properties of AZ31B in Table 1. As temperature increases, the failure
Fig. 2. True stress versus true strain for AZ31B at different temperatures: (a) The L-sample at 78 K. (b) The R-sample at 78 K. (c) The L-sample at 298 K. (d)
The R-sample at 298 K. (e) The L-sample at 473 K. (f) The R-sample at 473 K.



Table 1
Summarized mechanical properties of AZ31B subjected to both tensile (‘T’) and compressive (‘C’) deformation along different directions and at different
temperatures.

Samples L-sample R-sample

Temperature/K 78 298 473 78 298 473

Modes T C T C T C T C T C T C

0.2% ry/MPa 352 161 206 142 192 120 164 150 115 121 108 109
ruts/MPa 417 607 314 437 275 324 395 550 298 406 250 344
ef/% 4 11 21 11 29 39 10 11 21 16 36 37
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strain increases but the ultimate tensile strength decreases. Strong anisotropy in stress–strain behavior for L-samples is ob-
served. The ratios of 0.2% tensile yielding strength rðTÞy over that under compression rðCÞy are 2.19, 1.45 and 1.60, in turn, at 78,
298 and 473 K; while in R-samples, strength asymmetry is relatively weak.

We note that the strong stress–strain asymmetry seen in Fig. 2 has been broadly observed in magnesium alloys. It is one
of the critical restrictions for their applications as structural materials (Graff et al., 2007; Yang and Ghosh, 2006). Agnew and
Duygulu (2005) suggested that the initial texture and the non-basal cross-slip of dislocations could be the major cause of the
stress–strain asymmetry; Chino et al. (2008) found that deformation twinning may play a role; Grain boundary sliding is also
proposed as a possibility (Barnett et al., 2009), and reducing grain size is found to alleviate the yielding asymmetry signif-
icantly (Wei and Anand, 2007; Yang and Ghosh, 2006). With the information given in Fig. 2, we find out that the texture of
initial sample along the loading direction has a fundamental influence on the stress–strain curve of AZ31B. The grain bound-
ary and grain size effect can be ruled out here given both L- and R-samples are cut from the same as-drawn AZ31B bar.
2.3. fracture surface & microstructure

To shed light on the causes for failure, we performed fractographic examination. Fig. 3 shows both the macroscopic pat-
terns and fracture surfaces of L-samples after tension. Fracture modes vary greatly in samples deforming at different tem-
peratures. For AZ31B subjected to tension at 78 K (Fig. 3a), it fails in mode I type fracture with very limited amount of
plasticity (no more than 4%). While in compression, the sample sustained a total strain about 11% and failed in shear mode
Fig. 3. Macroscopic fracture patterns and the fracture surfaces of samples deforming at different temperatures. Results from tension (a) and compression
(b) at 78 K. Results from tension (c) and compression (d) at 298 K. Results from tension (e) and compression (f) at 473 K.
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(Fig. 3b). Corresponding fractography in the tensile sample shows many stacks of layers in dimples with typical sizes close to
the grain size, implying the cleavage across basal planes as well as intergranular failure. In compression, there are large areas
of shining flat planar structures, most likely left by shearing in basal planes. In contrast, shear fracture is observed when
deforming at 298 K and for both tension and compression (Fig. 3c and d). Cleavage fracturing is now the dominant mecha-
nism for tensile failure, as evidently shown by the stacking of tablets (Fig. 3c). While deforming at 473 K, the fractography
still show the trend of shearing in basal planes under compression (Fig. 3f); under tension, coalescence of micro voids which
are much smaller than typical grain sizes seems to be the primary reason for the macroscopic diffusive localization (Fig. 3e).

Therefore, as temperature increases, the tensile failure modes transit from intragranular failure to cleavage failure, and to
micro void coalescence. Plastic deformation in grain interiors transits from twinning dominated plasticity to the combination
of dislocation slip and deformation twinning. By further checking the macroscopic shape change, we find that for R-samples
subjected to quasi-static compression at 298 K, the original circular cross-section evolves to be elliptical with an eccentricity
about 0.43 (Fig. 8a), and such phenomenon is not seen in L-samples. We shall get back to this problem with crystal plasticity
simulations.

3. The crystal plasticity model for slip and deformation twinning

With the detailed deformation behavior observed from experiments, we employ the classical framework of single-crystal
plasticity theory (Ma et al., 2012) to model deformation twinning in the continuum mechanics frame, in order to reveal the
correlations between experimental observations and active plastic deformation mechanisms. The theoretical scheme devel-
oped by Staroselsky and Anand (1998, 2003) is adopted. We used the user material subroutine for Abaqus developed by
Staroselsky and Anand (1998). We further enrich the constitutive theory and the user subroutine by including self-hardening
mechanisms. For completeness, we repeat here part of the key ingredients. In such a framework, the deformation gradient F
at a material point is decomposed into elastic (Fe) and plastic (Fp) parts as
Fig. 4.
simulat
F ¼ FeFp; ð1Þ
with det(Fe) > 0 and det(Fp) = 1. Plastic flow takes place through both dislocation slip and deformation twinning in pre-
scribed crystallographic slip/twinning systems. Here, we label dislocation slip systems by i and twin systems by a. At the
initial configuration, each slip system is defined by a slip/twinning direction m0 and a slip/twinning-plane normal n0. The
Green elastic strain measure Ee and the symmetric second Piola–Kirchhoff stress tensor T are hence defined respectively as
Ee � ð1=2ÞðFeT Fe � 1Þ and T � CEe; ð2Þ
where the superscript ‘T’ stands for the transpose of a tensor and C is the fourth order tensor of elastic moduli. The resolved
shear stress s on a slip/twinning system (m0;n0) is calculated as
s ¼ FeT FeT
� �

� ðm0 � n0Þ: ð3Þ
The evolution of the plastic deformation gradient, on multiple i-th/a-th slip/twin systems, is given as
FpðsÞ ¼ 1þ
X

i

DciSi
0 þ

X
a

DcaSa
0

( )
FpðtÞ; Si

0 � mi
0 � ni

0 and Sa
0 � ma

0 � na
0 ð4Þ
where Si
0 and Sa

0 are the Schmid tensor for the i-th slip system and the a-th twinning system, respectively. We determine the
incremental shear Dc due to slip/twinning by using the consistency condition in the rate-independent plasticity scheme,
with known resolved shear stress s and resistance Si/Sa on the slip/twinning systems.
Initial microstructures and texture used for simulations. (a) The microstructure for simulations, containing 300 grains. (b) The initial pole figures for
ions (based on measurements shown in Fig. 1c). A total of 300 weighted crystal orientations are used.



Fig. 5. Mechanical behavior of polycrystals from simulations. The comparison of stress–strain curves between simulations and experiments, strain fraction
curves, and averaged stress of each grain for samples deforming at different temperatures, are shown. (a) L-sample in tension, stress–strain responses at
different temperatures (top); strain fraction as a function of strain (middle); and average principal stress in each grain (middle). Averaged true stress of the
model is shown in black. (b) L-sample in compression. (c) R-sample in tension. (d) R-sample in compression.
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We adopt a simple phenomenological model for the evolution of Si and Sa (Kalidindi et al., 1992):
SiðsÞ ¼ SiðtÞ þ
X

j

hij
slðtÞDcj

sl; where hij
sl ¼ qij

slh
j
sl ð5Þ
Here hij
sl are components of the hardening matrix, and
qij
sl ¼ ½qsl þ ð1� qslÞdij� ð6Þ
is the matrix describing latent hardening, with qsl ¼ 1:0 for co-planar systems and qsl ¼ 1:4 for non-coplanar systems, and
hj
sl ¼ hsl;0 1� Sj

sl

Ssl

 !asl

ð7Þ



(a) (b)

Fig. 8. Macroscopic shape change in R-samples under compression. (a) Elliptical cross-section for R-sample after 0.17 compressive strain at room
temperature. (b) The corresponding simulated result. The eccentricity from experiment is 0.43 and that from simulation is 0.35.

(a) (b)

Fig. 6. Deformation in the L-sample under tension at 298 K from simulations. Different types of contours at the strain of 0.17: (a) maximum principal stress,
(b) the equivalent plastic strain.

Fig. 7. The pole figures for L-sample after deformation at 298 K: (a) Experimental results at 0.17 tensile strain. (b) Simulated results at 0.17 tensile strain. (c)
Experimental results at 0.12 compressive strain. (d) Simulated results at 0.12 compressive strain.
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is the single slip hardening rate. So we have fhsl;0; Ssl; aslg as hardening parameters for dislocation slip, which are taken to be
identical for each type of slip systems. The twin system deformation resistances are taken to evolve in the form:
SaðsÞ ¼ SaðtÞ þ
X

j

haj
twðtÞDcj

tw; where haj
tw ¼ qaj

twhj
tw ð8Þ
Similarly, haj
tw are components of the hardening matrix by deformation twinning, and



Table 2
Materia
Those n
samples

K

78
298
473
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qaj
tw ¼ ½qtw þ ð1� qtwÞdaj� ð9Þ
is the latent hardening matrix, with qtw ¼ 1:0 for co-planar systems and qtw ¼ 1:4 for non-coplanar systems. It is noted that
the expression for latent hardening is taken from that used for FCC materials (Li et al., 2012; Ma et al., 2012). Its applicability
to HCP materials remains to be an open question and calls for further experimental work. For the single twinning hardening
rate,
hj
tw ¼ htw;0 1� Sj

tw

Stw

 !atw

ð10Þ
The three fhtw;0; Stw; atwg hardening parameters are taken to be identical for the same type of twinning systems. We note that
cross-hardening between slip systems and twinning is not considered here given our limited knowledge on this aspect at this
moment.

Twinning is considered as pseudo-slip. Different to dislocation slip, however, deformation twinning will result in the rota-
tion of the lattice in the region of the crystal that has gone through twinning (Kelly and Knowles, 2012; Pitteri, 1985, 1986).
For magnesium alloys AZ31B, we consider the twin elements fK1;K2;g1;g2g defined by
K1 ¼ f10�12g; K2 ¼ f�1012g; g1 ¼ h�1011i; g2 ¼ h�101�1i: ð11Þ
With the definition of p being a unit vector in the g1 ¼ h�1011i direction, and q being the unit vector normal to the
K1 ¼ f10�12g plane, the rotations which carry the matrix lattice to twinned lattice and the inverse (or de-twinning) are given
by, respectively,
Rtw ¼ 2q� q� 1 and Rdw ¼ 2p� p� 1: ð12Þ
That is, if xa are the lattice vectors of the matrix crystal, then the lattice vectors in the twinned region are given by ea ¼ Rtwxa.
As long as the accumulative pseudo-slip in a twinning system reaches to a threshold k, we will rotate the matrix lattice to the
twinned lattice in each single crystal. For further details the reader is referred to (Staroselsky and Anand, 1998, 2003).

4. Numerical modeling on deformation mechanisms in AZ31B

4.1. Material parameters for AZ31B

Now we use the adopted constitutive model to simulate the mechanical deformation of AZ31B at different temperatures.
Simulation procedure was conducted using the finite element program ABAQUS/Explict with the user material subroutine.
To represent crystalline structures, we generate a polycrystalline structure containing 300 voronoi grains, with each one rep-
resenting a single crystal (see Fig. 4a). Each grain is meshed into C3D4 elements. Detailed material parameters are given
below.

� Elastic properties: The elastic constants for magnesium at different temperatures are chosen to be: C11 = 58 GPa,
C12 = 25 GPa, C13 = 20.8 GPa, C33 = 61.2 GPa, C55 = 16.6 GPa (Eros and Smiths, 1961; Hearmon, 1946; Simmons and Wang,
1971; Staroselsky and Anand, 2003). We ignore the rather weak dependence of the elastic constants on temperature.
� Initial texture: The experimentally measured orientation data for the as-drawn AZ31B rods (Fig. 1b) are discretized by

300 weighted orientations (as seen in Fig. 4b) based on the volume of each voronoi grain.
� Slip/twinning systems and initial slip/twinning resistances: The easy crystallographic slip in HCP single crystals are hai

closed-packed directions, and hc + ai slip/twinning directions to accommodate straining in the c-axis. Since contraction
twinning takes a little fraction in the deformed samples (Barnett, 2007; Ma et al., 2012; Wu et al., 2012), we choose four
representative slip/twinning systems in our simulation: the three {0001}h11 �20i slips, the six {10 �11}h�12 �10i slips, the
six {11 �22}h�1 �123i slips, and the six {10 �12}h�1011i extension twin. The initial resistances are shown in Table 2. These
values are temperature dependent and are usually higher at lower temperatures. We shall explore their detailed temper-
ature dependence via the combination of experiments and numerical investigations. It is worth noting that we have used
l parameters used in the constitute model for AZ31B at different temperatures. Ssl 	1 and Stw 	1, or asl 	 0 atw 	 0 are used for linear hardening.
umbers are obtained by fitting the simulation results to stress–strain curves from experiments (for both tensile and compressive curves in the L- and R-
).

Slip resistance/MPa Hardening/MPa

sbasalhaislip snon-basalhaislip snon-basalhc+aislip ST-twin hsl,0 htw,0 k

15 110 250 50 200 500 0.5
15 75 170 50 80 500 0.5
15 65 160 40 50 500 0.6
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a relatively high slip resistance in basal slip systems so that our numerical predictions can match well with experimental
stress–strain behaviors and texture evolutions. It seems reasonable given the rather fine grain structures in our samples
(see Fig. 1c), and this number is consistent with the reported values from several groups (Agnew et al., 2003, 2006; Bar-
nett et al., 2006; Fernandez et al., 2011; Hutchinson and Barnett, 2010; Muranskya et al., 2008).
� Hardening parameters for slip and twinning: In the power-law hardening, we have three parameters fhsl;0; Ssl; aslg for slip

induced hardening, and three parameters fhtw;0; Stw; atwg for twin induced hardening. Linear hardening coefficient (hsl,0

and htw,0) value for slip and twinning respectively are shown in Table 2.

4.2. Simulation result

The equivalent plastic strain for one type of slip systems can be calculated as follows:
_�csl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=3

X
i

_ci
slS

i
0

 !
:
X

i

_ci
slS

i
0

 !vuut ; Dcsl ¼
Z

_�csldt ð13Þ
where i covers all the slip systems in that type. Similarly, the equivalent plastic strain for a twinning system is defined as:
_�ctw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=3

X
a

_ca
twSa

0

 !
:
X

a

_ca
twSa

0

 !vuut ; Dctw ¼
Z

_�ctwdt ð14Þ
with a including all the twinning systems in that type. The averaged principal stress in grain N is calculated as:
rN
33 ¼

1
VN

X
j

V jrj ð15Þ
where j covers all the elements in the N-th grain, and Vj the volume of the j-th element and VN is the volume of the grain.
The fitted stress–strain curve, corresponding strain fraction curves, and averaged principal stress for 300 crystals are

shown in Fig. 5. As seen in the top part of Fig. 5a–d, the parameters given in Table 2 can capture the mechanical response
of AZ31B very well. From the strain fraction versus strain curves in the middle of Fig. 5a–d, we find that deformation in the R-
direction is accommodated by all four types of mechanisms including dislocation slips and deformation twinning, which
could account for the nearly symmetrical yielding behavior while compression and tension. For deformation at different
temperatures, the slip and twin activities are quite similar. It may be due to the fact that the same slip and twin systems
are activated in all our simulations. In addition, high level stress fluctuation at the grain level is seen in all simulations.

Fig. 6 shows the contour plots of the maximum principal stress and equivalent plastic strain (PEEQ) for L-sample at 298 K
and at a tensile strain of 0.17, where we see significant stress and deformation inhomogeneity at the grain level. Such high
level stress and plastic deformation fluctuations may be the causes to trigger excessive grain boundary deformation, which
results in premature failure and low ductility in magnesium alloys.

Fig. 7 gives the pole figures of deformed L-samples from both experiments and those via simulations. It can be seen that
the simulated results are in good accordance with the corresponding experimental results. Based on the {0001} pole figures
in Fig. 8, we determine quantitatively the twin volume fraction from both experiments and simulations. As the
{10 �12}h�1011i extension twin produces a 86� reorientation to the basal plane, we calculate the extension twin volume frac-
tion from the density change in basal pole figures by integrating over the tilting angle between 0� and 45� (Li et al., 2012; Ma
et al., 2012). The twin volume fractions from both experiments and simulations at 298 K are given in Table 3. When the twin
volume is relatively low, our simulation matches well with experimental results. For large twin volume fraction, however,
we see apparent difference. It could be caused by the occurrence of secondary twins when primary twin volume fraction is
greater than 	0.3. The limited number of representative orientations used in our simulations could make a difference as
well.

In addition to match well with the stress–strain responses and the texture evolution, our numerical simulations also cap-
ture the macrostructure shape evolution due to plastic deformation in AZ31B, as illustrated in Fig. 8. Fig. 8a gives the cross-
section (parallel to plane B) of a R-sample after 0.17 compressive strain at 298 K. The cross section has an eccentricity of 0.43,
illustrating clearly the anisotropic nature of deformation in AZ31B. Corresponding simulation with the same loading condi-
tions is shown in Fig. 8b, which has an eccentricity of 0.35, with its minor axis of the ellipse parallel to the L direction. It is
noted that such anistropic macroscopic shape change is not seen in L-samples. In order to capture the macroscopic shape
Table 3
Comparison of extension twin volume fraction at room temperature from both experiment and simulation. The
extension twin volume fraction is calculated from basal pole figures with tilting angle between 0� and 45�.

L-ten. L-com. R-ten. R-com.

Exp. 0.06 0.73 0.43 0.18
FEM 0.00 0.96 0.76 0.19



Fig. 9. Illustration of three representative fibers and corresponding pole figures. (a) Three typical fibers in magnesium rod. The combined pole figures for
‘Basal-fiber’/‘Prism-1-fiber’/‘Prism-2-fiber’ and experimental results after tension and compression tests are shown in (b) and (c), respectively.
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change, we need a sufficiently large number of different orientations in the cross-section of a sample. Limited by computa-
tion expenses, we adopt cubic grains with each element representing one orientation.
5. Numerical tests for three fibers in magnesium rod

In the previous section, we have shown intensive application of the numerical results to polycrystalline magnesium,
which agree well with experimental observations. Now we aim to shed light on rather simple systems so that a better
(a)

Fig. 10. Deformation behavior of the three types of fibers shown in Fig. 9a. (a) The stress–strain responses. Strain fractions as a function of applied strains
for (b) ‘Basal-fiber’ in tension, (c) ‘Basal-fiber’ in compression, (d) ‘Prism-1-fiber’ in tension, (e) ‘Prism-1-fiber’ in compression, (f) ‘Prism-2-fiber’ in tension,
and (g) ‘Prism-2-fiber’ in compression.
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physical picture for the activation of plastic deformation mechanisms can be obtained. Based on the experimental observa-
tion on pole figures, we find three representative fibers in the given Cartesian coordinate system, which we label as ‘Basal-
fiber’, ‘Prism-1-fiber’ and ‘Prism-2-fiber’(as shown in Fig. 9a), Here ‘Basal-fiber’, ‘Prism-1-fiber’ and ‘Prism-2-fiber’, in turn,
are the set of single crystals with z-axis perpendicular to crystal’s basal plane {0001}, type 1 prismatic plane {10 �10},
and type 2 prismatic plane {10 �20} respectively. Each set of fiber represents a cluster of crystals which share one common
axis but the other two axes of the crystals are randomly distributed. Those typical fiber textures induced by customized man-
ufacture process such as rolling texture and extrude texture have been reported frequently (Bohlen et al., 2005; Kelley and
Hosford, 1968; Styczynski et al., 2004). Note that we have assumed that such crystals have a uniform distribution in the x–y
plane here. For convenience, we superpose the pole figures of those fibers to the pole figures in Fig. 7a and c. We see that
Table 4
Mechanical properties and the crystal orientations for ‘Basal-fiber’/‘Prism-1-fiber’/‘Prism-2-fiber’ at room temperature, while ‘First/S’ refers to the first activated
slip or twinning system, ‘Status (40%)’represents the main crystal orientation at the true strain of 0.4.

Fiber type Basal-fiber Prism-1-fiber Prism-2-fiber

Model T C T C T C

0.2% ry/MPa 105 380 225 125 223 163
First/S T-twin Non-basal Non-basal T-twin Non-basal T-twin

hc + aislip haislip haislip
ruts/MPa 340 985 390 909 334 893
Status (40%) B A B A C A

Fig. 11. Macroscopic shape change and deformation contour from simulations on samples with ‘Basal-fiber’/‘Prism-1-fiber’/‘Prism-2-fiber’ at the true
compressive strain of 0.17. Deformation is applied along the fiber axis or along the direction perpendicular to the fiber axis. (a) Along ‘Basal-fiber’ and (b)
perpendicular to ‘Basal-fiber’; the latter shows an eccentricity of 0.51. (c) along ‘Prism-1-fiber’ and (d) perpendicular to ‘Prism-1-fiber’; the latter shows an
eccentricity of 0.55. (e) Along ‘Prism-2-fiber’ and (f) perpendicular to ‘Prism-2-fiber’, the latter has an eccentricity of 0.64.
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‘Basal-fiber’ is the dominant crystal orientation after compressive deformation (Fig. 9c), while ‘Prism-1-fiber’ is the dominant
crystal orientation after tensile deformation (Fig. 9b).

In order to clarify the contribution of ‘Basal-fiber’/‘Prism-1-fiber’/‘Prism-2-fiber’ to the stress–strain curves and shape
change during the deformation in polycrystalline magnesium, we perform simulation using the material parameters for
magnesium at room temperature, with loading direction parallel to fiber axis (z-axis as illustrated in Fig. 9a). Fig. 10 shows
the results from our numerical tests, including the stress–strain behavior of the three types of fibers (Fig. 10a) and corre-
sponding evolution of strain fractions during deformation (Fig. 10b–g). The summarized information is listed in Table 4. It
can be concluded that the presence of extension twin has a great influence on the strain hardening. The asymmetrical
stress–strain response is due primarily to the strong anisotropic resistance to slip and deformation twinning. Deformation
in L-sample while compression can be approximated to the simple case of compressing ‘Prism-1-fiber’ in z-axis, while the
response in R-sample while compression resembles applying compression to ‘Prism-1-fiber’ in x-axis. In addition, by exam-
ining the macroscopic shape change from simulations on fibers loading along different directions at the true strain of 0.17
(Fig. 11), we find that fiber ‘Prism-1-fiber’ subjected to compression along x-axis gives rise to an elliptical cross-section with
the eccentricity of 0.55 (Fig. 11d). In contrast, samples with texture fibers ‘Basal-fiber’/‘Prism-1-fiber’/‘Prism-2-fiber’ sub-
jected to compression along z-axis do not show any elliptical cross-section. Therefore, it is safe to conclude that the elliptical
shape we observed from experiments (Fig. 8a) is primarily originated from basal slips in type ‘Prism-1-fiber’ in AZ31B while
compressing applied in the R direction. By looking at the yield stress in different fiber samples given in Table 4, we see that
the ultimate yield stress could reach 380 MPa in compression along the ‘Basal-fiber’. This value is in good accordance with
the maximum yield stress in current experiment (Kim et al., 2009).

6. Conclusion

Systematic experimental for the mechanical properties of as-drawn AZ31B at temperatures between 78 and 473 K were
performed. We then employ the crystal plasticity constitutive model developed by Staroselsky and Anand (1998, 2003),
which accounts for both dislocation slip and deformation twinning in polycrystalline magnesium. By adjusting the material
parameters so that the computational results can match the stress–strain responses and texture evolution in AZ31B deform-
ing at different temperatures and subjected to different boundary value problems, we obtain the dependence of CRSS on
temperature, as well as the fractional plastic strains contributed by individual slip/twinning systems at different tempera-
tures. The major results of this investigation are follows.

1. The grain boundary and grain size effect is not regarded as the primary mechanism accounting for the strong asymmet-
rical stress–strain behavior before intermediate strain since samples loading along the axial directions show strong asym-
metry but those loaded along the radial direction have weak asymmetry in the stress–strain response. It hence suggests
the possibility to eliminate the tension–compression asymmetry in magnesium alloys by adopting suitable manufactur-
ing processes. For example, lowering extrusion ration or adapting different types of rolling procedure were proposed
(Hirsch and Al-Samman, 2013; Kim et al., 2009; Shahzad and Wagner, 2009).

2. The resistances in non-basal slip systems show clear temperature-dependence, with higher resistances at lower temper-
atures. However, the resistances for basal slip and extension twin are not as sensitive as those in non-basal slip systems.
This conclusion is limited in the temperature region where dislocation gliding and twinning induced plasticity is domi-
nant. At temperature above 473 K, more complicated deformation mechanism such as grain boundary activities and dis-
location climbing occur (Koike et al., 2003b).

3. Significant stress and deformation inhomogeneity at the grain level is observed. Such high level stress and plastic defor-
mation fluctuations may trigger excessive grain boundary deformation, which results in premature failure and low duc-
tility in magnesium alloys.

It is worth pointing out that plastic deformation by grain boundary sliding may also be active in AZ31B, especially at high
temperature (Hauser et al., 1955; Koike et al., 2003b; Staroselsky and Anand, 2003). This effect is not considered in our finite-
element simulations in the present study.
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