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Interaction of nanoparticles (NPs) with cell membrane is a crucial issue in studying drug
delivery, photodynamic therapy system and cytotoxicity. Single NP with relatively small
size cannot be fully wrapped by the cell membrane, which prohibits its uptake. One
feasible way is cooperative entry, i.e., recruiting and assembling multiple small NPs to
form a larger NP cluster to enter into a cell. In this work, we present theoretical analysis
about the cooperative entry of multiple NPs. Through free energy calculation we
investigate how the NPs' size, shape, interval and NP/cell interfacial binding energy
influence the feasibility of entry. Interestingly we find that the cooperative entry of oblate
ellipsoidal NPs can get larger energy compensation than individual ones as well as
spherical ones. We also propose that soft NPs have preference in cooperative entry of the
cell. Our work can be used to actively design and transfer NPs in applications such as drug
delivery as well as to understand the shape effect on toxic mechanism of ellipsoidal NPs.
& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
While showing toxic effect to cells (Lewinski et al., 2008; Shi et al., 2011), nanoparticles (NPs) have also proved to be
important loading vehicles for drug delivery and bioimaging in biomedical applications (Davis et al., 2008; Doane and Burda,
2012; Slowing et al., 2008). Since the critical step for NPs' uptake is to cross the cell membrane, understanding the
interaction between NPs and cell membrane thus becomes important. During the past few years, extensive experimental
and theoretical works have been conducted to investigate the NPs/cell interaction with focus on the effect of particle size,
shape, elasticity and surface physicochemical properties. For instance, Osaki et al. (2004) found the cell preferred to uptake
NPs of diameter 50 nm. The mechanism of such size dependence was then elucidated by Gao et al. (2005) with a receptormediated endocytosis model and Zhang et al. (2009) with a thermodynamic model. The shape effects of NPs in phagocytosis
(Champion and Mitragotri, 2006) and receptor-mediated endocytosis (Agarwal et al., 2013; Chithrani et al., 2006; Florez et al.,
2012; Gratton et al., 2008) were also verified experimentally and theoretically (Yang and Ma, 2010). It is worth noting that in
receptor-mediated endocytosis, the cell did not favor NPs with high aspect ratio, which is due to the high energy consumption
induced by membrane wrapping in the region of NPs with large curvature. Consequently it is found that the elasticity of NPs
played significant role in cellular uptake of NPs (Yi et al., 2011). Such elasticity dependent uptake was attributed to the shape
transformation of NPs from sphere to ellipsoid during uptake, which resulted in high energy consumption for cells to fully
wrap the NPs.
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Despite these progresses which focus on the interaction of cells with individual NP, relatively few works investigate the
cell interacting with multiple NPs. It is known that to fully wrap a spherical NP, the bending energy cost of membrane, 8πκ, is
independent of the size of NP, where κ is the bending rigidity of membrane (Deserno, 2004). However, the binding energy
between the NP and membrane, which is the driving force for the NP to be internalized, decreases with the size of NP. It is
natural to question how the NP could be fully wrapped and internalized when the size is smaller than the critical value
estimated to be about 20 nm (Zhang et al., 2009). In a molecular simulation work, Reynwar et al. (2007) have demonstrated
that specialized proteins could aggregate and create membrane curvature, which eventually triggers tubulation and forms
vesicle. They have proposed that the cooperative action of proteins in binding the membrane is essential for such vesicle
budding. Following this work, Yue and Zhang (2012) have investigated the cooperative effects in receptor-mediated
endocytosis of multiple NPs. Qualitatively they have found that small NPs generally cluster into a close packed aggregate and
are internalized as a whole. This finding is actually consistent with the experimental observation that small gold NPs with
diameter of 14 nm apt to cluster together before uptake (Chithrani and Chan, 2007). In order to uncouple the complex
interactions between NPs and membrane, Jaskiewicz et al. (2012a, 2012b) have used polymersomes as model membranes to
investigate internalization of silica NPs. They have found that silica NPs with radius of 14 nm would internalize into the
polymersomes as a cluster (Jaskiewicz et al., 2012b). Using numerical simulations, Bahrami et al. (2012) and Saric and
Cacciuto (2012a, 2012b) have studied the linear aggregation and tube formation of multiple spherical NPs adsorbed on
vesicles, which is a specialized case of NPs' clustering. These findings have provided a guidance to elucidate how small NPs
enter the cell. However, the influences of particle interval distance, membrane tension, interfacial binding energy etc. have
not been well studied, and the effects on cellular uptake are still far away from being conclusive. Furthermore, the geometry
effect is not considered in these works, which has been proved to play an important role in cellular uptake of single NP
(Bahrami, 2013; Champion and Mitragotri, 2006; Dasgupta et al., 2013, 2014; Decuzzi and Ferrari, 2008; Florez et al., 2012;
Gao, 2014; Wang et al., 2013; Yang and Ma, 2010; Yi and Gao, 2014; Yi et al., 2014).
In this work, we present a thermodynamic model to describe the cooperative entry of multiple NPs into the cell.
Following the Canham–Helfrich's framework (Helfrich, 1973), we systematically investigate how NP size, NP separation,
membrane tension, interfacial binding energy and shape of NPs influence the uptake. The rest of this paper is organized as
follows. In Section 2, a theoretical model is set up with the numerical simulation method described. The results for spherical,
ellipsoidal, cylindrical and elliptic cylindrical NPs are presented and discussed in Section 3. Section 4 summarizes the results
and findings.
2. Model and methods
2.1. Energy contribution
When multiple NPs adhere to an initially flat membrane, the membrane deforms and engulfs a group of NPs by one
spherical vesicle, which is a common process in cellular endocytosis (Canton and Battaglia, 2012). Before the vesicle is
pinched off from the cell membrane to complete the internalization, the system with multiple NPs engulfed by the vesicle
could be considered as a final state of NP/membrane interaction. Fig. 1a shows a model system with spherical vesicle
wrapping multiple identical NPs. To describe the problem conveniently, we assume the NPs are uniformly distributed on the
vesicle and the total number of NPs within the vesicle is approximately given by
n¼

4πR2
2

2πR ð1  cosφÞ

¼

2
;
1 cosφ

for 3D case and
π
n¼ ;
φ

ð1aÞ

ð1bÞ

for 2D case, where φ is the half-central angle for individual NP. With this assumption, the spherical vesicle could be allocated
into n patches with each patch interacting with one NP, as shown in Fig. 1b. In what follows we will only consider one NP
interacting with the membrane. We note that topologically the surface of a sphere cannot be equally divided into n patches,
and Eq. (1) is adopted here for mathematical convenience. Following the Canham–Helfrich's framework (Helfrich, 1973), the
total free energy of the system consists of bending energy, tension energy, adhesion energy and work of pressure difference,
which is described as
E ¼ Eb þ Ea þ Et þ ΔPΔV;

ð2Þ

where Eb , Ea and Et represent bending energy of membrane, NP/membrane interfacial adhesion energy and tension energy
of membrane, respectively. ΔP is the osmotic pressure difference and for simplicity, we set ΔP ¼ 0, i.e. the osmotic pressure
difference between inside and outside of the cell membrane is zero.
In this model, we adopt a symmetric membrane and assume no topological change during the whole process. Then
according to the Canham–Helfrich's fluid membrane model (Helfrich, 1973), the bending energy for each NP is given by
Z
κ
ðc1 þ c2 Þ2 dS;
Eb ¼
ð3Þ
S2
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Fig. 1. (a) The schematic shows of cellular uptake of multiple spherical NPs. K is the radius of spherical NPs, R is the radius of spherical vesicle, d is NPs
separation, and φ is half-central angle of individual NP. (b) A local amplification of (a). ψ(s) is the angle tangent to the profile. This figure represents 3D and
2D cases.

where κ is the bending rigidity of membrane, and c1 and c2 are principal curvatures of the membrane surface. The tension
energy is given by
Et ¼ σΔS;

ð4Þ

where σ is the surface tension of the membrane and ΔS the excess surface area induced by wrapping NPs. Different from
conventional adhesion energy calculation which is obtained by adhesion strength multiplying contact area, here we adopt
6-12 Lennard-Jones potential to calculate the adhesion energy (Jiang et al., 2006). Because the adhesion energy is mainly
determined by material properties at the interfaces (Nel et al., 2009; Qin and Buehler, 2014; Verma and Stellacci, 2010), we
get the adhesion energy by integrating the Lennard-Jones potential over surface atoms, which is given by
Z
Z
Ea ¼
ρm dSm VðrÞρp dSp ;
ð5Þ
where ρm and ρp are respectively atom densities of the membrane and the particle surface, dSm and dSp are elements of
membrane and particle surface, respectively, and VðrÞ is Lennard-Jones potential between atoms on membrane and particle
surface with the expression
!
σ 12
σ 6lj
lj
VðrÞ ¼ 4ε 12  6 ;
ð6Þ
r
r
where ε and σ lj are Lennard-Jones parameters and r the distance between two atoms.
2.2. Parameterization of the membrane profile
In order to parameterize the profile of the membrane, we select arc length s and angle ψ ðsÞ, the angle tangent to the
profile, as coordinate axes. Set s ¼ 0 at the initial point of the profile, we assume that ψ ðsÞ has a Fourier series form with
respect to arc length s (Gozdz, 2007)
π 
N
φ
ψðsÞ ¼ s þ ∑ ai sin is ;
L
L
i¼1

ð7Þ

where ai is Fourier amplitude and L the total arc length of the membrane profile. Gozdz (2007) has used this method to
explore the deformations of lipid vesicles induced by an attached particle. The boundary condition is automatically satisfied,
i.e. ψ ð0Þ ¼ 0 and ψ ðLÞ ¼ φ. While more terms would be better, we find after numerical tests that the profile of membrane
could describe our problem well when N ¼ 20. After parameterization, each part of energy can be expressed as

2
Z L
dψ sin ψ
þ
Eb ¼ πκ
r s ðsÞ
ds;
ð8Þ
ds
r s ðsÞ
0
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Z
Et ¼ σ

L
0

Z
2πr s ðsÞds;
Z

2

Ea ¼ 16π ρm ρp εK

r s ðsÞ ¼

with
L

2
0

Z
r s ðsÞds

3σ lj =K
0

0

"

s

cos ψds
σ 12
lj

r ðs; τÞ12



ð9Þ
σ 6lj

r ðs; τÞ6

#
sin τdτ;

ð10Þ

with
n

2 o1=2
r ðs; τÞ ¼ ðK sin τÞ2 þ K ð1  cos τÞ þdðsÞ
;

h
i1=2
dðsÞ ¼ r s ðsÞ2 þzs ðsÞ2
K

where r s ðsÞ is the distance between point s on membrane and the rotational axis, and dðsÞ is the vertical distance between
Rs
point s and spherical surface, with zs ðsÞ ¼ 0 sin ψds ðK þ δÞ, and δ is the distance between the membrane and the NP at
point s ¼ 0. In Eq. (10), we have set the cutoff distance as 3σ lj in adhesion energy calculation. The total energy E becomes the
function of ai and L when we replace ψ ðsÞ in Eqs. (8)–(10) by Eq. (7). In addition, the variables satisfy the following
relationship


r s ðsÞjs ¼ L
:
ð11Þ
φ ¼ atan
R  zs ðsÞjs ¼ L
By performing energy minimization of the total energy under the constraint condition of Eq. (11), we will get parameters
ai and L, and accordingly the total energy E.
To reflect the intrinsic relationship among these parameters, here we construct several dimensionless parameters as
follows (Deserno, 2004):
v ¼ R=K; E ¼ E=ðπκ Þ; Eb ¼ Eb =ðπκÞ; Et ¼ Et =ðπκÞ; Ea ¼ Ea =ðπκ Þ;
σ ¼ σK 2 =κ; ε ¼ ε=κ; σ lj ¼ σ lj =K; δ ¼ δ=K; ρ ¼ ρm ρp K 4 ; P ¼ ΔPK 3 =κ

ð12Þ

In present work, we consider NPs with radius of 15 nm, a typical membrane bending rigidity of 20 kBT (Boal, 2012) and a
membrane tension of 0.02 mN/m (Morris and Homann, 2001). Then the dimensionless parameter σ ¼ σK 2 =κ would be about
0.055. Typical values of those parameters are listed in Table 1. The particle swarm optimization (PSO) algorithm is utilized to
conduct the numerical optimization (Kennedy et al., 1995).
2.3. NPs with other shapes
To investigate the shape effect of NPs during uptake, ellipsoidal, cylindrical and elliptic cylindrical NPs are also
investigated with the same method. For ellipsoidal NPs, we define a as the semi-major axis of the ellipsoid and b as semiminor axis. The parameter K, the radius of spherical NP which has the same volume as the ellipsoid, is chosen as its
equivalent particle size and defined as

1=3
K ¼ a2 b
:
ð13Þ
Here we only consider oblate ellipsoidal NP as shown in Fig. 2. We assume that ψ ðsÞ has the same form as shown in Eq. (7).
Thus the bending energy and tension energy have the same expressions as spherical NPs. The adhesion energy is given by
"
#
Z L
Z π
1=2 Z π
σ 12
σ 6lj
lj
Ea ¼ 16πρm ρp εa2
r s ðsÞds
cos2 θ þ λ2 sin 2 θ
dθ

sin θdτ
ð14Þ
r ðθ; τ; sÞ12 r ðθ; τ; sÞ6
0
0
0
where λ ¼ b=a is the aspect ratio
n

2 o1=2
;
r ðθ; τ; sÞ ¼ ða sin θÞ2 þr s ðsÞ2 2a sin θr s ðsÞ cos τ þ zs ðsÞ þ b cos θ
Z s
Z s
cos ψds; zs ðsÞ ¼
sin ψds  ðb þδÞ:
r s ðsÞ ¼
0

0

Table 1
Parameters for spherical NPs.
Parameter

Numerical value

K (nm)
κ
v
σ
ρε
σ lj

15
20kB T
2–15
0.055
541.7
0.0313
0.0313
0

δ
P
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Fig. 2. The schematic shows an ellipsoidal NP. K is the equivalent particle size, λ is the aspect ratio, the coordinate of point P on the ellipsoid is expressed as
ða sin θ;  b cos θÞ.

The dimensionless parameters for ellipsoidal NPs are the same as spherical ones. To simplify the calculations, we also set
the cutoff distance to 3σ lj . Part of parameters for ellipsoidal NPs is listed in Table 2 while the others are the same as that of
spherical NPs.
For infinite long cylindrical NPs, the energy term per unit length for each NP is given as
Z
Eb ¼ κ

Z
s

ðc1 þc2 Þ2 ds ¼ κ

L
0

dψ
ds

2

ð15Þ

ds;

Et ¼ 2σL;

ð16Þ
Z

Ea ¼ 32ρm ρp εK

Z

L
0

Z

3σ lj

ds

3σ lj =K

dx
0

0

"

#
σ 6lj
dτ;

12
6
r ðx; d; τÞ
r ðx; d; τÞ
σ 12
lj

ð17Þ

where
n
o1=2

2


rðx; s; τÞ ¼ K 2 þ K þ dðsÞ  2K K þ dðsÞ cos τ þ x2
;
h
i1=2
K;
dðsÞ ¼ r s ðsÞ2 þ zs ðsÞ2
Z
r s ðsÞ ¼

s
0

Z
cos ψds; zs ðsÞ ¼

s

0

sin ψds ðK þ δÞ:

In Eq. (17), we have used the cutoff distance 3σ lj for adhesion energy calculation. The dimensionless parameters for
energy are different from 3D cases which are given by
E ¼ EK=κ; Eb ¼ Eb K=κ; Et ¼ Et K=κ; Ea ¼ Ea K=κ:

ð18Þ

Parameters for cylindrical NPs are shown in Table 3 while the other parameters are the same as spherical NPs.
For elliptic cylindrical NPs, the bending and tension energy per unit length for each NP have the same expression as
cylindrical NP, and the adhesion energy term per unit length for each NP is given as
"
#
Z L Z π

1=2 Z 3σlj
σ 12
σ 6lj
lj
2
2
2
Ea ¼ 16ρm ρp εa
ds
cos θ þ λ sin θ
dθ

dx
ð19Þ
r ðs; θ; xÞ12 r ðs; θ; xÞ6
0
0
 3σ lj =K
where
n
o1=2

2
;
r ðs; θ; xÞ ¼ ½r s ðsÞ a sin θ2 þ zs ðsÞ þ b cos θ þ x2
Z
r s ðsÞ ¼

s
0

Z
cos ψds; zs ðsÞ ¼

0

s

sin ψds ðbþ δÞ:

The parameter K, the radius of cylinder which has the same section area as the elliptic cylinder, is chosen as the units of
length and defined as
K ¼ ðabÞ

1=2

:

ð20Þ

The dimensionless parameters constructed are the same as cylindrical NPs. Parameters for elliptic cylindrical NPs are
shown in Table 4 while other parameters are the same as spherical NPs.
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Table 2
Parameters for ellipsoidal NPs.
Parameter

Numerical value

ρε
δ

541.7 or 687.4
0.0313

Table 3
Parameters for cylindrical NPs.
Parameter

Numerical value

ρε
δ

144.6
0.0313

Table 4
Parameters for elliptic cylindrical NPs.
Parameter

Numerical value

ρε
δ

144.6 or 198.5
0.0313

axis of rotation
d/K=4.67
d/K=4.07
d/K=3.43
d/K=2.76
d/K=2.00

Fig. 3. (a) The membrane profiles with different NPs separation when the vesicle size is v ¼ 5. Green circles are used to guide the line of sight. (b) For
spherical NPs, the energy profiles for different NPs separation with different vesicle sizes. This figure is for 3D case. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

3. Results and discussion
3.1. Spherical and ellipsoidal NPs (3D)
To investigate the effect of NPs separation as well as the vesicle size on uptake, we firstly fix the adhesion strength as
ρε ¼ 541:7. At this adhesion strength, the total energy would be about zero if cell membrane wraps individual NP
completely. With the adhesion strength fixed, we get the membrane profile with different NPs separation when the vesicle
size is v ¼ 5 (Fig. 3a). It is seen that the wrapping degree of membrane on NPs increases with the NPs separation. However,
the relation for total energy with separation does not show such monotonic behavior. As shown in Fig. 3b, for a fixed size of
vesicle v, the total energy E would first decrease then increase as the separation increases, which means there exists an
optimal separation distance for uptake of multiple NPs. We note that the situation when NPs contact with each other
(d¼2K) is not the configuration having minimum energy. This is actually consistent with the work of Reynwar and Deserno
(2011) and Reynwar et al. (2007).
In Fig. 4a, we show the optimal membrane profiles with different vesicle sizes for spherical NPs. The wrapping degree of
membrane on NPs decreases as the vesicle size increases. Meanwhile, the total energy E at minimum would increase with
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Fig. 4. (a) The optimal membrane profiles for spherical NPs with different vesicle sizes, red for v ¼ 2, cyan for v ¼ 3, black for v ¼ 5, green for v ¼ 10, purple
for v ¼ 15. (b) The optimal membrane profiles for ellipsoidal NPs with λ ¼ 0:75, the different colors represent different vesicle sizes, which is the same as
spherical ones. (c) The optimal membrane profiles for ellipsoidal NPs with λ ¼ 0:5, the color scheme is the same as in (b). This figure is for 3D case. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the vesicle size as shown in Fig. 3b. It indicates the vesicle would energetically apt to be small one without considering the
NPs interval distance.
To further identify how the NPs separation and vesicle size influence the system energy, we draw a phase diagram as
shown in Fig. 5a. The dots in the figure represent the parameters with which the system has the lowest energy. It is seen
that as the vesicle size increases, the optimized separation increases firstly then decreases, and finally tends to a constant
value. And the separation is restricted within a small region around 2.5K. It means during cooperative entry, the separation
of NPs could not be too large. Otherwise one NP could not “sense” the other through the connection of membrane. This
separation regulated cooperative entry may be important in biological system, since the interaction between NPs is
universal, e.g. electrostatic interaction, which controls the final separation distance of NPs (Nel et al., 2009).
It has been demonstrated that the shape of NPs has key role in endocytosis (Agarwal et al., 2013; Champion and
Mitragotri, 2006; Gratton et al., 2008; Yang and Ma, 2010). Here the ellipsoidal NPs with different aspect ratio λ are
considered in cooperative entry. With the same adhesion strength as spherical NPs, there also exists an optimal NPs
separation for ellipsoidal NPs. In Fig. 4b and c, we draw the optimal membrane profile on ellipsoidal NPs with different
vesicle sizes. Different to spherical ones, the vesicle size has minor effect on the wrapping degree of membrane on
ellipsoidal NPs ðθ o 601Þ. This is attributed to the small curvature in the contact region which induces less bending energy of
membrane, thus compensates less adhesion energy. To analyze how the wrapping degree affects the bending energy of
membrane, we deduce the mean curvature M(θ) of point P ða sin θ;  b cos θÞ on the ellipsoid


2
2
2
c1 þc2
λ 1 þ cos θ þλ sin θ
M ðθÞ ¼
¼
ð21Þ

3=2 :
2a
2
cos 2 θ þλ2 sin 2 θ
When the NP surface within the region ½0; θ is wrapped by membrane, the bending energy cost is
κ
E b ðθ Þ ¼
2

Z

Z
2

ðc1 þ c2 Þ dS ¼ πκλ2

0



θ

2
1 þ cos 2 θ þ λ2 sin 2 θ
sin θ 
5=2 dθ;
cos 2 θ þλ2 sin 2 θ

ð22Þ
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Fig. 5. A two-dimensional phase diagram characterizes effects of vesicle size and separation on the total energy for (a) spherical and (b) ellipsoidal NPs
with λ ¼ 0:5. The color bar indicates the level of dimensionless total energy. The red dots represent the separation with which the system has the lowest
energy for a given vesicle size. (c) The variation of total energy with the vesicle size for different aspect ratios. The adhesion strength is ρε ¼ 541:7. This
figure is for 3D case. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where the surface area is
Z
SðθÞ ¼ 2πa2

θ
0


1=2
sin θ cos 2 θ þλ2 sin 2 θ
dθ:

ð23Þ

In Fig. 6a, we plot the mean curvature of the NPs surface as a function of wrapping degree. It seems that the mean
curvature at the edges of the ellipsoidal NPs ðθ ¼ 901Þ with λ ¼0.5 is about 2/K, double of that for spherical NPs (λ ¼1.0). It
means at this wrapping front, the bending energy cost is four times of that for spherical NPs. In Fig. 6b we plot the total
bending energy cost as function of the wrapping degree. It is seen that the total bending energy cost increases as the aspect
ratio decreases. Furthermore, for ellipsoidal NPs with λ¼0.5, the bending energy increases slowly as θo601 while increases
sharply as θ4601. That is why the wrapping degree of ellipsoidal NPs with λ¼0.5 is about 601.
Compared with spherical NPs, ellipsoidal NPs gain significant energy compensation. As shown in Fig. 5b and c, with the
same adhesion strength, the ellipsoidal NPs get larger energy gain than spherical ones. It is attributed to the fact that in the
cooperative entry model, membrane does not need to wrap the strongly curved regions of ellipsoidal NPs. We also find the
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Fig. 6. (a) The mean curvature of the NPs surface as a function of θ and aspect ratio λ. (b) The bending energy cost of membrane as a function of wrapping
degree with different aspect ratios of ellipsoidal NPs. The arrow indicates the wrapping front for ellipsoidal NPs with λ ¼ 0:5. This figure is for 3D case.

Fig. 7. Effects of the separtion on the total energy for cylindrical NPs with different vesicle sizes. This figure is for 2D case.

energy gain is large for small λ. It is attributed to the small bending energy cost as λ decreases. With the decrease of the
aspect ratio, this trend will become more apparent.
3.2. Cylindrical and elliptic cylindrical NPs (2D)
Similar to spherical and ellipsoidal NPs (3D), we set up 2D model to describe the cooperative entry of infinite long
cylindrical and elliptic cylindrical NPs with their axis parallel to the membrane. The adhesion strength is about ρε ¼ 144:6
for cellular uptake of individual cylindrical NPs completely. We assume the cell internalizes multiple cylindrical NPs by a
tubular vesicle with circular cross-section as shown in Fig. 1a. In Fig. 7 we plot the total energy E versus cylindrical NPs
separation with different vesicle sizes. Different from spherical NPs, the total energy increases linearly with respect to
separation, and NPs would touch each other at the optimal configuration. Moreover, for different vesicle sizes the energy
gain with the same separation is quite close. Note that here we do not consider the interaction between NPs (Chaudhuri
et al., 2011).
For elliptic cylindrical NPs, they would not contact with each other at the optimal configuration except for vesicle size
v ¼ 2. Fig. 8a shows the vesicle size and the optimal separation with different sectional aspect ratios. For cylindrical NPs, the
separation almost keeps to be a constant. For elliptic cylindrical NPs with λ ¼ 0:75, the optimal separation region is between
2K and 3K, which is small compared with the NPs with λ ¼ 0:5. Hence the aspect ratio plays a significant role here. With the
same adhesion strength, it is also insufficient to internalize single elliptic cylindrical NP. Via cooperative manner, however, it
gets large energy gain as shown in Fig. 8b. This is because the membrane avoids the wrapping of strongly curved edges,
which is similar to the case for ellipsoidal NPs.
3.3. Effect of adhesion strength
In order to understand the influence of adhesion strength, we have repeated the calculation with changed adhesion
strength. Fig. 9a shows optimized NPs separation versus vesicle size at adhesion strength ρε ¼ 687:4 which is required for
membrane to fully internalize individual ellipsoidal NPs with λ ¼ 0:5. It is seen that the increase of adhesion strength by 27%
would slightly change the separation (Fig. 9a) as well as the contact front (Fig. 10). The reason is the same as discussed above
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Fig. 8. (a) The vesicle size and optimal NPs separation at different NP's aspect ratios. (b) The variation of total energy with the vesicle size for different
aspect ratios. This figure is for 2D case.

Fig. 9. Effects of the vesicle size on the separation (a) and the total energy (b) with different adhesion strengths for ellipsoidal NPs with λ ¼ 0:5. (3D case)
(c) and (d) are those for elliptic cylindrical NPs with sectional aspect ratio λ ¼ 0:5 (2D case).
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that wrapping the rest part of NPs, i.e. the strong curved edges, will cost abundant energy. The energy gain, however,
increases by 40% with the increase of adhesion strength (Fig. 8b), indicating in the cooperative entry mode, the energy
compensation would enhance greatly by increasing the adhesion strength. It is further proved that within a certain range of
adhesion strength, cellular cooperative entry of multiple NPs has more advantages than entry of individual NP.
It shows similar results for elliptic cylindrical NPs when the adhesion strength is changed to ρε ¼ 198:5 which is required
for cellular entry individual elliptic cylindrical NP with λ ¼ 0:5. Fig. 9c and d shows the separation and total energy changes
with the vesicle size.

3.4. Cutoff effect of adhesion potential
Different from the conventional method to calculate adhesion energy, here we adopt Lennard-Jones potential to
characterize the interface adhesion energy where we set the cutoff distance as 3σ lj . It has been proved that the potential
range would influence the result for cellular uptake NPs in a tubular mode (Bahrami et al., 2014; Raatz et al., 2014). To check
the effect of cutoff distance in our model, we have repeated the calculation by increasing the cutoff distance to 5σ ij . Fig. 11

axis of rotation

axis of rotation

axis of rotation

Fig. 10. The membrane profiles on ellipsoidal NP ðλ ¼ 0:5Þ for different adhesion strengths with vesicle size (a) v ¼ 3, (b) v ¼ 5, (c) v ¼ 10 in which red line
represent ρε ¼ 541:7 and black one represent ρε ¼ 687:4. This figure is for 3D case. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 11. Effects of the vesicle size on the separation (a) and total energy (b) with different cutoff distances. This figure is for 3D case.

162

J. Wang et al. / J. Mech. Phys. Solids 73 (2014) 151–165

shows the spherical NPs separation versus the vesicle size with different cutoff distance. It seems the increase of cutoff
distance would influence the optimal separation distance (Fig. 11a) while showing minor effect on the energy gain (Fig. 11b).
3.5. Comparison with individual wrapping and cooperative tubular wrapping
Bahrami et al. (2012) and Saric and Cacciuto (2012a, 2012b) have studied the tube formation of multiple spherical NPs on
vesicles. To see if such tubular cooperative entry is more energetically favorable than the spherical cooperative entry, we
conduct the following comparison. Fig. 12a–c shows the membrane profiles for different wrapping models in which Fig. 12a
shows the case when one NP is fully wrapped by the membrane, Fig. 12b shows the case when at equilibrium, individual NP
is wrapped by the membrane and Fig. 12c shows the tubular cooperative entry of multiple NPs. In Fig. 12d we compare the
energies
pﬃﬃﬃfor different entry modes at different parameters of σ. For spherical cooperative entry, we set the vesicle size
R=K ¼ 2 and φ ¼451. It is seen that spherical cooperative entry of NPs can gain more energy compensation than individual
wrapping when σ is smaller than 0.07. Since σ ¼ σK 2 =κ, it means NPs with a small size prefer to enter cell via cooperative
mode. We note that for individual entry, the NP cannot be fully wrapped by the membrane, thus cannot be internalized into
the cell. Meanwhile, we notice that tubular cooperative entry is more favorable than spherical cooperative entry of
spherical NPs.
For oblate NPs, however, the total energy in tubular cooperative entry mode no longer prevails. Fig. 13a–c shows the
membrane profiles at different entry modes. We compare the energies at different entry modes in Fig. 13d. It is seen that the
system energies are significantly higher for the tubular cooperative entry than that for spherical cooperative entry. If the NPs
were fully wrapped by the membrane, the system energies are even higher, as shown in Fig. 13d. It indicates that the
spherical cooperative entry of oblate NPs is favorable compared to individual wrapping.
We also investigate how the aspect ratio λ influences the total energy of the tubular and spherical cooperative modes.
According to our previous definition, the semi-major and semi-minor axis of an ellipsoid with different aspect ratio is shown
in Table 5. As shown in Fig. 14a, the wrapping degree decreases as the aspect ratio decreases. And the spherical cooperative
entry becomes energetic favorable at λ¼0.95 (Fig. 14b), indicating the small change of the shape of NPs would alter the
entry modes from tubular cooperative entry to spherical cooperative entry.
We note that in the tubular mode for oblate NPs, we only consider the case when neighboring NPs face each other via
their less curved sides. Another possible mode is that the neighboring NPs face each other via their strong curved sides,
which partially costs more bending energy while gains more adhesion energy. This entry mode is worthy to be further

Fig. 12. (a) Schematic diagram of individual NPs wrapped by membrane completely. (b) The membrane profile for individual wrapping (black line) of NPs.
The adhesion strength ρε ¼ 541:7 and the dimensionless parameter σ ¼ 0:055 are used. (c) The membrane profile for tubular cooperative entry of NPs. The
parameters are the same as individual wrapping. (d) The relation between the total energy and the dimensionless
parameter σ when cell internalizes NPs
pﬃﬃﬃ
with different modes ðσ ¼ σK 2 =κÞ. For spherical cooperative entry of NPs, we set the vesicle size R=K ¼ 2 and φ¼ 451. The black line represents the total
energy when individual NP is fully wrapped by membrane. The red line represents the minimum energy when individual NP just adheres to the
membrane. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. (a) Schematic diagram of individual ellipsoidal NPs wrapped by membrane completely. (b) The membrane profile for individual wrapping (black
line) of ellipsoidal NPs (λ¼ 0.5). The adhesion strength ρε ¼ 541:7 and the parameter σ ¼ 0:055 are used. (c) The membrane profile for cooperative wrapping
of ellipsoidal NPs in tubes. The parameters are the same as individual wrapping. (d) The relation between the total energy and the dimensionless parameter
2
σ when
pﬃﬃﬃcell internalizes ellipsoidal NPs with different modes ðσ ¼ σK =κÞ. For cooperative wrapping of NPs in spherical buds, we set the vesicle size
R=K ¼ 2 and φ ¼ 451. The black line represents the total energy when individual NP is fully wrapped by membrane. The red line represents the minimum
energy when individual NP just adheres to the membrane. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Table 5
Semi-major and semi-minor axis of an ellipsoid.

a/K (3D)
b/K (3D)

λ ¼0.5

λ ¼0.6

λ¼ 0.7

λ ¼ 0.8

λ ¼0.9

λ¼ 1

1.260
0.630

1.186
0.711

1.126
0.788

1.077
0.862

1.036
0.932

1.000
1.000

investigated. However, this orientation is not rotationally symmetric, and thus beyond the scope of current methods. We
would study it further elsewhere.
3.6. Discussions
In our cooperative entry model we only consider oblate ellipsoidal NPs with their flat side adhering to the membrane. It
is more likely to form spherical vesicle to complete the internalization of multiple NPs. For prolate ellipsoidal NPs which
initially adhere to membrane by their flat side, there is no rotational symmetry around the short axis (Bahrami, 2013), and
our model would not work anymore. One alternative entry way is that the prolate NPs align in a row along their long axis
and the membrane forms tube to internalize these NPs (Bahrami, 2013; Raatz et al., 2014; Saric and Cacciuto, 2012b). Such
tubular entry model would avoid wrapping the strong curved tips of prolate NPs. In present paper, we have extended this
model to investigate the internalization of spherical/ellipsoidal NPs by spherical vesicles, rather than tubular vesicles.
Recent works have shown that there are two modes for cellular entry of one-dimensional NP: the long axis of NPs is
oriented parallel to the membrane or perpendicular to the membrane (Bahrami, 2013; Dasgupta et al., 2014; Huang et al.,
2013; Shi et al., 2011; Yi et al., 2014). Generally upon contact, the NPs would adhere to the membrane by their flat side, and
then it may adopt different entry modes depending on different situations. Our model is actually more suitable to describe
the initial stage of cellular uptake NPs.
In one recent paper, the authors show that the elasticity of NPs plays significant role in cellular entry of soft NPs (Yi and
Gao, 2014; Yi et al., 2011). They find that rigid NPs are easier to be fully wrapped by the cell membrane than the soft ones.
The mechanism is that, during uptake, initially spherical NP would deform into ellipsoid due to the stretch of membrane,
which prohibits its fully wrapping due to the high bending energy compensation. Considering the fact that ellipsoidal NPs
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Fig. 14. (a) Membrane profiles for tubular structure with different aspect p
ratios.
We set ρε ¼ 541:7, σ ¼ 0:055. (b) The effects of aspect ratio on the total
ﬃﬃﬃ
energy for tube model and buds model. For spherical buds, we set R=K ¼ 2 and φ ¼ 451, other parameters are the same as tubular mode.

get more energy gain than the spherical ones during cooperative entry, we propose that soft NPs should have advantages
over rigid ones in cooperative entry.

4. Conclusions
In summary, we have set up a new model for cellular entry of multiple NPs. We consider different shapes of NPs,
including spherical, ellipsoidal, cylindrical, elliptic cylindrical NPs. The model describes cellular entry of multiple NPs by
spherical vesicle, which is more suitable for oblate/soft/small NPs. The effect of adhesion strength and the cutoff of potential
are also discussed. Our work can be used to actively design and transfer NPs in applications such as drug delivery, imaging,
and therapy in nanomedicine, as well as to understand the shape effect on toxic mechanism of ellipsoidal NPs. Although our
model focuses on cellular uptake of NPs, it is also suitable to describe cellular budding NPs as well (Auth and Gompper,
2009). In addition, it may provide guideline for proteins aggregate on cell membrane (Haselwandter and Phillips, 2013;
Simunovic et al., 2013).
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