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Recent experiment shows that an elastic strain gradient field can be utilized to transport spherical
particles on a stretchable substrate by rolling, inspired by which a generalized plane-strain
Johnson-Kendall-Roberts model is developed in this paper in order to verify possible rolling of an
elastic cylinder adhering on an elastic substrate subject to a strain gradient. With the help of contact
mechanics, closed form solutions of interface tractions, stress intensity factors, and corresponding
energy release rates in the plane-strain contact model are obtained, based on which a possible
rolling motion of an elastic cylinder induced by strain gradients is found and the criterion for the
initiation of rolling is established. The theoretical prediction is consistent well with the existing
experimental observation. The result should be helpful for understanding biological transport
mechanisms through muscle contractions and the design of transport systems with strain gradient.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4900614]

I. INTRODUCTION

The JKR (Johnson-Kendall-Roberts), DMT (Derjaguin-
Muller-Toporov), and MD (Maugis-Dugdale) models,' as
three representative and pioneering work in the field of adhe-
sive contact mechanics have been extensively developed in
recent years. In the JKR model,1 an equilibrium contact area
is established via Griffith energy balance between elastic
energy and surface energy, which results in compressive stress
in the central region of contact and crack-like singular tensile
stress near the edge of contact; the contact area remains finite
until a critical pull-off force is reached. In the DMT model,2
molecular forces outside the Hertz contact area are consid-
ered, but these forces are assumed not to change the contact
profile of the Hertz solution. It was later realized by Tabor*
that the JKR model is more suitable for contact between rela-
tively large and soft bodies, while the DMT model is more
suitable for contact between small and rigid bodies. In 1992,
Maugis® developed a unified model linking the JKR and DMT
models by extending the Dugdale model to the case of adhe-
sive contact between two elastic spheres. Due to its specific
application range, JKR model has been adopted to explain
many interesting biological phenomena, such as gecko adhe-
sion,s’7 cell-cell adhesion,8 cells on stretched substrates.”'°

The mechanisms of cell-cell and cell-substrate adhesion
are related with many fields of biology, including embryonic
development, cancer metastasis, cellular transport, endo- and
exocytosis, tissue and cellular engineering.'' ™ It is widely
believed that cells can sense and respond to mechanical
forces from extracellular environments'*"” through surface
or interface adhesion. As a result, they could detach, slip, or
roll on a substrate in response to these forces.'® 2

In such biological systems, another ubiquitous phenom-
enon is transport via tissue contraction. As a prominent
example, smooth muscle contraction is essential for oosperm
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transport from ovary to uterus through the fallopian tube dur-
ing pregnancy,?®?’ the whole transport process is a dynamic,
micro-scale and cross-disciplinary problem. In addition, spe-
cific adhesion molecules, such as «3, f1, oV, «2f1, have
been found experimentally in fallopian tube, as well as fibro-
nectin, an extracellular adhesive glycoprotein that mediates
cell-matrix adhesion experiment.”®?° All these adhesive
integrins were proved experimentally to play a significant
role for oosperm-oviduct bonding.?® Though it is clear that
the transport of oosperm involves smooth muscle contrac-
tion, the detailed mechanism still remains elusive,26’27’3w34
due in part to the complexity of cell-substrate interactions
via receptor-ligand binding as well as various physical forces
inside and outside the cytoskeleton.'*!>3-7

In order to disclose the mechanical mechanism of
oosperm transport induced by smooth muscle contraction, a
recently biomimetic experiment suggests that an elastic strain
gradient can be utilized to transport spherical particles on a
stretchable substrate by rolling.*® In the experiment, a sticky
elastic layer made of thermal plastic rubber is put on a rigid
epoxy resin substrate and an interfacial crack is introduced
near the edge of the interface, meanwhile a horizontal dis-
placement is imposed at the detached end of the elastic layer.
As the layer is stretched beyond a critical strain, the interfa-
cial crack starts to propagate, inducing an elastic strain gradi-
ent in the layer that moves with the crack tip. A latex bubble
is slightly put on the sticky elastic layer ahead of the interfa-
cial crack tip, and a free adhesive contact area is formed due
to the interface interaction. As the moving crack with an elas-
tic strain gradient field ahead of its tip reaches the position
that the bubble adheres, the elastic bubble begins to roll along
the surface. Based on the work of a 3D pressurized spherical
bubble in adhesive contact with a stress-free substrate,39 a
simple 3D model of a pressurized spherical bubble adhering
on an elastic substrate subject to a strain gradient has been
established. Both experiment and the simple theoretical
model indicate that not only the strain gradient n but also the
average strain in substrates influences the initiation of rolling

© 2014 AIP Publishing LLC
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of the spherical particle, while the steady state rolling of the
spherical particle depends on the strain gradient. Either the
initiation of rolling or the steady state rolling is also related
with the contact radius a and the inherent membrane strain &
of the elastic bubble.*® It provides some enlighten thoughts
that asymmetric strain fields generated by smooth muscle
contractions may drive the oosperm rolling along the fallo-
pian tube. A comparable finding to the present rolling motion
induced by the inhomogeneous strain field is the spontaneous
migration of droplets resulted from an asymmetrical chemical
interaction.**** Furthermore, temperature gradient was also
found as a driving force that could move a bubble against lig-
uid flow.* All the interesting phenomena indicate that the
heterogeneity of environmental fields can be a generally driv-
ing force for transport.

Inspired by the above rolling mechanism predicted
experimentally and theoretically, it is reasonable to infer that
an elastic cylinder can also roll on an elastic substrate subject
to a graded strain. What factors will influence the rolling of
cylinders induced by strain gradient in substrates? What dif-
ference may exist between the elastic cylinder rolling case
and the elastic spherical bubble rolling one?

Il. THEORETICAL MODEL AND ANALYSIS

A two-dimensional model is established in order to
answer the above questions, where an elastic cylinder
adheres on an elastic substrate subject to a strain gradient as
shown in Fig. 1. According to the rolling experiment,*® an
assumption of perfect adhesion without slipping between the
elastic cylinder and the stretched substrate is adopted in this
model. A Cartesian coordinate system (x,y) is placed at the
contact region. For such a cylinder in adhesive contact with
an initially stress-free substrate via Van der Waals interac-
tion, the contact region is symmetric with a half contact
width as shown in Fig. 1(a)”*0Y

ay = [32R*Ay/(nE*)]'?, (1)

where R is the radius of the above cylinder, Ay is the work of

adhesion of the contact interface, and E* is an effective

Young’s modulus, - = 1;’% + 1;'%, Ejand v; (j = 1,2) being

the Young’s modulus and Poisson’s ratio of the cylinder
(j = 1) or substrate (j = 2).

After the substrate is subjected to a non-uniform strain
field &(x), the contact region becomes asymmetric, occupy-
ing the region —b < x < a, as shown in Fig. 1(b). With the
help of contact mechanics,*® the continuity of displacements
across the contact interface requires

iy —ily = J e(r)dr
0 5, —=b<x<a, (2

iy — fiyy = O — ;‘—R
where u,; (i1,;) denotes the displacement in the x (y) direction
of the cylinder (j = 1) or substrate (j = 2), ¢ is the displace-
ment at the center of the cylinder,”® and x?/(2R) is due to a
parabolic approximation of the cylinder profile, usually
adopted in contact mechanics.*® Note that the lower bound
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FIG. 1. A two-dimensionally adhesive contact model of an elastic cylinder in
adhesive contact with an elastic substrate. (a) The substrate is stress-free and
the width of contact region is 2ag. (b) The substrate is subjected to a graded
strain, which induces an asymmetric width of contact region —b < x < a.

of the integral in Eq. (2) can be arbitrarily chosen without
affecting the stress field.

Following similar notations used in our previous study
of a cylinder adhering on a stretched substrate,” the surface
displacements of an elastic half-space can be related to the
surface tractions P(x) and Q(x) via Green’s functions of an
elastic half-space. Thus, the governing equations of tractions
and displacements along the cylinder-substrate interface can
be written as

1 s 1
—J —Q(g) ds — pP(x) = - E"¢&(x)
T) S —X 2
L 2 s+ por) = - 555 .
—| ——=ds xX)=—-E"—
) ps—x 27 R’
1-20) (1401) JE1 —=(1=20) (14,) /E
(1=v1)(1421) /E\+(1=2) (1412) [ E2
Dundurs’ parameter,*’ P(x) and Q(x) denote the normal and
tangential tractions along the contact interface, respectively.
Equation (3) can be solved following a standard proce-

dure of solving the inhomogeneous Hilbert equations.’ Since

is the so-called

where f = %(
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the process is standard but rather tedious, the details are
given in the Appendix A and neglected here. The solutions
of Eq. (3) result in the following interfacial tractions in the
contact region

E*

P(x) = —2Im[/(x)] —i-iﬁzs(x)
2(1 - ﬁ ) 4
0(x) = 2Rell(x)] + —— P v

X) = X))+ ———
2R(1 - p°)
_ E"(btx) (a—x)" | ra N\ (b+1) (a—1)"

where  I(x) = W [Lb(—s(t) - Htfg’:’dt} ,
r=3+ix,and k =5-In (%), K being the so-called oscilla-

tory index. r is the stress singularity exponent near the con-
tact edge, which is similar to the stress singularity of an
interface crack in a bimaterial.

From Eq. (4), a set of stress intensity factors at the right
and left contact edges are determined as

Kyigre = —V/2xlim (@ — x)/[P(x) + iQ(+)

X—a
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with corresponding energy release rates FIG. 2. Schematic of an elastic cylinder rolling on a substrate in the direc-
tion of strain gradient.
Gy — 1 |Kright|2
right COShZ(TUC) 2E* ©) E*ﬁ
G 1 Kefi|* P(x) = —2Im[/(x)] er(?% + nx)
1 cosh®(mi) 2E* Exp (M
. , Q(x) = 2Rell(x)] + ————5v,
For the present study, it suffices to consider only the first 2R(1 - p )
order strain gradient. Taking &(x) = &4 + nx (g4 = strain at x =
0 and 5 = strain gradient as shown in Fig. 2). Then, we have the
normal and tangential tractions along the contact interface, in which
|
- . . y - -
—&a <1(a +Db)k+ - x) nsech(nk) (b + x)~ (a — x)
b
E* i (a+ ) (1+4K2) ( ) .
I(x) = —F—— —(n +—>nsech(mc) b+x)"(a—x)"|. (8)
— —-b
an(1— ) R +(i(a+b);c+aT>x—x2
. . 1
+eqmitanh(nx) + | in — R xmtanh(nx)
The energy release rates at the right and left contact edges are calculated as
1 (a+b ( 2) :
. nE*(a + b) 2K(3A+a11)+ﬁ 0 14+4Kx°) —a
right — 1 N2 2
— b 2
16cosh (mc)(l p) +n i(1+4K2)—a —sA—ﬂ
4 R
1(a+b : ©
a 2
. E*(a + b) [2K(8A—bn>+1—e< 1 (1+4x)—b>}
left = 1 N2 2
_ b 2Kkb
16cosh (i) (1 — ) +{n(a+ (1+4K2)—b) +ea +%]
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For equilibrium, the net moment over the contact region should vanish, i.e.
a
M= J P(x)xdx =0, (10)
—b
which yields a relation between a and b as
3 —2Rkny
b=|——)a 11
(3 + 2Rm]> “ (1D

The contact region is symmetric (b = a) only in the absence of strain gradient, i.e., 7 = 0.
Comparing Figs. 1(a) and 1(b) yields the following relation;

a—+ b— [lle (Cl) - L_txl(—b)] = Zdo, (12)

where i1, (a) and i1, (—b) denote the surface displacements of the elastic cylinder at x = ¢ and x = —b in the x-axis direction.
According to Ref. 48, the general expression of surface displacement of the elastic cylinder is

() = — U= 2”212_(11 ) “ibP(s)ds - J P(s)ds] + %J_b O(s)Ins — x|ds + C, (13)

where C is a constant. Substituting Eq. (13) into (12) and combining Egs. (7), (8), and (11) yield the contact lengths @ and b. It
is complex to find the analytical solutions of a and b, but numerical results can be achieved easily.

According to our experimental observation,®® it can be inferred that the elastic cylinder in the present model will roll from
right to left as shown in Fig. 2, which is consistent with the direction of strain gradient. The rolling process involves the
detachment near the right trailing edge and attachment near the left leading edge. While the elastic cylinder does not sense the
existing substrate strain at the leading edge as the cylinder rolls to attach to the substrate, the strain energy absorbed in the sys-
tem due to the attachment equals in magnitude the energy released from the detachment behavior of a cylinder spontaneously
adhering on a stress-free substrate. At the trailing edge, the strain energy will be released due to the detachment. Then, the
resulting energy release rate due to a possibly initial rolling is

2
L fa+b 2
; 2E*(a+ b) [2K(8A +a")+l_e<T(1+4K)_a>}
right = > 2
16cosh? 1-p a-+b 2Kka
(i) (1 = ) +[11<—(1+4K2)—a —e——| | (14)
4 R
G nE* a8(4;c2 + 1)2
left -
“wy 16c0sh4(mc)(1 — ﬁ2)2 2R?
The criterion for the initiation of rolling is then written as
‘G"ighf - Gl(’ff 0 > AF? Al = Aytrai/ing - AVIeadingv (15)
A=

n=0

where AT denotes the difference in work of adhesion at the two contact edges and Ay,,4i,e @a0d AYj 441 are to be determined
from the so-called “over-loading” and “under-loading” experiments.’® The difference in work of adhesion, similar to a braking
force, comes from the difference of separation and formation of the interface, which results from the unavoidable adhesion hyster-
esis or viscoelastic behavior of interfaces.*~>! The difference in energy release rates at both contact edges in the present model
looks like a driving force to overcome the difference in work of adhesion, i.e., the braking force. If the driving force is larger than
the braking one, the cylinder in the present model will start to roll on the substrate. Such a phenomenon is quite similar to the case
of a cylinder rolling on a flat rubber surface, in which the energy dissipated by hysteresis was considered as a resistance.””
Thus, the rolling criterion of the present model can be expressed as

(a+b) —8a)|(1+4K%) 4@ —p2) (a+b)?
nE:(l +412) . | 16R2} +4 “2R23 Lt
16cosh (mc)(l - 5) N (3a — bg(a +b) : [(a —1|—6b) (1 + 4:) 1 .

ea+ (a+b)el

a(a2 — bz) 2
— 5 |1

> AT. (16)
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FIG. 3. The relation between the critical strain gradient for initial rolling
and the cylinder radius at given strains at x = 0.

It indicates that the initial rolling of an elastic cylinder
depends not only on the strain gradient but also on the strain
in the substrate and the contact width. This result is consistent
well with the prediction from the three-dimensional model of
an elastic bubble adhering on an elastic substrate.*® A critical
strain gradient 7, can be obtained from the relation
Gright — G[(:ff|;:A:0()| = AT for a fixed strain g4 at x = 0.
=

Figure 3 gives the critical strain gradient 7, needed by
the initial rolling as a function of the radius of the elastic cyl-
inder when the strain at x = 0 is fixed. It shows that the criti-
cal strain gradient decreases with the increase of the cylinder
radius for a determined strain at x = 0. For a given radius of
the cylinder, the critical strain gradient decreases with an
increasing strain at x = 0. Under a fixed critical strain gradi-
ent, the larger the cylinder, the smaller the strain ¢4 at x = 0
is needed by the initial rolling. All these predictions are well
consistent with not only the results found in the three-
dimensionally spherical bubble experiment but also the solu-
tions of the three-dimensionally theoretical model.*®

lll. CONCLUSIONS

In summary, a two-dimensionally adhesive contact
model between an elastic cylinder and an elastic substrate
subject to a graded strain is established, which is inspired by
a recent experiment of spherical bubble rolling induced by
graded strain in substrate. Closed-form solutions of interface
tractions, energy release rates at the right and left contact
edges are achieved. The criterion of initial rolling predicts
that an elastic cylinder could roll on elastic substrates subject
to a graded strain. The initial rolling of the elastic cylinder
depends on not only the strain gradient but also the strain in
the substrate and the initially free contact width. All these
results suggest us to conduct rolling experiment of cylinders
in the future. The phenomenon predicted experimentally and
theoretically could provide a possible explanation for biolog-
ical transports via muscle contractions.
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APPENDIX A: THE BASICS OF SOLUTION OF EQ. (3)

Rewrite Eq. (3) in a matrix form

1(“ A
,J f(s)ds + Bf(x) =C, (A1)
) pS—X
in which
_ Q@) _ |10 _ |08
f(s) {P(s) , A= 01l B = 0 and
E*g(x) (A2)
_ 2
C= E*x
2R
In order to solve Eq. (A1), we define
L (* fr
Fi(z) = —.J B0 g k=12, (A3)
2ni ), s —z
inwhichz=x-+iyandi=+v—1.
Then, we have
fi(x) = F{(x) = F (v)
1 (“ fuls) (A4)
F F (x)=— ds,
f@ e = [ M
where superscripts ‘4’ and ‘—’ stand for the limits of F(z)
asy — 0" and y — 0, respectively.
Thus, Eq. (A1) can be written as
UF*(x) = VF (x) +C, (AS)
in which
U=B+iA, V=B-IA. (A6)

Before solving Eq. (AS), we first consider the eigenvalue
problem

[U—-VIW =0. (A7)
Inserting Egs. (A2) and (A6) into (A7) yields two
eigenvalues
O e o et (A8)
and two normalized eigenvectors
W = [W W], (A9)
where
wo=[1id", w,=[1-i". (A10)

Introducing the following auxiliary functions



164701-6 L. Chen and S. Chen

J. Appl. Phys. 116, 164701 (2014)

TV =W'F*, T-=wlF", (A11)
and multiplying Eq. (A5) by W~! leads to the decoupled equation
WlUWW ' Ft = wlvwwlF- + wolc, (A12)
i.e.,
UT =UT +C, (A13)
in which
U=w'vw, vV =w'vw, C =w"C.
Equation (A13) consists of two inhomogeneous Hilbert equations
E*
(1= BT} + (14 BT =5 [ = o]
. (Al14)
4 _E X
(1+pB)Ty +(1 = p)T; =— {—— - 8(X)l:|
4 R
The solutions to Eq. (A14) can be obtained following the standard procedure’>
—E*i xi\ E*(b +x)7f(a —x) J" ( ti) b+t) (a—1)"
TS = — |- )+~ dt
P 0 )~ ey | (0 R)
+c (b + x)f’i(a —x) e ™
_ — X E*(b +x a—x) e J“ ( ti) b+t (a—0"
T = — (1) + = dt
‘ 8(1 ( +R) 21— p) i e+ 3 f—x
+cl(b+x) (a—x)""e 7 7 (AL5)
- E*(b —x)" | i\ (b+t) (a—1)"
Ty = E ( x) +x Ta—x)" J (8(1)1)( +1) (a—1) g
8(1 R 1+ ﬁ) —b R r—Xx
+62(b +x) "(a—x)"e ™
_ E* b _ T 2nri a ti b ¢ -r —¢ —r
T = ( _)i) —|—x (a x) e J (8(2‘)——1)( +1) " (a—1) U
8(1 — R 1+ p) b R t—x
+62(b+x) "(a x) e™i.
According to Egs. (A2), (A4), and (A11), the interface tractions can be obtained from the following relations:
P(x) = i({i -17) —:(T; -T13) (AL6)
O(x) =T/ =Ty +T; - T;.
Substituting Eq. (A15) into (A16) yields
E* 2e1(b4+x) " (a—x)"" 2ey(b "a—x)"
Px) = —2mmfi(x)] + 2P o) 4 2 FY) St ca(b + ) (@)
2(1 -4 V1- 1- A1)
E*x 200(b+x) " (a—x)"i 2c(b+x)"(a—x)"i
Q(x) = 2Re[l(x)] + ﬁ2— 1(b+2) (2 )i Zeab ) (2 ) )
2R(1 - §7) 1-p -8
in which
E(b4+x)"(a—x)" | i\ (b+1) (a—1)
I(x) = (b+x) (“2 %) J <—£(l) - ’> (b0 (a1 | (A18)
4n(1 - ) b R t—x

The condition that both P(x) and Q(x) should be real requires
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] = —Ca. (A19)
The boundary condition
rb[P(x) +iQ(x)]dx =0 (A20)
yields
cp=—C=0. (A21)

Then, we have

P(x) = —2Im[I(x)] + %s(x)
o R R At
0(x) = ZRC[I(X)] + m
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