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Based on the shear-transformation-zone (STZ) theory, we propose a constitutive model for
describing homogeneous elastoplastic deformation of amorphous solids where the interac-
tion of shear transformations and free volume dynamics is incorporated. This theoretical
model can reproduce the stress overshoot behavior that shows the dependence of strain
rate, temperature, STZ population and dilatancy of systems. It reveals that the stress
overshoots its steady state value due to the delayed activation of shear transformations
that results from the insufficient free volume in the system. However, the subsequent
strain softening (stress drop) is attributed to the shear-induced dilatation that is a result
of the positive interplay between shear transformations and free volume creation, the
latter playing the dominant role. Our analysis also demonstrates that the STZs, as basic
carriers of amorphous plasticity, govern the yielding of the system, whereas the free
volume dynamics significantly affects the post-yielding behaviors.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Understanding of plasticity, i.e., how solids flow, is a
classical problem (Hill, 1998), however it remains a chal-
lenge, particularly in the absence of a crystal lattice. Dislo-
cation-mediated plasticity of crystals breaks down in the
face of amorphous solids without long-range order (Falk,
2007; Chen, 2011). Regarding plastic flow of amorphous
solids, ranging from glassy polymers to metallic glasses, a
common feature is the stress overshoot (Hasan and Boyce,
1995; Kawamura et al., 1997; de Hey et al., 1998;
Koumakis et al., 2012): the stress versus the applied strain
first increases to a maximum and then decreases towards
its steady-state value. The universality of this behavior
implies that certain fundamental processes should underlie
amorphous plasticity, albeit the diversity of microscopic
constituents.

In the past few decades, theories concerning the plastic-
ity of amorphous solids have developed along two main
avenues. (i) The free-volume theory (Spaepen, 1977) argues
that the plastic flow results from a series of stress-driven
creation events of free volume via individual atomic jumps.
(ii) The ‘‘shear transformation (ST)’’ theory (Argon, 1979)
proposes that the basic carries of amorphous plasticity are
irreversible rearrangements of small clusters of particles
(i.e., atoms and molecules). However, an integrated picture
for amorphous plasticity is emerging that (Falk and
Langer, 1998; Langer, 2001; Lemaı̂tre, 2002; Argon and
Demkowicz, 2008; Henits et al., 2012): free volume has a
‘‘catalytic’’ capability to trigger STs and meanwhile is
enriched by the latter; free volume can be depleted by
relaxation, which may cause potential STs to extinguish.
Recently, Langer and co-workers (Langer, 2004;
Bouchbinder et al., 2007a,b; Langer, 2008; Bouchbinder
and Langer, 2009) have developed an athermal version of
the shear-transformation-zone (STZ) theory where an
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Fig. 1. Illustration of a shear transformation, the basic step for macro-
scopic plastic flow in amorphous solids.
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effective disorder temperature (analogous to the free
volume in some sense) is introduced to directly relate with
the STZ density. They revealed that the stress overshoot
occurs due to a lack of the initial STZ density or effective dis-
order temperature in systems; new STZs must be generated
by a stress higher than the steady state flow stress. This basic
picture motivates us to further ask: what roles do the STs
and free volume play, respectively, during the overshoot
process? The present work attempts to answer this ques-
tion. For this purpose, we propose a constitutive model for
amorphous solids, within the framework of the classical
STZ theory developed by Falk and Langer (1998).

2. Theoretical model

Consider an amorphous solid at temperatures T near the
glass transition temperature Tg . The deformation is
expected to be spatially homogeneous, modeled for a
simple-shear case. The overall shear-strain rate _e can be
decomposed into elastic and plastic parts, _e ¼ _eel þ _epl.
The elastic deformation obeys Hooke’s law r ¼ leel, where
r is the shear stress and l is the shear modulus. The plastic
deformation results from the accumulation of unit STs
occurring within local clusters (Argon, 1979; Falk and
Langer, 1998; Johnson and Samwer, 2005; Jiang et al.,
2009; Lemaître and Caroli, 2009). Here we adopt the
mean-field approximation of STs, i.e., the STZ theory that
ignores the spatial correlations between STs (Falk and
Langer, 1998; Langer, 2001; Argon and Demkowicz, 2008;
Lemaître and Caroli, 2009). Nevertheless, this assumption
of spatial homogeneity is sufficient to capture the homoge-
neous flow of amorphous solids.

The core of the STZ theory (Falk and Langer, 1998;
Langer, 2001) is that STZs, localized regions where poten-
tial STs take place, are two-state systems; they can switch
forth and back between only two orientations. In the pres-
ent simple-shear case, the two orientations correspond to
the shear ‘‘positive’’ and ‘‘negative’’ directions, respec-
tively. We denote the original state of a STZ as the ‘‘+’’ state,
and its post-transformation state as the ‘‘�’’ state. Popula-
tions (number density) n� of two STZ states are natural
order parameters to construct the constitution. Following
Falk and Langer (1998) and Langer (2001), the plastic
strain rate can be obtained by considering the dynamic
balance of STs between ‘‘+’’ and ‘‘�’’ states:

_epl ¼ Va Rþnþ � R�n�ð Þ; ð1Þ

where Va is the STZ activation volume that is the product
of characteristic STZ volume and shear strain, R� are the
ST rates from a � to a � state. Equations of motion for
the populations are (Falk and Langer, 1998; Langer, 2001):

_n� ¼ n�R� � n�R� þ �u r _epl
�� �� n1=2� n�ð Þ: ð2Þ

The first two terms on the right-hand side describe internal
reconstructions between two STZ states. The last two terms
in parentheses account for the rates of creation and annihi-
lation of STZs, proportional to the plastic work rate r _epl

�� ��
with a coefficient �u. Physically, the plastic flow constantly
agitates the particles, thus creating and destroying local
configurations (Lemaı̂tre, 2002). Note that n1 is the total
populations of STZs generated in the system that is in a
steady flow state.

For a low-temperature system, STs are free-volume or
entropy activated, in which the applied stress is the driving
force and the thermal activation is negligible (Falk and
Langer, 1998; Bouchbinder et al., 2007a,b). However, as
originally proposed by Argon that STs are stress-driven
thermally activated events initiated around free volume
regions (Argon, 1979), which is more applicable to our
present thermal system. Actually, our recent work (Jiang
et al., 2014) substantiates the idea that stress-driven STZs
need thermal assistance, and further predicts that ather-
mal or very-low-temperature STZs are prone to suffer a
dilatation mode (we call it tension transformation zone,
TTZ (Jiang et al., 2008)) due to their relatively low critical
stress. Therefore we modify the ST rates to involve the
internal dependence of free volume, thermal and stress
fluctuations. First, only a particle group that resides in a
‘‘fertile’’ site with a typical free volume v� has the possibil-
ity to transform. According to the free-volume theory
(Cohen and Turnbull, 1959; Spaepen, 1977), the probabil-
ity that a particle group is in this ‘‘fertile’’ site can be calcu-
lated as exp �xv�=v f

� �
where x is a geometrical factor, v f is

the free volume that the group surrounds. If no external
stress is applied, subsequent STs are triggered by thermal
activation across an energy barrier DG (Fig. 1). However
the applied stress can tilt the activation energy barrier.
Along the shear ‘‘positive’’ direction, the activation barrier
from ‘‘+’’ to ‘‘�’’ becomes DG� rVa=2; a backward activa-
tion should surmount the barrier DGþ rVa=2. Thus, the
ST rates become:

R� ¼ exp � xv�
v f

� �
f exp �DG� rVa=2

kBT

� �
; ð3Þ

where f is an attempt frequency, kB is the Boltzmann con-
stant. It must be pointed out that, in the present model, the
free volume is not directly correlated to the STZ density,
but definitely facilitates the STZ operations. In other words,
the free volume (together with temperature and stress)
directly influences the STs rates, instead of the absolute
value of the STZ density. We believe that such a treatment
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has at least two merits. First, it can make sure that the STZs
rather than the free volume are the main contribution to
amorphous plasticity. In fact, the free volume indirectly
affects the plastic deformation by making an impact on
the operations of STZs. Second, since STZ density and free
volume are not directly coupled, we could identify the
liquid-like regions as the STZs. This agrees with the argu-
ment of Argon (1979) and Argon and Demkowicz (2008).

For amorphous systems such as metallic glasses, the
lack of a long-range periodicity leads to the nanoscale
heterogeneity in the distribution of the inherent defects,
giving rise to the formation of densely packed clusters
and loosely packed defective domains (Ichitsubo et al.,
2005; Dmowski et al., 2010; Liu et al., 2011; Wagner
et al., 2011). The former are usually called solid-like
regions and the latter are liquid-like regions. These
liquid-like regions can be regarded as the potential STZs
that have a change to undergo the plastic deformation.
However, whether a liquid-like region can be a true STZ
or not depends on the free volume within the liquid-like
region, the ambient temperature and the applied stress,
as formulated in Eq. (3). For an ‘‘athermal’’ system well
below Tg , it is expected that only a very small fraction of
the liquid-like regions can become STZs (Bouchbinder
et al., 2007b), because the plastic deformation is prone to
be highly localized into nanoscale shear bands and even
be restrained at sufficiently low temperatures (Li et al.,
2013; Jiang et al., 2014). However, for a thermal system
near Tg , the total deformation is spatially homogeneous.
It is expected that most (or almost all) of liquid-like regions
will be activated to be STZs as plasticity carriers. Many pre-
vious works (Ichitsubo et al., 2005; Argon and Demkowicz,
2008; Dmowski et al., 2010; Liu et al., 2011) have revealed
that the fraction of liquid-like regions is of the order of
10�1. Therefore, we reasonably assume that the present
system has relatively higher density of STZs, as compared
to the ‘‘athermal’’ case. One question naturally arises: does
the basic spirit of the STZ theory that STZs interact very
weakly with each other still hold for such a system?

For an ‘‘athermal’’ system, the STZs are rare and their
interactions can be neglected due to large distance
between STZs (Langer, 2004; Bouchbinder et al., 2007a,b).
However, the interaction of STZs is not essentially deter-
mined by the number of STZs. It has been accepted that
the STZ operations in an amorphous system can be treated
as an Eshelby-type inclusion problem (Argon, 1979; Sun
et al., 2010; Chattoraj and Lemaître, 2013). The operation
of one STZ will give rise to an increment of elastic strain
energy stored in the surrounding elastic medium, which
triggers the activation of neighboring STZs. If the Eshelby
elastic strain energy is too small to affect the neighboring
STZs, we can still ignore the interaction of STZs, although
the STZ number maybe is considerable. According to the
Eshelby inclusion theory (Eshelby, 1957), the elastic strain
energy is proportional to the elastic modulus of the med-
ium and the STZ (activation) volume (Argon, 1979;
Johnson and Samwer, 2005; Sun et al., 2010). With increas-
ing temperature, the elastic modulus decreases, which
becomes significant near Tg (Rouxel, 2007; Khonik et al.,
2009), and at the same time, the STZ volume becomes
smaller. Recently, Pan et al. (2011) have revealed that the
STZ volume in metallic glasses can decrease by about one
order of magnitude as the temperature increases from
room temperature close to Tg . Therefore, for a thermal
system near Tg such as our present case, the assumption
that the STZs are irrelevant is still physical, and we believe
that the STZ theory is still applicable.

The free volume dynamics must explicitly be taken into
account in order to correctly describe the constitution.
Generally, the time evolution of free volume is determined
by a dynamic competition between flow-driven creation
and relaxation-mediated annihilation (Spaepen, 1977;
Lemaı̂tre, 2002). The former stems from Reynolds’ dilat-
ancy mechanism inherent to amorphous systems
(Reynolds, 1885). A dense-random-packed system usually
dilates, that is it expands in volume, as it is sheared
(Dyre, 2006; Jiang and Dai, 2007; Keryvin et al., 2008).
The average dilatancy (or the net created free-volume)
can be estimated by considering the conversion of a frac-
tion of the shear plastic energy into the bulk energy
(Lemaı̂tre, 2002): P�dv f ¼ �Diardepl, where P� is a character-
istic pressure, �Dia is a dilatancy factor measuring the free
volume creation ability of a system. A similar treatment
has been performed by de Hey et al. (1998) and Heggen
et al. (2005). Free-volume annihilation consists of a series
of diffusion processes usually by means of two modes
(Faupel et al., 2003; Huang et al., 2011; Bünz and Wilde,
2013): single-atom jump, or collective motion of atoms.
However, many works (Faupel et al., 1990; Tang et al.,
1999; Zollmer et al., 2002) confirms that the collective
motion is the dominant process. Since the diffusion is
thermally activated, the underlying collective motions
can be regarded as the STs only activated by the thermal
fluctuation (Fig. 1), called thermal transformations (TTs).
Thus the annihilation rate of free volume equals the
product of the amount of free volume annihilated per TT
and the number of TTs per second. It is reasonably
assumed that each TT can deplete a free volume that is pro-
portional to v� with a coefficient �/ (Bünz and Wilde, 2013).
The number of TTs per second is actually the ST rate
R� r ¼ 0ð Þ without the external stress. The free volume
dynamics therefore can be expressed as:

_v f ¼ ��/v� exp � xv�
v f

� �
f exp � DG

kBT

� �
þ �Dia

r _epl
�� ��

P�
: ð4Þ

Note that the annihilation term is formally similar to that
obtained by Spaepen (1977). Yet the physical meaning is
different; here, the annihilation term describes the relaxa-
tion of free volume via TTs rather than single-atom jumps.
Now free volume is not just a free parameter, but it is the
third order-parameter.

As treated by Falk and Langer (1998), Langer (2001) and
Steif et al. (1982), we define dimensionless order
parameters

D ¼ n� � nþ
n1

; K ¼ n� þ nþ
n1

; n ¼ v f

xv� : ð5Þ

These quantities actually are the internal state variables of
the system. D and K represent, respectively, the bias and
summation of normalized populations of two STZ states.
n is the average free-volume concentration. To facilitate
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the understanding of the numerical results, we normalize
the temperature by Tg , stress and modulus by
r0 ¼ 2kBTg=Va, time by t0 ¼ f�1 exp DG=kBTg

� �
, and strain

by e0 ¼ Van1. After these, we obtain the dimensionless
constitutive equations:

_epl¼ exp �1
n

� �
exp EA 1�1

T

� �� �
Ksinh

r
T

	 

�Dcosh

r
T

	 
h i
;

ð6Þ

_r ¼ e0l _e� _epl
� �

; ð7Þ

_D ¼ 2 _epl �u r _epl
�� ��D; ð8Þ

_K ¼ u r _epl
�� �� 1�Kð Þ; ð9Þ

_n ¼ Dia r _epl
�� ��� / exp �1

n

� �
exp EA 1� 1

T

� �� �
; ð10Þ

where u ¼ r0e0 �u; Dia ¼ �Diar0e0=P�; / ¼ �/=x, and EA ¼
DG=kBTg . It must be addressed that all variables in these
equations are non-dimensional, although the same
notations are used as for their dimensional counterparts.
The current constitutive model can describe not only a
‘‘start-up’’ experiment where a constant strain rate _e is
applied, but also a constant stress (creep) experiment
and even a natural aging process (r ¼ 0Þ. The latter has
been extensively studied by Langer (2001) and Lemaı̂tre
(2002) based on the STZ theory. Here we devote our
attentions to the ‘‘start-up’’ experiment, because the stress
overshoot is the main interest of this paper. Furthermore,
we focus on two rate processes which are

CrK ¼
@ _K
@K

;

Crn ¼
@ _n
@n
:

ð11Þ

The former characterizes the rate of increase of STZ popu-
lations that reflects the development degree of STs in the
system, and the latter characterizes the net creation rate
of free volume. This allows for a quantitative comparison
of the dynamic processes of STZs and free volume on the
same timescale.

3. Results and discussion

We take a typical Zr41.2Ti13.8Cu12.5Ni10Be22.5 (Vitreloy 1)
metallic glass as a model material for numerical
Table 1
Mechanical and physical parameters of Vitreloy 1 metallic glass.

Parameters

Shear modulus
STZ attempt frequency
Glass transition temperature
STZ activation volume
STZ activation energy
Steady-state populations of STZ

Ratio of the coefficient �/ and the geometrical factor x
Proportional coefficient between STZ-creation/annihilation rate and plastic w
calculations. The mechanical and physical parameters of
the Vitreloy 1 metallic glass are derived from recent litera-
tures (Lemaı̂tre, 2002; Johnson and Samwer, 2005;
Johnson et al., 2007; Jiang and Dai, 2009; Cheng and Ma,
2011) and listed in Table 1. Using these parameters, Eqs.
(6)–(10) can be numerically integrated at a fixed strain rate
and a fixed temperature for an initial system (D0; K0 and n0Þ.
In the following, all calculations are under quasi-static
strain rates; thus the temperature rise is expected to be neg-
ligible (Zhang et al., 2007). Such an isothermal treatment has
been widely adopted (Spaepen, 1977; Steif et al., 1982;
Huang et al., 2002; Lemaı̂tre, 2002), which is helpful to high-
light the essential physics. If there is no specific state, the ini-
tial system is chosen as: D0 ¼ 0; K0 ¼ 0:5 and n0 ¼ 0:05
with a dilatancy factor Dia ¼ 0:01. Based on the obtained
solutions, the two rate processes CrK and Crn defined by
Eq. (11) can be further calculated.

First we apply the constitutive model to test its predic-
tion ability for the stress overshoot. The numerical results
are presented in Fig. 2, where the initial system is sheared
at _e ¼ 1 s�1 and T ¼ 0:9Tg . Very clearly, the stress over-
shoot and subsequent strain softening (stress drop) can
be predicted. It is found that the stress overshoot from
the steady-state stress r1 to the peak stress rpeak corre-
sponds to a remarkable increase of the plastic strain-rate
_epl from zero to the applied strain-rate _e (the ‘‘A’’ section
in Fig. 2(a)). Fig. 2(b) and (c) unveil that the plasticity
growth is accompanied by a fast increase of the state vari-
ables D; K and n. A further comparison of three closely
related rate processes: _epl; CrK and Crn, is shown in
Fig. 2(d). It is interesting to note that the three rate pro-
cesses start up, respectively, in a time sequence: CrK; _epl

and Crn. Moreover, the peak CrK is almost two times of that
of Crn, indicating that the former is much faster than the
latter. These results indicate that the development of
amorphous plasticity is dominated by STZs, but assisted
by the free volume. A more precise picture is that: for a
system initially having a deficiency in free volume relative
to that of the eventual flow state, a higher shear stress rel-
ative to r1 is needed to activate STs firstly, and then plas-
ticity grows, resulting in a creation of free volume; the
created free-volume in turn fertilizes STs that further con-
tribute to plasticity. Once _epl > _e, according to Eq. (7), the
shear stress starts to decrease; but benefiting from the
high level of free volume, the STs-mediated plasticity _epl

further increases, forcing the stress to further decrease.
The significant drop of stress eventually slows down the
free volume creation that is balanced by its relaxation at
Notation Value

l 35.3 GPa
f � 1013Hz
Tg 625 K
Va �0.1 nm3

DG �1 eV
n1 V�1

a

/ 10
ork rate u 0.5



Fig. 2. Constitutive behavior of an amorphous solid at _e ¼ 1 s�1 and T ¼ 0:9Tg : (a) normalized shear stress r=r0 and plastic strain rate _epl , (b) state variables
D and K, (c) free volume concentration n, and (d) CrK and Crn versus normalized shear strain e=e0.
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the steady state; at that moment, the shear stress also
reaches its steady state. However, the extinguishment of
STs is delayed and the STZ populations will saturate into
the steady state value only in the long-time limit. These
results reveal that the free volume dynamics determines
when the plastic flow reaches its steady state, although
the plasticity is dominated by STZs. For the stress over-
shoot, we can draw a primary conclusion that, at a given
strain rate and an ambient temperature, the stress over-
shoot occurs due to the delayed activation of STs that
results from the insufficient free volume in systems; the
free-volume creation via STs will, in turn, decrease the high
stress (up to rpeakÞ back to r1, resulting in a pronounced
strain softening. The stress overshoot and the subsequent
strain softening always appear together. This conclusion
is consistent with the stress overshoot picture proposed
by Bouchbinder et al. (2007a,b) and Langer (2008).

The constitutive model can also capture the strain-rate
and temperature dependence of stress overshoots, which
are shown in Figs. 3 and 4, respectively. The results exhibit
some qualitative agreement with experiments (Hasan and
Boyce, 1995; Kawamura et al., 1997, 2012; de Hey et al.,
1998; Zhang et al., 2013). The higher the strain rates or
the lower the temperatures, the more pronounced stress
overshoots occur. The overshoot mechanism is consistent
with that revealed in Fig. 2. Under higher strain rates, a
higher stress can be reached within the same loading time
(Fig. 3(a)), thus triggering faster STs (indicated by D and K
in Fig. 3(b)) and consequently plasticity develops faster
(Fig. 3(c)). More free volume can be generated (Fig. 3(d)),
which gives rise to a more pronounced strain softening
(Fig. 3(a)). With increasing strain rate, the rates of both
STs (Fig. 3(e)) and free volume creation (Fig. 3(f)) can reach
higher peak values, implying that they prompt each other
with a positive feedback in the present case. For very small
strain rates, no overshoots occur. The reason is that the ini-
tial free volume decreases, rather than increases, to its
steady-state value (Fig. 3(d)), corresponding to a negative
net creation rate (see inset of Fig. 3(f)). The underlying
physics is that the relaxation of free volume overwhelms
(or is faster than) its creation due to very low rate of STs
(Fig. 3(e)). With decreasing temperature, the new ST acti-
vations also need a higher stress or overshoot (Fig. 4(a)),
resulting in a more and faster free-volume creation that
directly contributes to the strain softening. The system’s
dynamics (see Fig. 4(b)–(f)) at lower temperatures is anal-
ogous to that at higher strain rates, thus obeying the time–
temperature correspondence principle, as revealed previ-
ously (Jiang and Dai, 2009). Furthermore, following Falk
et al. (2004), we generalize the present stress state to the
uniaxial stress state. Then a quantitative comparison with
the uniaxial experiments can be made, where we only
focus on the homogeneous deformation data of the Vitre-
loy 1 at high temperatures and low strain rates reported



Fig. 3. Strain-rate dependence of constitutive behavior at T ¼ 0:9Tg: (a) r=r0, (b) D and K, (c) _epl , (d) n, (e) CrK , and (f) Crn versus e=e0.
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by Lu et al. (2003). Fig. 5 shows that our theoretical model
can well fit these experimental data of the Vitreloy 1. The
agreement confirms the rationality and prediction
capability of the present model.

Besides the strain-rate and temperature, the
free-volume dynamics depends closely on the dilatancy of
the system that is measured by Dia (see Eq. (10)). Fig. 6(a)
shows the stress–strain curves for different values of Dia,
all calculated for _e ¼ 10�2 s�1 and T ¼ 0:9Tg . It is interesting
to find that, with the decrease of Dia, the plastic yielding
behavior shows a gradual transition from stress overshoot
(strain softening) to strain hardening. For the system having
larger dilatancy, the plasticity _epl can develop into a higher
level before the decline to its steady state (Fig. 6(b)). This
behavior results from the more drastic STs (Fig. 6(c)) that
are assisted by the faster free-volume creation (Fig. 6(d)).
The larger the system’s dilatancy, the more precipitous
and narrower the peaks of both ST and free volume creation
rates (Fig. 6(e) and (f)), corresponding to a more pro-
nounced strain softening. In the system with very low
dilatancy, the free volume dynamics is dominated by the
relaxation process, leading to a constantly decrease of free



Fig. 4. Temperature dependence of constitutive behavior at _e ¼ 10�2 s�1: (a) r=r0, (b) D and K, (c) _epl , (d) n, (e) CrK , and (f) Crn versus e=e0.
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volume (Fig. 6(d)) without a steady state. This behavior
corresponds to a negative net creation rate of free volume
(see the inset of Fig. 6(f)). The decrease of free volume after
yielding results in a considerable increase of the stress
(strain hardening). This mechanism for strain hardening
agrees well with our previous result (Jiang and Dai, 2009)
within the free volume theory coupled by a thermal effect.
The results shown in Fig. 6 further confirm that the free
volume dynamics significantly affects the post-yielding
behavior of the system, although the yielding is essentially
governed by the STs.
We also investigated the dependence of the stress over-
shoot on the initial STZ population K0. A larger K0 corre-
sponds to a more liquid-like system, and vice versa (Falk
et al., 2004). Here we assume that the range of K0 is com-
pared to the liquid-like fraction in metallic glasses. The
exact relationship between the STZ density and the
liquid-like fraction is beyond the scope of the present
investigation. Fig. 7(a) shows the stress–strain curves of
the systems by varying K0 from 0.1 to 1, where a large
dilatancy factor Dia ¼ 0:01 is adopted. It can be seen that
all systems exhibit stress overshoots of prominence,



Fig. 5. Theoretical stress–strain curves (solid lines) compared to the uniaxial experimental data (symbols) reported by Lu et al. (2003).
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decreasing with increasing K0. More solid-like systems
need a higher stress to activate STs with a higher rate
(Fig. 7(b)). The large dilatancy guarantees the creation of
free volume always with a positive rate (Fig. 7(c)), result-
ing in the occurrence of strain softening. It is noteworthy
that, in the fully liquid-like system (K0 ¼ 1Þ, although no
STZ population is created (Fig. 7(b)), internal reconstruc-
tions between two STZ states still have the ability to gen-
erate free volume due to the sufficiently large dilatancy.
This result is helpful to understand the simulation of
Argon and Demkowicz (2008), and they found that the
stress still shows the overshoot for the case that the liquid
fraction is nearly equal to its steady state value. The reason
is maybe due to the STZs’ reconstructions and the resulting
free volume creation. However, usually the more liquid-
like a system, the smaller its dilatancy ability, since such
a system is very susceptible to shear deformation without
changing its volume. Therefore, for the large K0 cases, the
yielding behaviors should correspond to those cases in
Fig. 7(d) where a small dilatancy factor Dia ¼ 0:001 is
applied, although the precise relationship between K0

and Dia is unknown. For these systems (large K0 and
small DiaÞ, strain hardening can be predicted, which is still
attributed to the free volume annihilation (Fig. 7(f)). The
underlying mechanism is the very limited ability of
systems to dilate or to create free volume, and on the other
hand, the lower ST rates (Fig. 7(e)) relative to those in the
larger dilatancy cases (Fig. 7(b)).

4. Transition from jammed to flowing states

One of the most intriguing features of the STZ theory is
that a yield stress naturally emerges from its basic
structure (Falk and Langer, 1998; Lobkovsky and Langer,
1998; Langer and Lobkovsky, 1999; Langer and
Lobkovsky, 1999). It is therefore interesting to reexamine
this feature in the present STZ-based model, especially
with the participation of the free volume dynamics. Our
model, i.e., Eqs. (6)–(10), can also exhibit explicitly an
exchange of dynamic stability between jammed and flow-
ing states (see Fig. 2), however the present situation is
more complicated with some unexpected results.

In the first (jammed) state, the system has a viscoelastic
solution in which the plastic strain rate is zero, and we have

K ¼ K0; D ¼ K tanh
r
T

	 

: ð12Þ



Fig. 6. Dilatancy dependence of constitutive behavior at _e ¼ 10�2 s�1 and T ¼ 0:9Tg: (a) r=r0, (b) _epl , (c) D and K, (d) n, (e) CrK , and (f) Crn versus e=e0.
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Note that there is an intrinsic relaxation of free volume in
the jammed state (see Eq. (10) if _epl ¼ 0Þ. In the second
(flowing) state, the solution is viscoplastic, where _epl – 0.
Our present system exhibits a unique feature. That is,
when the stress reaches its steady state, the STZ states
(both K and DÞ do not simultaneously and immediately
come into their respective steady states. That means that
the relaxation of the flow stress to the steady state is faster
than the rate at which the STZ density evolves into its
steady state value. For example, we can see the 10�4 s�1

case in Fig. 3, where the jammed-to-flowing transition is
more obvious due to no stress overshoot. It is found that
at the moment when the steady state flow sets in, the
STZ density K is only about 0.60. The result compares with
the simulations of Shi and Falk (2005). They found that in a
homogeneously deforming glass the deformation partici-
pation ratio can be approximately 0.50. Therefore, only
for the long-time and sustained steady state homogeneous
flow, we have

K ¼ K0 ! 1; D ¼ D0 !
2

ur
: ð13Þ



Fig. 7. STZ-population K0 dependence of constitutive behavior at _e ¼ 10�2 s�1 and T ¼ 0:9Tg . (a) and (d) r=r0, (b) and (e) CrK , (c) and (f) Crn versus e=e0. The
insets of (b) and (e) show the K versus e=e0. The insets of (c) and (f) show the nversus e=e0. Left panel: Dia ¼ 0:01; right panel: Dia ¼ 0:001.
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However, the free volume shows no the time delay; the
stress and the free volume simultaneously come into their
respective steady states. Then we obtain an additional
relation,

r K sinh r=Tð Þ � D cosh r=Tð Þ½ � ¼ /
Dia

: ð14Þ

It is noted that there are two crossovers between the two
solutions, but which determines the intrinsic yield stress
needs further analysis. The first crossover occurs when
both Eqs. (12) and (14) are satisfied. However, we find
that this situation has no solutions, which again confirms
that the plastic yielding of the system is not controlled
by the free volume. The second occurs when both
Eqs. (12) and (13) are satisfied. In this case, the yield stress
is determined by

K0 tanh
ry

T

	 

! 2

ury
: ð15Þ
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We find that if and only if K0 � 2=3, not unity, the yield
stress ry � 6 (actually 6r0Þ near the glass transition tem-
perature (T � 1Þ, which is consistent with the numerical
results. Eq. (15) describes an interesting phenomenon, that
is, the value of K at the yield point is just equal to the sat-
uration value of D in the long-time limit, because
tanh ry=T

� �
� 1 for the present system. Based on the above

analysis, we provide further evidence that the plastic
yielding of systems is inherently governed by the STZ
operations, albeit the participation of free volume.
5. Conclusion

Taking the interaction of STs and free volume dynamics
into account, constitutive equations for amorphous plastic-
ity are developed along the lines of the classical STZ theory.
A striking feature of the present model is that the free
volume (together with the temperature and stress) directly
influences the ST rates, instead of the absolute density of
STZs. This constitutive model can capture various plastic
yielding behaviors including stress overshoot, strain soft-
ening and hardening. The stress overshoot occurs mainly
due to a deficiency in the initial free volume that slows
down the creation rate of STZs. As a result, a higher stress
than its steady state value is needed to activate new STZs.
After that, the higher stress will drop as STs-mediated flow
induces a fast creation of free volume, showing a strain
softening. The strain hardening is due to a constant relax-
ation of free volume via TTs after yielding. Our analysis
demonstrates that the stress overshoot phenomena is not
directly related to the initial STZ density, but is closely
determined by the dynamic operations of STZs. Finally,
the intrinsic transition from jammed to flowing states is
reexamined within the present model. It is revealed that
the plastic yielding is inherently controlled by STZ opera-
tions, although the post-yielding behaviors strongly
depend on the free volume dynamics. We believe that
these results may increase the understanding of plasticity
mechanism of amorphous solids, and have useful implica-
tions for designing amorphous materials (e.g. metallic
glasses) with desired mechanical properties.
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