
lable at ScienceDirect

European Journal of Mechanics A/Solids 52 (2015) 54e71
Contents lists avai
European Journal of Mechanics A/Solids

journal homepage: www.elsevier .com/locate/ejmsol
Reflection and transmission of elastic waves at the interface between
two gradient-elastic solids with surface energy

Yueqiu Li a, P.J. Wei a, b, *, Qihen Tang b

a Department of Applied Mechanics, University of Sciences and Technology Beijing, Beijing, 100083, China
b State Key Laboratory of Nonlinear Mechanics (LNM), Chinese Academy of Science, Beijing
a r t i c l e i n f o

Article history:
Received 11 July 2014
Accepted 9 February 2015
Available online 18 February 2015

Keywords:
Gradient elasticity
Microstructure effects
Surface effects
* Corresponding author. Department of Applied M
ences and Technology Beijing, Beijing, 100083, China

E-mail address: weipj@ustb.edu.cn (P.J. Wei).

http://dx.doi.org/10.1016/j.euromechsol.2015.02.001
0997-7538/© 2015 Elsevier Masson SAS. All rights re
a b s t r a c t

The reflection and transmission of an incident plane wave at an interface between two gradient elastic
solids with surface energy are studied. First, some functions of strain energy density with the surface
effects taken into consideration are postulated and the surface effects of gradient elastic solid are
incorporated into the constitutive relations. Then, the nontraditional interface conditions by requiring
the auxiliary monopolar tractions and the auxiliary dipolar tractions continuous across the interface are
used to determine the reflection and transmission coefficients. Some numerical results of the reflection
and transmission coefficient in terms of energy flux ratio are given for different microstructure pa-
rameters and surface parameters. The microstructure effects and the surface energy effects on the
reflection and transmission waves are discussed based on the numerical results. It is found that the
microstructure effects result in the appearance of two surface waves and the surface energy effects have
apparent different influence on the body waves in gradient elastic solids and the surface waves at the
interface. However, this phenomenon becomes pronounced only when the incident wavelength is close
to the characteristic length of microstructure.

© 2015 Elsevier Masson SAS. All rights reserved.
1. Introduction

It is known that the propagation of elastic waves in the classical
elastic solids is not dispersive and the lattice dynamics shows that
the lattice waves are dispersive. The inconsistency between them
leads to the requirement of modifying the classical elastic theory
when it is used to study the propagation of elastic waves with high
frequency or short wavelength. The concept of structural level of
deformation more and more becomes recognized recently. Ac-
cording to this concept, each mass point of a continuum is regarded
as a complex system of interacting structures at a lower structural
level. The elastic theory of solids with microstructure in such hy-
potheses occupies an intermediate position between the classical
continuum theory and the lattice theory. In order to take the
microstructure effects into consideration, the generalized elastic
theories, for example, the nonlocal theory (Eringen, 2001), the
micromorphic theory (Eringen and Gortler, 1964), the couple stress
theory (Mindlin and Tiersten, 1962; Toupin, 1962), the micropolar
echanics, University of Sci-
.

served.
theory (Eringen, 1966) and microstretch theory (Eringen, 1990),
were proposed successively in the past several decades. Because
the degree of freedom of the material particle increases in these
generalized continuum theories, the modes of vibration of material
particle become more complicated and therefore create many new
wave modes which cannot be observed in the classical elastic
solids. Graff and Pao (1967) pointed that there are two propagating
body waves (one is dispersive and other is not dispersive) and one
dispersive non-propagating body wave in the couple-stress solids.
Gourgiotis et al. (2013) pointed that there are two dispersive
propagating body waves and two evanescent body waves in the
gradient elastic solids. Parfitt and Eringen (1969), Tomar and Gogna
(1995) and Tomar and Garg (2005) showed that there are four
dispersive body waves in a micropolar solid and five dispersive
body waves in the microstretch solids. The microstructure effects
not only lead to the new body wave modes in the interior of solid
but also the P-type and S-type surface waves at the boundary of
solids. It is known that the surface of solid exhibits properties quite
different from those associated with their interior. The surface
stress is present in liquid in the form of surface tension and more
generally may be present at boundary of any solids. Shenoy (2005)
studied the surface stress of solids by the atomic simulations and
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demonstrated that the elastic constants of surface can be either
positive or negative. Due to the development of nanoscience and
nanotechnology, there is an increasing demand for understanding
the mechanical behaviours of small-sized materials and structures.
At the micro and nano scales, surfaces and interfaces may have
significant effects on the mechanical properties of solids due to the
increasing ratio of surface/interface area to volume (Duan and et al.,
2005; Miller and Shenoy, 2000). Recently, Wang (2007, 2008)
studied the diffraction of elastic wave from a nanocylinder and a
nanosphere with surface effects. Hasheminejad et al.
(Hasheminejad and Avazmohammadi, 2009) and Qiang and Wei
(Qiang et al., 2012; Qiang and Wei, 2013) studied the effective
propagation constants of elastic wave in random nanocomposite
material with the surface effects considered. Liu et al. (2012) and
Cai and Wei (2013) further studied the surface/interface effects on
band gap of elastic waves in the periodic nanocomposite material.
However, in their studies, the surface/interface effects are taken
into consideration based on the surface elastic theory proposed by
Gurtin and Murdoch (1975). In this surface elastic theory, a surface
is regarded as a negligibly thin membrane adhered to the bulk
without slipping. The elastic moduli of the thin membrane are
different from those of the bulkmaterial. The surface effects are due
to the presence of the surface stress in the thin membrane. Ogden
and Steigmann (2002) further generalized this theory and pro-
posed that the thin membrane (a coat on the bulk material itself)
may have its own bending stiffness. According to this theory, they
studied the secular equation of surface wave propagation on a pre-
stressed incompressible isotropic elastic half-space with a thin
coating on its plane boundary. Recently, a surface model taking the
surface mass, surface elasticity and surface inertia into consider-
ation is proposed by Placidi et al. (2013) and dell'Isola et al. (2012).
The surface model was used to model an interface between two
second gradient elastic solids and lead to four types of connections
between the two sides of the interface, namely, the “generalized
internal clamp”, the “generalized internal hinge”, the “generalized
internal roller” and the “generalized internal free ends”. All these
constraints can be assumed to model different types of surface
microstructure which results in different types of connection be-
tween the two parts of the continuum.

There is an alternative method to consider the surface effects.
The concept of a thin membrane (with elasticity, and mass even)
without thickness adhered to the bulk material is discarded. The
surface effects are incorporated into the constitutive relation of
bulk material by the direct postulation of a specific function of
strain energy density, for example, Vardoulakis and Georgiadis
(1997), Exadaktylos (1999), Tsepoura et al. (2002), Georgiadis
et al. (2000), Yerofeyev and Sheshenina (2005) and others.
Recently, the propagation of different types of elastic waves in a
gradient-elastic medium with surface energy is studied
(Vardoulakis and Georgiadis, 1997; Georgiadis et al., 2000;
Yerofeyev and Sheshenina, 2005). The dispersion characteristics
of longitudinal and shear body waves, Rayleigh surface waves and
antiplane shear surface waves, antiplane shear waves in a layer, and
torsional surface waves are analysed. However, the surface effects
on the reflection and transmission waves at an interface have not
reported up to now. In this paper, the reflection and transmission
problems of an incident plane wave at an interface between two
gradient elastic solids are studied. The surface effects of dipolar
gradient elastic solids are considered by the direct postulation of a
specific function of strain energy density. The reflection and
transmission coefficients in terms of energy flux ratio are calculated
and are validated by the energy conservation through a unit area at
interface. The microstructure effects and the surface effects on the
reflection and transmission waves are discussed based on the nu-
merical results.
2. Some specific functions of strain energy density with
surface energy

According to the Mindlin's elastic theory of solids with micro-
structure, the strain energy density can be expressed as

W ¼ 1
2
cijklεijεkl þ

1
2
bijklgijgkl þ

1
2
aijklmncijkclmn þ dijklmgijcklm

þ fijklmcijkεlm þ gijklgijεkl;

(1)

where cijkl,bijkl,aijklmn,dijklm,fijklm and gijkl are the components of
elastic tensors of materials. εij, gij( ¼ uj,i�jij) and cijk( ¼ jjk,i) are the
macro-strain of macro-medium, relative deformation (the differ-
ence between the macro-displacement gradient and the micro-
deformation) and the micro-deformation gradient (the macro-
gradient of the micro-deformation), respectively. If the relative
deformation is assumed to be zero, namely, gij ¼ 0, then, the strain
energy density function is simplified as

W ¼ 1
2
cijklεijεkl þ

1
2
aijklmncijkclmn þ fijklmcijkεlm; (2)

It means that the strain energy density is not only dependent of
the strain but also the strain gradient. Even for isotropic medium,
there are too many material parameters involved still. Here, a
simplified version of Eq. (2) is given as following.

W ¼
�
1
2
lεiiεjj þ mεijεij

�
þ
�
1
2
lcεii;kεjj;k þ mcεij;kεji;k

�

þ
�
1
2
lbk

�
εiiεjj

�
;k þ mbk

�
εijεji

�
;k

�
; (3)

where the first term is the contribution from the strains in bulk
material; the second term is the contribution from the strain
gradient in bulk material. Consider that

Z
V

bk
�
εijεji

�
;kdV ¼

Z
S

�
εijεji

�
bknkdS; (4)

The third term in Eq. (3) is the contribution from the surface
material. Let

E1 ¼ 1
2
lbknk

�
εiiεjj

�þ mbknk
�
εijεji

�
; (5)

then, E1 is the surface energy of unit surface area and it includes the
contribution from the surface normal stress and the surface shear
stress, respectively. Define

tij ¼
vW
vεij

¼ �
ldijεpp þ 2mεij

�þ bk
�
ldijεpp;k þ 2mεij;k

	
; (6)

mkij ¼
vW
vckij

¼ bk
�
ldijεpp þ 2mεij

�þ c
�
ldijεpp;k þ 2mεij;k

	
: (7)

where l and m are the classical lame constants; c is a microstructure
parameter with dimension of m2; bk is a surface parameters with
dimension of m. tij is the Cauchy stress or monopolar stress with
the dimensions of Nm�2 and mijk the dipolar stress with the di-
mensions of Nm�1. The monopolar stress and the dipolar stress are
corresponding with the notion of monopolar force and the dipolar
force, respectively. The monopolar force is the classical force and
the dipolar forces are the anti-parallel forces acting between the
micro-media contained in the continuum with microstructure.



Fig. 1. Reflection and transmission waves at an interface between two different
microstructure solids for an oblique incident plane wave.
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If the motion of micro-medium involves only the rigid rotation,
then,

W ¼ m
h
εijεij þ cεij;kεji;k þ bk

�
εijεij

�
;k

i
; (8a)

tij ¼ 2m
�
εij þ bkεij;k

	
; (8b)
Fig. 2. The reflection and transmission coefficients of body waves unde
mkij ¼ 2m
�
bkεij þ cεij;k

	
; (8c)

If the motion of micro-medium is irrotational, then,

W ¼ 1
2
l
h
εiiεjj þ cεii;kεjj;k þ bk

�
εiiεjj

�
;k

i
; (9a)

tij ¼ ldij

�
εpp þ bkεpp;k

	
; (9b)

mkij ¼ ldij

�
bkεpp þ cεpp;k

	
: (9c)

The kinetic energy density includes two terms. One involves the
velocity, and the other involves the velocity gradient

T ¼ 1
2
r _uj _uj þ

1
6
rd2 _uk;j _uk;j; (10)

where, d is the characteristic length of microstructure. r is the mass
density.

The work done by the external forces is

W1 ¼
Z
V

FkukdV þ
Z
S

PkukdSþ
Z
S

RkDukdS; (11)
r an incident P-wave for different b1ðb ¼ 0:5; a1 ¼ 0:1; l ¼ 10Þ.
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where Fk is the body force. Pk is the monopolar traction. Rk is the
dipolar tractions. Duk is the normal derivative of displacement
component.

By the application of the Hamilton variational principle

d

Zt1
t0

Z
V

ðT �WÞdVdt þ
Zt1
t0

Z
S

dW1dSdt ¼ 0; (12)

The motion equation and the boundary conditions are obtained
as

�
tjk � mijk;i

	
;j
þ Fk ¼ r€uk �

rd2

3
€uk;jj; (13)

Pk ¼ nj
�
tjk � mijk;i

	
� Dj

�
nimijk

	
þ ðDlnlÞninjmijk þ

rd2

3
nj€uk;j;

(14)

Rk ¼ ninjmijk; (15)

where nj is the normal of the boundary of solid. Dj ¼ (djl � njnl)vl,
D ¼ nlvl.
Fig. 3. The reflection and transmission coefficients of surface waves und
3. Reflection and transmission at the interface

Inserting Eqs. (6) and (7) into Eq. (13) and ignoring the volume
force leads to the equation of motion in terms of displacement
vector.

�
1� cV2

	h
ðlþ mÞVV$uþ mV2u

i
¼ r€u� rd2

3
V2€u; (16)

where V2 is the Laplace operator. Eq. (16) reduces to Navier equa-
tion in the classical elastic theory when the microstructure
parameter c and d are taken to be zero. It is noted that the micro-
structure parameter c and d appear in the equation but the surface
parameter bk does not appear in the equation. It means that the
microstructure effects will change the wave propagation modes in
the solid but the surface effect does not. After taking the divergence
and curl operation on both sides of Eq. (16) leads to

V2
p

�
1� cV2

	
V2V$u ¼

�
1� d2

3
V2

�
V$€u; (17a)

V2
s

�
1� cV2

	
V2V� u ¼

�
1� d2

3
V2

�
V� €u; (17b)

where
er an incident P-wave for different b1ðb ¼ 1:5; a1 ¼ 0:1; l ¼ 10Þ.
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V2
p ¼ lþ 2m

r
; V2

s ¼ m

r
:

Assume that the displacement field is of form

u ¼ Aexp½iðsn$r� utÞ�; (18)

Then, the dispersive relation of dilatational and distortional
waves can be obtained

u2 ¼ s2pV
2
p

�
1þ cs2p

	�
1þ d2

3
s2p

��1

; (19a)

u2 ¼ s2s V
2
s

�
1þ cs2s

	�
1þ d2

3
s2s

��1

; (19b)

where sp and ss are the wave numbers of dilatational and distor-
tional waves, respectively.

In order to uncouple the vector equation (16), the application of
Helmholtz vector decomposition

u ¼ V4þ V� j; V$j ¼ 0; (20)

leads to
Fig. 4. The reflection and transmission coefficients of body waves under
V2
p

�
1� cV2

	
V24 ¼

�
1� d2

3
V2

�
€4; (21a)

V2
s

�
1� cV2

	
V2j ¼

�
1� d2

3
V2

�
€j: (21b)

Eq. (21) can be rewritten as

�
V2 þ s2p

	�
V2 � t2p

	
4 ¼ 0; (22a)

�
V2 þ s2s

	�
V2 � t2s

	
j ¼ 0; (22b)

Eq. (22) means that there are two travelling waves with wave
number sp and ss and two evanescent waves with attenuation
factor tp and ts. The two evanescent waves reduce to the P-type and
S-type surface waves (indicated by SP and SS waves, respectively)
when they propagate along the surface. In the reflection and
transmission problem, the apparent wave number of all waves
(incident waves, reflection waves and transmission waves) should
be equal. Let consider the solutions of form

4ðx; y; tÞ ¼ ~4ðyÞexp½iðxx� utÞ�; (23a)

jðx; y; tÞ ¼ ~jðyÞexp½iðzx� utÞ�; (23b)

Inserting Eq. (23) into Eq. (22) leads to
an incident P-wave for different (bðb1 ¼ 0:05; a1 ¼ 0:1; l ¼ 10Þ.
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�
d2

dy2
þ b2p

��
d2

dy2
� g2p

�
~4ðyÞ ¼ 0; (24a)

�
d2

dy2
þ b2s

��
d2

dy2
� g2s

�
~jðyÞ ¼ 0; (24b)

where

b2p ¼ s2p � x2; g2p ¼ t2p þ x2; b2s ¼ s2s � z2; g2s ¼ t2s þ x2;

sp ¼


1
2c

�
Dp �

�
1� ap

��
1
2

; tp ¼


1
2c

�
Dp þ

�
1� ap

��
1
2

;

ss ¼


1
2c

½Ds � ð1� asÞ�

1

2

; ts ¼


1
2c

½Ds þ ð1� asÞ�

1

2

;

ap ¼ u2d2

3V2
p
; as ¼ u2d2

3V2
s
; Dp ¼

"�
1� ap

�2 þ 4cu2

V2
p

#1
2

;

Ds ¼
"
ð1� asÞ2 þ 4cu2

V2
s

#1
2

:

If the strain energy function (8a) is used instead of (3), then, the
wave propagation modes do not change. Only the following two
Fig. 5. The reflection and transmission coefficients of surface waves und
parameters used to calculate the wavenumbers of P wave and SP
wave need to be modified as

ap ¼ u2d2

6V2
s
; Dp ¼

"�
1� ap

�2 þ 2cu2

V2
s

#1
2

(25)

If the strain energy function (9a) is used instead of (3), then, SV
body wave and SS surface wave will disappear and the following
two parameters used to calculate the wavenumbers of P wave and
SP wave need to be modified as

ap ¼ u2d2

3 V2
p � 2V2

s

� 	; Dp ¼ 1� ap
� �2 þ 4cu2

V2
p � 2V2

s

" #1
2

(26)

It is noted that both g2
p and g2

s always are greater than zero.
Whereasb2p and b2s mayhave real values greater than, equal to, or less
than zero. When both b2p and b2s are greater than zero, which rep-
resents the situation that both dilatational and transverse propa-
gating waves exist, the solution of Eq. (23) can be expressed as

4 ¼ A1 exp
�
i
�
xx� bpy� ut

��þ A2 exp
�
i
�
xxþ bpy� ut

��
þ C1 exp

�þ gpyþ iðxx� utÞ�þ C2 exp
�� gpy

þ iðxx� utÞ�;
(27a)
er an incident P-wave for differentb (b1 ¼ �0.05, a1 ¼ 0.1, l ¼ 10).



Y. Li et al. / European Journal of Mechanics A/Solids 52 (2015) 54e7160
j ¼ B1 exp½iðzx� bsy� utÞ� þ B2 exp½iðzxþ bsy� utÞ� þ C3 exp½

þ gsyþ iðzx� utÞ� þ C4 exp½ � gsyþ iðzx� utÞ�;

(27b)

Consider an incident plane P wave from medium 1 propagates
obliquely toward the interface, see Fig. 1. When it impinges the
interface, the reflection waves in medium 1 and the transmission

waves in medium 2 are created. Let AðiÞ
1 ;AðiÞ

2 ;BðiÞ1 ;BðiÞ2 ;CðiÞ
1 ;CðiÞ

2 repre-
sents the amplitude of each waves in microstructure solids (i¼ 1 for
medium 1 and i ¼ 2 for medium 2, i ¼ 0 represents the incident

waves), respectively. DefineAð1Þ
2 =Að0Þ

1 ,Bð1Þ2 =Að0Þ
1 , Cð1Þ

1 =Að0Þ
1 andCð1Þ

2 =Að0Þ
1

be the amplitude ratio of various reflectionwaves (dilatationalwave,
distortional wave, P-type surface wave and the S-type surface wave)

with respect to that of incident wave. Similarly,Að2Þ
2 =Að0Þ

1 , Bð2Þ2 =Að0Þ
1 ,

Cð2Þ
1 =Að0Þ

1 and Cð2Þ
2 =Að0Þ

2 are the amplitude ratio of various trans-
mission waves with respect to the incident wave. These amplitude
ratios are determined by the interface conditions between two
microstructured solids. For the dipolar gradient elastic solids
considered in this paper, the interface conditions can be expressed as�
uð1Þi � uð2Þi

	���
y¼0

¼ 0; ði ¼ x; yÞ; (28a)

�
nyu

ð1Þ
i;y � nyu

ð2Þ
i;y

	���
y¼0

¼ 0; (28b)
Fig. 6. The reflection and transmission coefficients of body waves und
�
Pð1Þi � Pð2Þi

	���
y¼0

¼ 0; (28c)

�
Rð1Þi � Rð2Þi

	���
y¼0

¼ 0; (28d)

where

Px ¼ 2m
�
1� cV2

	
εyx �

�
c
v

vy
þ by

��ðlþ 2mÞεxx;x þ lεyy;x
�

þ rd2

3
€ux;y

(29a)

Py ¼
�
1� cV2

	�ðlþ 2mÞεyy þ lεxx
�� 2m

�
c
v

vy
þ by

�
εxy;x

þ rd2

3
€uy;y

(29b)

Rx ¼ 2m
�
c
v

vy
þ by

�
εyx (29c)

Ry ¼
�
c
v

vy
þ by

��ðlþ 2mÞεyy þ lεxx
�

(29d)
er an incident P-wave for differentl (b1 ¼ 0.05, b ¼ 0:5, a1 ¼ 0.1).
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It is noted that only surface parameter by in Eq. (3) are included
in the explicit expression of monopolar tractions and dipolar trac-
tions when the normal of interface is along y axis. Therefore, the
surface parameter bx has no influences on the monopolar tractions
and dipolar tractions. The interface conditions mean that the
displacement, the normal derivative of displacement, the monop-
olar traction and the dipolar traction are continuous across inter-
face. It should be remarked that the different surface
microstructure may result in the different form of interface con-
ditions. The interface conditions used in this paper is corresponding
with the “generalized internal clamp” discussed in (Placidi et al.,
2013). Eq. (28) can be written in the matrix form

Ax ¼ Bþ C; (30)

where

x ¼
�
Að1Þ
2

.
Að0Þ
1 ;Cð1Þ

1

.
Að0Þ
1 ;Bð1Þ2

.
Að0Þ
1 ;Cð1Þ

2

.
Að0Þ
1 ;Að2Þ

2

.
Að0Þ
1 ;Cð2Þ

1.
Að0Þ
1 ;Bð2Þ2

.
Að0Þ
1 ;Cð2Þ

2

.
Að0Þ
1

	
:

The explicit expression of the elements of matrix A, B and C are
listed in the appendix A. B is related with the incident dilatational
wave and C with the incident distortional wave. The reflection and
transmission amplitude ratios x can be obtained by solving Eq. (30).
It should be pointed that the surface effect does not change the
wave propagation mode in microstructured solid although, it
change the monopolar traction and the dipolar traction and hence
Fig. 7. The reflection and transmission coefficients of surface waves un
leads to the change of the boundary conditions. As a result, the
reflection and transmission amplitude ratios are influenced by the
surface effects. If the strain energy density function (9a) is used
instead of (3), then, only the P wave and the SP wave exist.
Accordingly, the Eq. (28) for i¼ x in the boundary conditions are not
necessary. The matrix A reduces to 4 � 4 order from 8 � 8 order. In
the case of normal incidence, nowavemode conversion and surface
wave exist. Then, the matrix A reduces to 2 � 2 order. Due to only
two unknown coefficients, namely, the reflection and transmission
coefficients of body wave, to be determined, only two interface
conditions are necessary. The interface conditions Eq. (28) can be
divided into two groups: the group A includes Eqs. (28a) and (28c)
and the group B includes Eqs. (28b) and (28d). The group A can
reduce to the interface conditions of classical elastic solids as the
wavelength increases gradually while the group B involves more
microstructure informations.

It is known that x is dependent upon the material constants
(ni,Ei,ri,ci,di,bi) of two microstructured solids and the parameter of
incident waveðAð0Þ

1 ; l;u; qÞ, namely,

�
AðiÞ
j ; BðiÞj ;CðiÞ

j

	.
Að0Þ
1 ¼ f

�
n1; E1; r1; c1; b1y; d1; n2; E2; r2; c2;

� b2y;d2; l;u; q
�
:

(31)

Choose (r,d,u) as the basic physical quantities, then, the non-
dimensional form of Eq. (31) is
der an incident P-wave for differentl (b1 ¼ 0.05, b ¼ 0:5, a1 ¼ 0.1).



Fig. 8. The reflection and transmission coefficients of body waves under a normal incident P-wave for different b(a1 ¼ 0.05, b1 ¼ 0.005).
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AðiÞ
j ; BðiÞj ;CðiÞ

j Að0Þ
1 ¼ f n1;1;1;a1; b1;1; n; E; r; c; b; d; l;1; q ;
� 	. � 	
(32)

where

a1 ¼
ffiffiffiffiffi
c1

p
d1

; b1 ¼ b1y
d1

; b ¼ b2y
b1y

; d ¼ d2
d1

; c ¼ c2
c1
;

E ¼ E2
E1

; n ¼ n2

n1
; r ¼ r2

r1
; l ¼ l

d1
:

Fig. 9. Critical angles under an incident SV-wave for various microstructur
In this paper, the influence of the surface parameter biy and their
ratio bð¼ b2y=b1yÞ on the reflection and transmission waves are our
main concerns.

Energy flux density of a plane wave along the propagation di-
rection n can be obtained by,

qðn; tÞ ¼ �PiðnÞ _ui � RiðnÞnj _ui;j: (33)

Due to the time dependence of energy flux, the average energy
flux over one period, namely, qðnÞ ¼ 1=T

R T
0 qðn; tÞdt, is more

interesting and can be calculated for various waves.
e parameter ratioa1 (b1 andb have no influence on the critical angle).
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qp0ðn0Þ ¼
1
2
us3p1

h
ðl1 þ 2m1Þ � m1m1

þ 2c1ðl1 þ 2m1Þs2p1
i
Að0Þ
1 Að0Þ*

1 ; (34a)

qs0ðn0Þ ¼
1
2
us3s1m1

�
1�m1 þ 2c1s

2
s1

	
Bð0Þ1 Bð0Þ*1 ; (34b)

qp11 ðnP1Þ ¼
1
2
us3p1

h
ðl1 þ 2m1Þ � m1m1

þ 2c1ðl1 þ 2m1Þs2p1
i
Að1Þ
2 Að1Þ*

2 ; (34c)

qp22 ðnP2Þ ¼
1
2
us3p2

h
ðl2 þ 2m2Þ � m2m2

þ 2c2ðl2 þ 2m2Þs2p2
i
Að2Þ
2 Að2Þ*

2 ; (34d)

qs11 ðns1Þ ¼
1
2
us3s1m1

�
1�m1 þ 2c1s

2
s1

	
Bð1Þ2 Bð1Þ*2 ; (34e)

qs22 ðns2Þ ¼
1
2
us3s2m2

�
1�m2 þ 2c2s

2
s2

	
Bð2Þ2 Bð2Þ*2 ; (34f)
Fig. 10. The reflection and transmission coefficients of body wave
m1 ¼ as1; m2 ¼ as2; li ¼
Eigi

1þ gið Þ 1� 2gið Þ;

mi ¼
Ei

2 1þ gið Þ; i ¼ 1;2ð Þ:

For the SP and SS surface waves, the energy flux density on the
wavefront decreases gradually with the increase of z. Here, a unit
area on the wavefront is taken to be lz � ly ¼ gp � 1/gp or
lz � ly ¼ gs � 1/gs near the surface, which is elaborately chosen to
make gp or gs disappear in the expression of energy flux. Then, the
energy flux density of surface waves can be expressed as

qsp11 ðnÞ ¼ 1
2
Mux1

�
Cð1Þ
1 Cð1Þ$

1

	
Jsp11 ; (35a)

qss11 ðnÞ ¼ 1
2
Muz1

�
Cð1Þ
2 Cð1Þ$

2

	
Jss11 ; (35b)

qsp22 ðnÞ ¼ 1
2
Mux2

�
Cð2Þ
1 Cð2Þ$

1

	
Jsp22 ; (35c)

qss22 ðnÞ ¼ 1
2
Muz2

�
Cð2Þ
2 Cð2Þ$

2

	
Jss22 ; (35d)
s under an incident SV wave for different b1 (a1 ¼ 0.1, l ¼ 5).
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where

M ¼ 1� expð�2Þ
2

;

Jsp11 ¼ l1t
2
p1 � 2m1

�
t2p1 þ x21

	
þ m1m1

�
t2p1 þ 2x21

	
þ 2c1t

2
p1

h
l1x

2
1

þ 2m1
�
t2p1 þ 2x21

	i
;

Jss11 ¼ m1

h
�
�
3t2s1 þ 4z21

	
þm1

�
t2s1 þ 2z21

	
þ 2c1t

2
s1

�
2t2s1

þ 3z21
	i

;

Fig. 11. The reflection and transmission coefficients of surface wav

E ¼ qp1ðnP1Þcos qp1 þ qs1ðns1Þcos qs1 þ qp2
�
np2

�
cos qp2 þ qs2ðns2Þco

q0ðn0Þcos q
Jsp22 ¼ l2t
2
p2 � 2m2

�
t2p2 þ x22

	
þ m2m2

�
t2p2 þ 2x22

	
þ 2c2t

2
p2

h
l2x

2
2

þ 2m2
�
t2p2 þ 2x22

	i
;

Jss22 ¼m2

h
�
�
3t2s2þ4z22

	
þm2

�
t2s2þ2z22

	
þ2c2t

2
s2

�
2t2s2þ3z22

	i
;

Define the reflection and transmission coefficients as the energy
flux ratio along the propagation directions of various reflection
waves and transmission waves with respect to incident waves,

namely, qp11 ðnp1Þ=qp0ðn0Þ, qs11 ðns1Þ=qp0ðn0Þ, qsp11 ðnÞ=qp0ðn0Þ and

qss11 ðnÞ=qp0ðn0Þ as the reflection coefficients and qp21 ðnp1Þ=qp0ðn0Þ,
qs21 ðns1Þ=qp0ðn0Þ, qsp21 ðnÞ=qp0ðn0Þ and qss21 ðnÞ=qp0ðn0Þ as the trans-
mission coefficients in the case of incident P wave. In the case of
incident SV wave, the denominator should be replaced by qs0ðn0Þ.
Consider that the energy flux vectors of various surface waves are
along the interface, the energy conservation law requires
es under an incident SV wave for different b1 (a1 ¼ 0.1, l ¼ 5).

s qs2 ¼ 1; (36)
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It means that the energy flux of incident wave (input energy
flux) through a unit area at interface is equal to the energy flux of
reflection and transmission waves (output energy flux) through
same area at interface. Eq. (36) is used to validate the numerical
results in the next section.

4. Numerical examples and discussion

In the numerical examples, the main concerns are focused on
the influences of the surface parameter b1y and b2y of two micro-
structure solids on the reflection and transmission coefficients. The
Poisson's ratio of medium 1 andmedium 2 is taken to be n1¼ n2¼1/
3. The density ratio of them is taken to be rð¼ r2=r1Þ ¼ 2=3. The
modulus ratio is taken to be Eð¼ E2=E1Þ ¼ 1=3. The microstructure
parameter ratios are taken to be c ¼ 1:4 and d ¼ 1:4.

4.1. Incident P wave case

Fig. 2 shows the reflection and transmission coefficients in
terms of the energy flux ratio for different surface parameter b1y. It
is observed that the SV wave is more sensitive to b1y than the P
wave although the surface energy of solid influences the reflection
and transmission of both body waves. Furthermore, both reflection
and transmission coefficients of SV wave increase when the surface
effects are taken into consideration no matter positive or negative
b1y. This means that the surface effects can increase the mode
conversion. Fig. 3 shows the influence of surface parameter b1y on
the surface waves. Although the energy carried by the surface wave
Fig. 12. The reflection and transmission coefficients of body waves und
is smaller about three orders of magnitude than that carried by the
body wave, the influences of surface energy on the surface waves
are the most evident. The energy carried by any surface wave, no
matter reflection or transmission waves, P-type surface wave or S-
type surface wave, increases when the surface energy effects are
taken into consideration.

Figs. 4 and 5 show the influences of the ratio of two surface

parameters ðb ¼ b2y=b1yÞ on the reflection and transmission co-
efficients. It is observed that the reflected P wave and the trans-
mitted SV wave increase whereas the reflected SV wave and the
transmitted P wave decrease when the ratio of two surface

parameter b increases. However, the reflection and transmission
coefficients of any surface wave, no matter P-type or S-type surface

waves, increase monotonously with the increase of b, see Fig. 5.
Figs. 6 and 7 show the dependence of the reflection and trans-

mission coefficients on the incident wavelength. As it is expected,
the reflection and transmission coefficients of body waves tend to
that of classical elastic solids and the surfacewaves disappear when
the incident wavelength increases gradually. Only when the inci-
dent wavelength is close to the characteristic length of micro-
structure, the microstructure effects and the surface effects become
notable. Moreover, the SV body waves are more sensitive to the
incident wavelength than P body wave. And the reflection and
transmission coefficients of SV body wave increase when the inci-
dent wavelength becomes shorter. However, the reflection co-
efficients of P wave increases while the transmission coefficients of
P wave decreases when the incident wavelength becomes shorter.
er an incident SV-wave for different b (b1 ¼ 0.05, a1 ¼ 0.1,l ¼ 5).
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Fig. 8 shows the reflection and transmission coefficients in the
case of normal incident P wave. Due to no wave mode conversion
and the disappearance of the surfacewaves in the normal incidence.
Only the reflection and transmission P waves exist. There are two
groups of interface conditions that can be used to determine the
reflection and transmission coefficients as discussed in the previous
Section. Fig. 8 shows the numerical results obtained from group B
and the inset shows the numerical results obtained from group A.
The interface conditions in groupB include the surface effects on the
reflection and transmission coefficients but the reflection and
transmission coefficients donot tend to that of classical elastic solids
when the incident wavelength increase gradually. On the contrary,
the interface conditions in group Ado not include the surface effects
on the reflection and transmission coefficients but the reflection and
transmission coefficients asymptotically tend to that of classical
elastic solids when the incident wavelength increase gradually.
4.2. Incident SV wave case

In the case of incident SV wave, there are two critical angles for
the given material constants combination. The first critical angles is
corresponding with that the reflection body P wave becomes into
surface wave and the second critical angle is corresponding with
that the transmission body P wave becomes into surface wave. The
microstructure parameter ratio has evident influence on the critical
angles when the incident wavelength is comparable with the
microstructure characteristic length. The first critical angle is only
dependent upon the a1 while the second critical angle is also
Fig. 13. The reflection and transmission coefficients of surface wav
dependent upon c and d, see Fig. 9. However, both critical angles are
not dependent of the b1y and b. This means that the surface effects
do not influence the critical angle. It is also noted that the critical
angles of gradient elastic solid may greater or smaller than that of
classical elastic solid dependent upon the ratio of microstructure
parameters. The existence of critical angles usually makes the
amplitudes of reflection and transmissionwaves changing abruptly
when the incident wave gets across the critical angle.

The reflection and transmission coefficients of body wave are
shown in Fig. 10 and that of surface waves are shown in Fig. 11. The
abrupt change of amplitude of reflection and transmissionwaves at
two critical angles are observed as expected. It is noted that the
surface waves are more sensitive to the surface parameter b1y than
the body waves. The energy carried by the surface waves, nomatter
SP wave or SS wave, reflection waves or transmission waves, in-
crease evidently when the surface effects are taken into consider-
ation. The P waves are more sensitive to the surface parameter b1y
compared with the SV waves. The reflection P wave decreases
whereas transmission P wave increases due to the surface effects.

Figs. 12 and 13 show the influence of the ratio of surface
parameter b on the body waves and the surface waves, respectively.
Similar to the observation in incident P wave, the influence of the
surface parameter ratio b is evidently larger on the surface waves
than on the body waves. The reflection and transmission body
waves may increase or decrease dependent up on the incident
angle. However, the surface waves, no matter SP wave or SS wave,
reflection or transmission wave, increase monotonously with the
increase of the surface parameter ratio b.
es under an incident SV-wave for different b (a1 ¼ 0.1, l ¼ 5).



Fig. 14. The reflection and transmission coefficients of body waves under an incident SV-wave for differentl (a1 ¼ 0.1, b ¼ 1, b1 ¼ �0.05).
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Figs.14 and 15 show the influence of incident wavelength on the
body waves and surface waves. Similar to the observation in the
case of incident P wave, the reflection and transmission body waves
reduce to that in the classical elastic solids when the incident
wavelength increase gradually. The surface waves, no matter
reflection wave or transmission wave, decrease monotonously till
to disappearance when the incident wavelength increase gradually.

In the case of normal incident SV wave, only the reflection and
transmission SV waves exist due to no wave mode conversion and
the disappearance of the surface waves. As discussed in normal
incidence P wave, there are two groups of interface conditions that
can be used to determine the reflection and transmission co-
efficients. The reflection and transmission coefficients obtained
from the interface conditions in group B can reflect the surface
effects but do not tend to that of classical elastic solids when the
wavelength increase gradually. The reflection and transmission
coefficients obtained from the interface conditions in group A
cannot reflect the surface effects but can asymptotically tend to that
of classical elastic solids when the wavelength increase gradually.
The numerical results obtained for a normal incident SV wave are
very similar to that for a normal incident P wave and thus are not
given here anymore.
4.3. Verification of energy conservation

In order to validate the numerical results, the energy conser-
vation between the incident waves, reflection waves and the
transmission waves are examined. The energy conservation
requires the total energy flowing out from a unit area at interface
equal to the total energy flowing in the same area at interface. In
other word, the total energy taken away by the reflection and
transmission waves is equal to the total energy taken in by the
incident waves. Because the energy flux of surface waves is along
the interfaces, only body waves are examined. Fig. 16 shows the
energy conservation factor E(E ¼ 1 stands for the perfect conser-
vation) in the case of incident P wave. It is observed that E is very
close to 1 with error within 0.1% for various cases in the present
numerical examples. Fig. 17 shows the energy conservation factor
in the case of incident SV wave. Although the energy conservation
has a relative large deviation around two critical angles, the largest
deviation is still within 0.2% for various cases in the present nu-
merical examples.
5. Conclusions

The microstructure effects of the wave motion needs to be
considered when the wavelength of incident wave is comparable to
the characteristic length of microstructure. For the micro and nano
scale devices, the surface effects apart from the microstructure
effects are also not neglectable. In order to consider the surface
effects, a thin membrane adhere to the bulk material without
slipping but with different elastic properties from the bulkmaterial,
or even, a separate surface with its own bending stiffness, mass and
inertia, are usually assumed. In this paper, the surface effects are
incorporated into the constitutive relation of bulk material by the
direct postulation of a specific function of strain energy density.



Fig. 15. The reflection and transmission coefficients of surface waves under an incident SV-wave for differentl (a1 ¼ 0.1, b ¼ 1, b1 ¼ �0.05).
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Based on this method, the influences of surface effects on the
reflection and transmission waves at interface of biomaterial with
microstructures are calculated. Some conclusions can be drawn
from the numerical results.

1) There are two body waves (P wave and SV wave) and two sur-
face waves (SP wave and SS wave) for the reflection waves and
transmission waves, respectively. The appearance of the surface
waves is due to the microstructure effects. The introduction of
Fig. 16. Verification of energy conservation in the case of
surface energy does not change the wave propagation mode in
the interior of solid and at the interface but change the ampli-
tude of them.

2) The influences of surface energy on the surface waves are more
evident than on the body waves. The energy carried by any
surface wave, no matter reflection or transmission waves, SP
wave or SS wave, increases obviously when the surface energy
effects are taken into consideration.
incident P wave. a) For different b1; b) for different l.



Fig. 17. Verification of energy conservation in the case of incident SV wave. a) For different b1; b) for different l.
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3) In the case of incident P wave, reflection and transmission SV
wave are more sensitive to the surface effects than P wave; In
the case of incident SV wave, reflection and transmission P
waves are more sensitive to the surface effects than SVwaves. In
particular, in the case of incident P wave, the amplitude of both
reflection and transmission SV waves increase when the surface
effects are considered. This means that the surface effects help
to the mode conversion.

4) The microstructure effects influence the critical angles and can
make the critical angle greater or smaller than that of classical
elastic solids, but the surface effects do not change the critical
angles.

5) The microstructure effects and the surface effects are evident
only when thewavelength of incident wave is comparable to the
characteristic length of microstructure. With the increase of
incident wavelength, the surface effects and the microstructure
effects decrease gradually. The surface waves tend to disap-
pearance and the body waves tend to that of classical elastic
solids.

6) In the case of normal incidence, no mode conversion exists and
the surface waves disappear also. There are two groups of
interface conditions can be used to determine the reflection and
transmission coefficients of body waves. The two groups of
interface conditions are corresponding with different surface
microstructure. One of two groups does not include the surface
effects and the other group includes the surface effects.
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Appendix A

The explicit expression of matrix A ¼ (aij)8�8, B ¼ (bij)8�1 and
C ¼ (cij)8�1 in Eq. (30) are
a11 ¼ x1; a12 ¼ x1; a13 ¼ bs1; a14 ¼ gs1i; a15 ¼ �x2; a16 ¼
a21 ¼ bp1; a22 ¼ gp1i; a23 ¼ �z1; a24 ¼ �z1; a25 ¼ bp2; a26
a31 ¼ �x1bp1; a32 ¼ �x1gp1i; a33 ¼ �b2s1; a34 ¼ g2s1;

a35 ¼ �x2bp2; a36 ¼ �x2gp2i; a37 ¼ b2s2; a38 ¼ �g2s2;

a41 ¼ �b2p1; a42 ¼ g2p1; a43 ¼ z1bs1; a44 ¼ z1gs1i;

a45 ¼ b2p2; a46 ¼ �g2p2; a47 ¼ z2bs2; a48 ¼ z2gs2i;

a51 ¼ m1

"
� 2x1bp1 þ 2bð1Þy ix1

�
x21 þ s2p1

	
� 2c1x1bp1

�
2s2p1 þ x21

	

þ d21u
2

3V2
s1

x1bp1

#
;

a52 ¼ m1

"
� 2x1gp1i� 2bð1Þy ix1

�
t2p1 � x21

	
þ 2c1x1gp1

�
2t2p1

� x21

	
iþ d21u

2

3V2
s1

x1gp1i

#
;

a53 ¼ m1

"�
z21 � b2s1 þ 2bð1Þy z21bs1i

	
� c1

�
b4s1 � z41 þ 2z21b

2
s1

	

þ d21u
2

3V2
s1

b2s1

#
;

a54 ¼ m1

"�
z21 þ g2s1 � 2bð1Þy z21gs1

	
� c1

�
g4s1 � z41 � 2z21g

2
s1

	

� d21u
2

3V2
s1

g2s1

#
;

�x2; a17 ¼ bs2; a18 ¼ gs2i
¼ gp2i; a27 ¼ z2; a28 ¼ z2;
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a55 ¼ �m2

"
2x2bp2 þ 2bð2Þy ix2

�
x22 þ s2p2

	
þ 2c2x2bp2

�
2s2p2 þ x22

	

� d22u
2

3V2
s2

x2bp2

#
;

a56 ¼ �m2

"
2x2gp2i� 2bð2Þy ix2

�
t2p2 � x22

	
� 2c2x2gp2

�
2t2p2

��x22

	
iþ d22u

2

3V2
s2

x2gp2i

#
;

a57 ¼ �m2

"�
z22 � b2s2 � 2bð2Þy z22bs2i

	
� c2

�
b4s2 � z42 þ 2z22b

2
s2

	

þ d22u
2

3V2
s2

b2s2

#
;

a58 ¼ �m2

"�
z22 þ g2s2 þ 2bð2Þy z22gs2

	
� c2

�
g4s2 � z42 � 2z22g

2
s2

	

� d22u
2

3V2
s2

g2s1

#
;

a61 ¼ m1

"
� 2 s2p1 þ b2p1

� 	
þ 2b 1ð Þ

y x21bp1i

� 2c1 x41 þ 4x21b
2
p1 þ 2b4p1

� 	
þ d21u

2

3V2
s1

b2p1

#
;

a62 ¼ m1

"
2 2t2p1 þ x2p1

� 	
� 2b 1ð Þ

y x21gp1 � 2c1 x41 � 4x21g
2
p1 þ 2g4p1

� 	

� d21u
2

3V2
s1

g2p1

#
;

a63 ¼ m1

"
2z1bs1 � bð1Þy z1

�
z21 � b2s1

	
iþ c1z1bs1

�
s2s1 þ 2z21

	

� d21u
2

3V2
s1

z1bs1

#
;

a64 ¼ m1

"
2z1gs1i� bð1Þy z1

�
z21 þ g2s1

	
i� c1z1gs1

�
t2s1 � 2z21

	
i

� d21u
2

3V2
s1

z1gs1i

#
;

a65 ¼ �m2

"
� 2 s2p2 þ b2p2

� 	
� 2b 2ð Þ

y x22bp2i

� 2c2 x42 þ 4x22b
2
p2 þ 2b4p2

� 	
þ d22u

2

3V2
s2

b2p2

#
;

a66 ¼ �m2

"
2 2t2p2 þ x2p2

� 	
þ 2b 2ð Þ

y x22gp2

� 2c2 x42 � 4x22g
2
p2 þ 2g4p2

� 	
� d22u

2

3V2
s2

g2p2

#
;

a67 ¼ �m2

"
� 2z2bs2 � bð2Þy z2

�
z22 � b2s2

	
i� c2z2bs2

�
s2s2 þ 2z22

	

þ d22u
2

3V2
s2

z2bs2

#
;

a68 ¼ �m2

"
2z2gs2i� bð2Þy z2

�
z22 þ g2s2

	
iþ c2z2gs2

�
t2s2 � 2z22

	
i

þ d22u
2

3V2
s2

z2gs2i

#
;

a71 ¼ �2x1bp1
�
bð1Þy þ c1bp1i

	
m1;

a72 ¼ �2x1gp1
�
bð1Þy � c1gp1

	
im1;

a73 ¼
�
z21 � b2s1

	�
bð1Þy þ c1bs1i

	
m1;

a74 ¼
�
z21 þ g2s1

	�
bð1Þy � c1gs1

	
m1;

a75 ¼ �2x2bp2
�
bð2Þy � c2bp2i

	
m2;

a76 ¼ �2x2gp2
�
bð2Þy þ c2gp2

	
im2;

a77 ¼ �
�
z22 � b2s2

	�
bð2Þy � c2bs2i

	
m2;

a78 ¼ �
�
z22 þ g2s2

	�
bð2Þy þ c2gs2

	
m2;

a81 ¼ �2m1
�
s2p1 þ b2p1

	�
bð1Þy þ c1bp1i

	
;

a82 ¼ 2m1
�
2t2p1 þ x2p1

	�
bð1Þy � c1gp1

	
;

a83 ¼ 2m1z1bs1
�
bð1Þy þ c1bs1i

	
;

a84 ¼ 2m1z1gs1
�
bð1Þy � c1gs1

	
i;

a85 ¼ 2m2
�
s2p2 þ b2p2

	�
bð2Þy � c2bp2i

	
;

a86 ¼ �2m2
�
2t2p2 þ x2p2

	�
bð2Þy þ c2gp2

	
;

a87 ¼ 2m2z2bs2
�
bð1Þy � c2bs2i

	
;

a88 ¼ 2m2z2gs2
�
bð2Þy þ c2gs2

	
i;

b11 ¼ �x1; b21 ¼ bp1; b31 ¼ �x1bp1; b41 ¼ b2p1;
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b51 ¼ �m1

"
2x1bp1 þ 2bð1Þy ix1

�
x21 þ s2p1

	
þ 2c1x1bp1

�
2s2p1 þ x21

	

� d21u
2

3V2
s1

x1bp1

#
;

b61 ¼ m1

"
2 s2p1 þ b2p1

� 	
þ 2b 1ð Þ

y x21bp1iþ 2c1 x41 þ 4x21b
2
p1 þ 2b4p1

� 	

� d21u
2

3V2
s1

b2p1

#
;

b71 ¼ �2x1bp1
�
bð1Þy � c1bp1i

	
m1;

b81 ¼ 2m1z1
�
s2p1 þ b2p1

	�
bð1Þy � c1bs1i

	
;

c11 ¼ bs1; c21 ¼ z1; c31 ¼ b2s1; c41 ¼ z1bs1;

c51 ¼ �m1

"�
z21 � b2s1 � 2bð1Þy z21bs1i

	
� c1

�
b4s1 � z41 þ 2z21b

2
s

	

þ d21u
2

3V2
s1

b2s1

#
;

c61 ¼ m1

"
2z1bs1 þ bð1Þy z1

�
z21 � b2s1

	
iþ c1z1bs1

�
s2s1 þ 2z21

	

� d21u
2

3V2
s1

z1bs1

#
;

c71 ¼ �
�
z21 � b2s1

	�
bð1Þy � c1bs1i

	
m1;

c81 ¼ 2m1z1bs1
�
bð1Þy � c1bs1i

	
;
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