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Abstract

The initiation and the growth of short fatigue cracks present two typical
characteristics: collective evolution and stochastic response. In this paper, the
method taking into account the balance of crack number density is adopted to
investigate the stochastic behaviour of short-crack collective evolution. The
results obtained from the analysis of the stochastic equation for Local-Crack-
Number-Density (LCND) illustrate the stochastic tendency of crack
development. Moreover, the evolution equation of Overall-Crack-Number-
Density (OCND) is derived by the analytic procedure of LCND. The result
indicates that the stochastic behaviour of OCND is dominated by the fluctuation
of local crack-growth-rate.

1 Introduction

It has been observed that, the evolution process of short fatigue cracks in
some metallic materials presents collective damage characteristics. The
cumulation of the damage is produced by a number of localized short
fatigue cracks' ° The extent of damage is not dependent on a single
crack, but on the whole response of total short cracks. For this situation,
we adopted the method of the balance of crack-number-density to describe
such an evolutionary process” ®. The basic consideration of the model is
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that, at a certain time duration, the number of cracks with a given length is
due to two aspects: (a) crack nucleation, and (b) crack growth. The evolu-
tion equation of short cracks is derived and its non-dimensional form is’:

a—n (CUESS [A (c)-7 '(c,t)]= N, 7'y (c) , (1)
where A' is crack growth rate, i’y is crack nucleation rate, and 7' is
crack number density with #'dc being the number of cracks with the
length between ¢ and c+dc at time 7. Also in eqn. (1), the non-
dimensional parameter N, =(ny -d)/(n"-A"), with ny being the
characteristic crack nucleation rate, 4™ the characteristic crack growth
rate, n* the characteristic crack number density, and d the intrinsic
dimension of the material concerned (e.g. grain diameter). After setting the
expressions for A' and n'y, we are able to show the evolution
characteristics of crack number density”®

In the above analysis, the evolution of short cracks is considered
uniform in the gauge area of a specimen. However, during fatigue damage
process, the initiation and the growth of short cracks are always randomly
distributed. In some local areas, short cracks may densely appear;
simultaneously, there may exist some other areas even without any short
crack damage' * This suggests that the collective damage of short fatigue
cracks is of stochastic feature, which calls for further analyses for a better
understanding for such a process. In this paper, a stochastic differential
equation is established to analyze the evolution of crack number density
with the consideration of the effect of localized crack damage.
Consequently, the evolution equation of Overall-Crack-Number-Density
(OCND) is derived based on the Local-Crack-Number-Density (LCND)
analysis. The analytic results show the difference between the stochastic
model and the mean-field theory, which have then been discussed.

2 Stochastic model and its equations

Denote n(c,t,X) as LCND to describe the fatigue damage, which
represents the crack-number-density of a local area. Such an area is small
enough comparing with the macro-scale of matenial, and in tum, it must
contains enough number of short cracks to fulfil the requirement by the
LCND analysis method. The evolution equation is:

7n(c,t,x)+ [A(c,t,x) n(c,t,x)] N -ny(e,t,x) )

where A(c,t,X) and ny(c,t,X) denote respectively the crack growth rate
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and the crack nucleation rate in the corresponding local area. The research
by Hong & Qiao9 indicated that the damage extent due to collective short
cracks dominated by the O-th order of damage moment D,(¢,%), i.e. the
number of total cracks. If only the correlation between the nearest
neighbouring cracks is taken into account, one may write

D _
A(e.,7)= A[c,f,DU(t, x)w} G)
ox
oD (t, X
and nN(c,t,)?)=nN{c,,\7,D0(t,f),%Q:' . (4)
X

Consider that the influence caused by damage cumulation and crack length
in above equations can be treated separately and assume that the number
of total cracks can be expressed as an exponential type. Such that,

A(e,1,%)=[4,(c) + L(c) - Wl()?)]~[77- Dér, 3?)] : (5)

and ny(c,t,%) = [nNO(c) +L(c)- Wz(i)]~ [p : Dg(z,f)] , (6)

where A4 (c) and n,,(c) are the average part of the crack growth rate
and the crack nucleation rate respectively; W (x) and W, (X) are the white
noise representing the two independent stochastic processes; L(c) and
L*(c) are variables goveming the stochastic process; and 7,&, p and ¢
are material constants. Combining eqns. (5), (6) and (2), one may derive
the following stochastic equation for the concerned problem:

(%n(c,r,f) +1, {t[a +bW, (f)]} = gz{n(c,r,f)[AO(c) + L(c)W, (f)]}

=N, ~p1[nN0(c) +L'(c) W, (f)]{r[a +b-W, (f)]} i . (7)

£

where 1, = n(1-q)"7, plzp(l—q)li‘;, azj'p'nNO(c)dc, and
0

b=[p-L(c)dc .
0

3 Numerical results and discussion

In the calculation of eqn. (7), weset &=-¢=05 n=p=10 and A,(c)
and n,,(c) are assumed to be the following forms:
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1-(1-4y)c (cL)
A, ()= _ (8
d-c (e>1)
1-£ (c<2)
Ry, (€)= 2 ©
0 (c>2)

where A4, 1s the crack growth rate at ¢ =1 and d is the normalized ave-
rage grain size. L(c) and L*(c) are assumed with the same form as eqns.
(8) and (9). For the convenience in the following discussion, we denote
50 (t) as the number of total cracks in the whole area of observation and
¢ .. () asthe largest crack length in the whole area of observation.

Figure 1 is the result of a simulation, showing the stochastic evolution
of ¢, for different local areas at different time stages. It is seen that the
four local areas labelled A, B, C and D are four typical evolution sites.
Area A—the value of ¢, is very small for the whole process; area
B—c_, 1s small at the beginning of fatigue damage but it grows up
rapidly and becomes a main crack site in the whole field; area C—the
crack at this site is always one of the largest cracks in the whole field; and
area D—the crack at this site is one of the largest at the beginning of
fatigue process but its growth rate slows down and eventually it cannot act
as one of the largest cracks for the whole field.

10 16
- t=08 B c « t=0.8
t=1.2 14F - t=1.2
st - t=16 o t=1.6
- t=20 12F ¢« t=20 .
— t=24 x t=24 x x
6_ 10' ; * (x: ;
X D . (2 .
] 3 x x . :0’: :.
OE 8;- z x 3 ° x": x : o 0 ?"
4l o 208 - 5 30k e o8
6; o 'io 8§§;° ;§ oxe °
A 4F ° gg?o 800{0 3"’5 ° g
2r ) g ¥ o° A°B § 3 g
¥ L3R | ia
OO OO 10 20 30 40
position, x position, x
Figure 1: Vanation of ¢ . with Figure 2: Varnation of D, with
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Figure 2 illustrates the distribution of D, at different local areas for
the same simulation as Fig. 1. A small value of D, for areas A and B is
observed from beginning to later stages, and a comparative large value of
D, is seen at areas C and D. The results of Figs. 1 and 2 illustrate 4
distinct situations: area A—unfavourable both for crack initiation and
growth; area B—unfavourable for crack initiation but favourable for
crack growth; area C—favourable both for crack initiation and growth;
and area D—favourable for crack initiation but unfavourable for crack
growth. The results demonstrate the stochastic distribution of short crack
development caused by the independent influence of crack initiation and
crack growth, which imply that fast damage development area in the
beginning stage may not be the location of a main crack, whereas the local
area with slow speed of damage development at the beginning may form a
main crack leading to final fracture.

Figure 3 shows the results of multiple simulations. The solid curve
represents the result of the mean-field theory, i.e. setting L(c)=0 and
L"(¢)=0 in eqns. (5) and (6) and the dash curve represents the best-fit
result from the datum points of stochastic simulations. It is seen from Fi 1g.
3 that, with the progression of fatigue process, the difference between the
two cases becomes evident, showing the value of ¢ .. obtained by the
mean-field theory larger than that obtained by the stochastic analy51s In
addition, Fig. 4 demonstrates the correlation between ¢ . and D in
which the solid curve represents the result from the mean-field theory and
the datum points denote the results from the stochastic simulations. It is
seen that the results from the two methods have the same trend.
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4 Evolution equation of OCND

Define that n(c,t)is the average crack number density of unit surface
area S corresponding to the region of (2 1.e.

ﬁ(c,t)=%fn(c,t,i)dx . (10)
0

Define also that #(c,t,x) is the fluctuation of crack number density
within local area X . Thus we have

n(e,t,x)=n(c,t) +r(c,t,x) . (1

Similarly, for crack growth rate and crack nucleation rate, we may write
Ale,t,%) = A(c,) + A(c,1,%) , (12)
and ny(c,t,x)=ny(c,t) +1(c,t,X) , (13)
where A(c,t) and ny(c,t) arethe average part of crack growth rate and
crack nucleation rate respectively, and A(c,#,X¥) and 7y (c,f,X) are the

fluctuation of crack growth rate and crack nucleation rate respectively.
Substituting eqns. (11)—(13) into (2), one derives

Ar(c,t) .\ é’[A(c,t)n(c,t)] SN (et 5[A(c,t,x)n(c,t,x)] a4
ot de & de

Eqn. (14) is the evolution equation of OCND, which describes the balance
of crack number density in the whole field and takes into account the
influence of fluctuation during the stochastic evolution of localized short
crack damage. Note that there is one extra item in the right hand side of
eqn. (14) upon comparing with eqn. (1). We denote this as fluctuation
influence term (FIT), i.e.

R ) | N [ L (L B o) |
-1 J‘ , | g5

Jc

Jc
Q

=%{%J‘[Z(c,t,k‘)-ﬁ(c,t,)?)]d)?}= ouel) (15)

dec

where u(c,t) is the covariance of /Ni(c,t,)?) and 7(c,t,%) . It is reasonable

to anticipate that the difference between the results of the mean-field

theory and the stochastic analysis shown in Fig. 3 is associated with FIT.
On the other hand, one may define the effective crack growth rate as
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Ale,t,%) - n(c,t,%) _ A(e,t)-7(e,0)+ A(c,t, %) Fi(c,1, %)

Ale.n)= (e.1) = et

(16)
Substituting eqn. (16) into (14), one may write the equation for OCND as

Sii(e.1) a[A(c 1) -fe, r)]

Ey = =N, A1) . (17)

This is another type of OCND evolution equation. Comparing eqn. (17)
with (1), one sees that the effective crack growth rate replaces the average
crack growth rate when the fluctuation effect is taken into consideration.

5 Discussion on difference of results from
mean-field theory and stochastic analysis

Experimental observations have reported that short crack growth rate
predominantly depends on the crack length and it is less sensitive to the
fatigue cycles that the specimen experienced. Thus we assume that the
crack growth rate is independent of 7. Then eqn. (14) becomes:

Aii(e.t) é’[A(c)n(c t)] - ﬁ[Z(c, %) ﬁ(c,t,f)]

18
ot de de (18)

The FIT in the above equation can be expressed as:

%—nw){l—flw( )j] &c[ ()(

):ijnN(c yde'. (19)

Assume that the distribution of local crack growth rate is a logarithm-
normal function, then the probability for A(c,¥) =v is

f) = Jﬁ-a'(c)-vexp[ 20" (¢) =0 (20)

0 (v<0)

The mean value of f(v) is

E(c)= A(c) = eXP{/J (c)+"'22(")], 1)

and the vaniance of f(v) is
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D(c) = exp[2 uc)+o (c)] {exp[o"2 (c)] - l} . (22)
Substituting eqns. (21) and (22) into (19), one derives

Z’l: {20’ (c)-e” (C)J'nN (c")de }ﬁg'c(c) —-ny (c)|:e6'2(”) - 1:| . (23

Hence, the problem can be calculated by the substitution of eqn. (23) into
(14). In the calculation, the distribution parameter o'(c) is set as
o'(e)=a-exp(f-c) , (24)

where « and £ are constants and ny(c) is of the form of eqn. (9).

Figure 5 is the calculation result showing the variation of FIT with ¢
and . It is seen that the values of FIT are slightly above zero at the
negative part of £ axis. When ¢>1 and £> 0, the values of FIT tum to
below zero and sharply decline to form a negative peak.

From eqns. (21) and (22), the following equation can be derived

oy D(c)
o'(c)= ln[l + VE (C)} . 25)

For the further discussion, we define
1 SIn[D(e)]/d¢
2 2n[4(e)]/oc

(26)

4

Figure 5: Values of FIT as a function of c and .
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From eqns. (26) and (25), we see that if Q> 1 , i.e. the variation speed of
D(c) with respect to c is faster than that of 42(c), the variation tendency
of o'(c) is of the same trend with that of A(c). Because of the
deceleration-acceleration pattern for short fatigue cracks (e.g. Lankfordw),
in short-crack regime, there exists [ﬁo"(c) / ﬁc] <0 with f£<0.
However, in long-crack regime, crack growth rate is proportional to crack
length, so that [ﬁo" (c)/ é’c] >0 with >0 . Referring to Fig. 5, we note
that the value of S varies from —1 to +1 corresponds to the process that
fatigue damage progresses from short-crack regime into long-crack
regime. In other words, the collective damage transfers to more localized
cracking process. In the primary stage of fatigue damage, the value of £
is below zero, and the corresponding values of FIT are around zero or the
stochastic fluctuation is less sensitive in this stage. Thus, the results of the
maximum crack length obtained by the mean-field theory and the
stochastic analysis are almost consistent with each other. With the
progress of fatigue damage onto the stage that a few main cracks form,
such a process corresponds to the value of S gradually increasing to
above zero. At this stage, the values of FIT sharply tern town to produce a
negative peak as shown in Fig. 5. This implies that the crack growth is
suppressed by the stochastic fluctuation. Therefore, the maximum crack
length obtained by the stochastic analysis is evidently smaller than that
obtained by the mean-field theory. The above discussion explains the
results shown in Fig. 3.

6 Conclusions

The following conclusions are drawn for this research:

(1) Collective fatigue damage presents remarkably stochastic
characteristics. The simulation results obtained by the stochastic evolution
equation illustrate the random distribution of short crack population.

(2) The stochastic behaviour of short crack damage is dominated by
the fluctuation of crack growth rate. The difference in the results of the
maximum crack length obtained by the stochastic analysis and the mean-
field theory is associated with the propensity of crack growth rate.

Acknowledgement

This paper was supported by the National Outstanding Youth Scientific
Award of China, the National Natural Science Foundation of China and
the Chinese Academy of Sciences.



E@; Transactions on Engineering Sciences vol 19, © 1998 WIT Press, www.witpress.com, ISSN 1743-3533

130 Damage and Fracture Mechanics

References

[11Hong, Y., Lu, Y. & Zheng, Z., Orientation preference and fractal
character of short fatigue cracks in a weld metal. J. Mater. Sci., 26,
pp. 1821-1826, 1991.

[2]Hong, Y., Gu, Z., Fang, B. & Bai, Y., Collective evolution
characteristics and computer simulation of short fatigue cracks. Phil.
Mag. A, 175, pp. 1517-1531, 1997.

[3] Weiss, J. & Pineau, A., Continuous and sequential multiaxial low-
cycle fatigue damage in 316 stainless steel. Advance in Multiaxial
Fatigue, ASTM STP 1191, eds. D. L. McDowell & R. Ellis. American
Society for Testing and Materials, Philadelphia, pp. 183-203, 1993.

[4] Price, C.E., The progression of bending fatigue in nickel, Fatigue
Fract. Engng Mater. Struct. 11, pp. 483-492, 1988.

[5]Suh, C.M., Lee, JJ., Kang, Y.G., Ahn, HJ. & Woo, B.C,, A
simulation of the fatigue crack process in type 304 stainless steel at
538°C, Fatigue Fract. Engng Mater. Struct. 15, pp. 671-684, 1992

[6] Goto, M., Statistical investigation of the behaviour of small cracks and
fatigue life in carbon steels with different ferrite grain sizes. Fatigue
Fract. Engng Mater. Struct., 17, pp. 635-649, 1994,

[7]Fang, B., Hong, Y. & Bai, Y., Experimental and theoretical study on
numerical density evolution of short fatigue cracks, Acta Mechanica
Sinica (English edn.) 11, pp. 144-152, 1995.

[8] Qiao, Y. & Hong, Y., An analysis of collective damage for short
fatigue cracks based on equilibrium of crack numerical density, Fngng
Fract. Mech. 1998. (in press).

[9]Hong, Y. & Qiao Y., Analysis of damage moments in the collective
evolution of short fatigue cracks, Key Engng Mater. 145-149, pp. 399-
404, 1998.

[10]Lankford, J., The growth of small fatigue cracks in 7076-T6
aluminium, Fatigue Engng Mater. Struct. S, pp. 233-248, 1082,



