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A recently developed continuum theory considering surface effect in nanomaterials is adopted to
investigate the resonant properties of nanowires with different boundary conditions in the present
paper. The main feature of the adopted theory is that the surface effect in nanomaterials is
characterized by the surface energy density of the corresponding bulk materials and the surface
relaxation parameter in nanoscale. Based on a fixed-fixed beam model and a cantilever one, the
governing equation of resonant frequency for corresponding nanowires is obtained. Numerical
calculation of the fundamental resonant frequency is carried out, the result of which is well
consistent with the existing numerical ones. Comparing to the result predicted by the conventionally structural dynamics, the resonant frequency of a fixed-fixed nanowire is improved, while that
of a cantilever nanowire is weakened due to the surface effect. Both a decreasing characteristic size
(height or diameter) and an increasing aspect ratio could further enhance the varying trend of
resonant properties for both kinds of nanowires. The present result should be helpful for the design
C 2015 AIP Publishing LLC.
of nano-devices and nanostructures related to nanowires. V
[http://dx.doi.org/10.1063/1.4927290]

I. INTRODUCTION

Due to a large surface-to-volume ratio, the elastic property of nanowires exhibits a strong size-dependence,1–3
which is often measured and accessed by static bending
experiments. It is found that the effective Young’s modulus
of a fixed-fixed nanowire shows an oppositely sizedependent behavior to that of a cantilever one.3–8 It increases
with a decreasing characteristic size for fixed-fixed nanowires, while decreases for cantilever ones. Such a behavior
cannot be predicted by the classical beam theory, a proper
one considering surface effect should be developed.
Surface elasticity theory9,10 has been widely adopted to
characterize the elastic behavior of static-bending nanowires.1,11–15 Size-dependently effective Young’s modulus
of nanowires has been achieved, which depends on the surface elastic modulus.1,13 In addition, molecular dynamics
(MD) simulation, as a major numerical approach, has also
been adopted to study the size effect of nanowires’ elastic
properties.16–19
In nano-devices and nano-electro-mechanical systems
(NEMs), nanowires are often used as resonant flexural structures, such as chemical and biological sensors and high frequency resonators.20–23 Size dependent elastic modulus of
nanowires should induce a different resonant frequency from
that of a corresponding bulk solid. In fact, resonance
measurement is more convenient to obtain nanowire’s elastic
parameters than the static bending experiment due to a
reduced amount of nanowire manipulation.24 The effective
Young’s moduli of silicon, gallium nitride (GaN), silicon
nitride (SiNx), and zinc oxide (ZnO) cantilever nanowires
a)
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were achieved experimentally by measuring the resonant frequency of vibrating nanowires.25–29 Numerically, Park and
Klein24 and Park30 calculated the resonant frequency of
fixed-fixed nanowires and cantilevered ones with a surface
Cauchy-Born (SCB) model, in which it was found that not
only a decreasing height but also an increasing aspect ratio
can enhance the surface effect on the resonant property. A finite element (FE) model was subsequently developed by
Feng et al.,31 in which it was found that the resonant frequency of a silicon nano-cantilever decreases with a decreasing height. MD simulation confirmed the enhancement of the
resonant frequency of fixed-fixed nanowires in contrast to
that of a bulk solid.32
With regard to the theoretical study on the resonant frequency of nanowires, Lu et al.33 pointed out that the straindependent surface stress has a considerable influence on the
resonant frequency of nano-cantilevers. Wang and Feng34
proposed first a generalized Young-Laplace (Y-L) model to
study effects of surface elasticity and residual surface tension
on the natural frequency of nanowires. Subsequently, He and
Lilley35 adopted the Y-L model to analyze the resonant bending behavior of nanowires with different boundary conditions.
The fundamental resonant frequency of both fixed-fixed nanowires and cantilevered ones exhibits the same varying trend
as that of the effective elastic moduli.12 Later, the Y-L model
was extended to the vibration problem of Timoshenko nanowires.36,37 Chiu and Chen38 further discussed the effect of the
surface bending modulus on the resonant frequency of nanowires. Recently, Zhang et al.39 analyzed the motion equation
of vibrating nanowires, based on which contributions of
surface elasticity and surface stress to the resonant frequency
can be abstracted, respectively.
Surface elasticity theory, as the most popular theoretical
approach, is always adopted to investigate surface effect of
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nanowires,40 in which surface elastic constants, including the
surface elastic modulus and surface bending modulus, serve
as critical parameters influencing the size-dependent behavior of nanowires.12,13,31,35,38 However, surface elastic
constants needed by the surface elasticity theory can only be
provided by MD simulation and hardly be measured by
proper experiment techniques.1,13,41,42 How to define the
atomic layer as a surface layer, how to choose a proper
atomic interaction potential and the size of a numerical
model are still open questions in MD simulation.
Recently, an elastic theory for nanomaterials was developed,43 in which only the surface energy density of a bulk
solid and the surface relaxation parameter in nanoscale are
needed to characterize the surface effect in nanomaterials
without introducing surface elastic constants. Such a new
theory has been adopted to predict successfully the mechanical behavior of nanofilms subjected to a bi-axial tension, size
effect of the surface energy density of nanoparticles and the
static bending behavior of nanowires.43–45 All the theoretical
predictions agree well with the experimental and numerical
results.3–5,7,46–49
In the present paper, the resonant vibration of both
fixed-fixed nanowires and cantilevered ones is investigated
with the new developed elastic theory for nanomaterials and
theoretical predictions are further compared with the existing
numerical results. Geometrical factors governing the size
dependent characteristics of resonant frequency are also
discussed, which could provide a theoretical guidance for the
design of nanowire resonators and sensors in NEMs.
II. BRIEF INTRODUCTION OF THE NEW DEVELOPED
THEORY FOR NANOMATERIALS

An elastic theory based on the surface energy density
to characterize the size effect in nanomaterials has been
proposed by Chen and Yao.43 Consider a nano-solid with an
idealized crystal structure in an initial (or reference) configuration. A Lagrangian coordinate system is imbedded in the
crystal surface and attached to surface atoms,50 with principal axes 1 and 2 parallel to the two basic vectors of the
surface unit cell as shown in Figure 1. a01 , a02 represent the
lattice lengths in the two principal directions, respectively.
Due to a surface relaxation, the lattice lengths become ar1
and ar2 , and further become a1 and a2 in the current configuration subjected to an external loading. b denotes an angle
between the two basic vectors.
The potential energy function P of a nano-solid in the
current configuration can be written as

J. Appl. Phys. 118, 044303 (2015)

PðuÞ ¼

ð
VS

wðeÞdV þ

ð

/dS 

ð

S

f  udV 
VS

ð

p  udS;

Sp

(1)
where w is the elastic strain energy density, f and p are the
body force and external surface traction, respectively. u and
e are the displacement and strain induced by f and p.
Variation analysis of Eq. (1) yields the following equilibrium
equations and stress boundary conditions:
8
>
< r  r þ f ¼ 0 ðin V  SÞ
n  r  n ¼ p  n  cn n ðon SÞ
(2)
>
:
ðI  n  nÞ  r  n ¼ ðI  n  nÞ  p  ct ðon SÞ;
where r is the bulk Cauchy stress tensor, n is the unit normal
vector perpendicular to the boundary surface S of the nanosolid, I is a unit tensor; cn and ct are the normal and tangential
components of an additionally surface-induced traction vector,
respectively, which characterizes force disturbances at boundaries due to the surface effect. Based on an infinitesimal
element, the virtual work method yields the surface-induced
traction, which is related to the surface energy density,43


1
1
n ¼ /ðn  rs Þn;
ct ¼ rs /; cn n ¼ /
þ
(3)
R1 R2
where rs is a surface gradient operator, / is the Eulerian
surface-energy density in the current configuration, R1 and
R2 are two principal radii of curvature of a curved
surface.
Relation between the Eulerian surface-energy density /
in the current configuration and the Lagrangian surface
energy density /0 in the reference configuration satisfies
/¼

/0
;
Js

(4)

where Js is a Jacobean determinant characterizing the surface
deformation from the reference configuration to the current
one. Equation (4) can also be found in Nix and Gao50 and
Huang and Wang.51 Combining Eqs. (2)–(4), the equilibrium
equation can be rewritten as,43
8
>
r r þ f ¼ 0 ðin V  SÞ
>
>
>
>
>
< n r  n ¼ p  n  /0 ðn rs Þ ðon SÞ
Js
>
>
>
>
> ðI  n  nÞ  r  n ¼ ðI  n  nÞ  p þ /0 ðrs Js Þ  rs /0 ðon SÞ:
>
:
Js
Js2
(5)

FIG. 1. Schematic of a surface unit
cell in the initial (reference), relaxed,
and current configurations.

[This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
159.226.199.8 On: Tue, 15 Sep 2015 01:40:06

044303-3

Y. Yao and S. Chen

The Lagrangian surface energy density /0 in the reference
configuration can be divided into a structural part /stru
0
related to the surface strain energy and a chemical part /chem
0
originating from the surface dangling-bond energy,43,52,53
chem
/0 ¼ /stru
;
0 þ /0

/stru
¼
0

2


Eb X
m
a0i gi f 3 þ ðki þ ki esi Þ  3ðki þ ki esi Þ
2 sin b i¼1
2

/chem
0

 ½k2i e2si þ ðki  1Þ þ 2ki ðki  1Þesi g;


D0
; g1 ¼ a01 =a02 ; g2 ¼ a02 =a01 ; (6)
¼ /0b 1 
w1 D

where /0b is the constant surface energy density of bulk solids,
D0 is a critical size (D0 ¼ 3da for nanoparticles, nanowires,
and 2da for nano-thin films, where da is the atomic diameter).
D is a characteristic scale of nanomaterials (e.g., thickness, diameter, etc.). w1 is a parameter governing the size-dependent
. Eb is the constant Young’s modulus of bulk
behavior of /chem
0
solids, ki ¼ ari =a0i denotes the surface relaxation parameter,
esi ¼ ðai  ari Þ=ari is the surface strain induced only by the
external loading; m is a parameter describing the dependence
of bond lengths on the binding energy (m ¼ 4 for alloys or
compounds and m ¼ 1 for pure metals).52 Detailed derivations
of Eq. (6) can be found in Ref. 43.
In contrast to the surface elasticity theory,9 the new
developed theory no longer requires the surface elastic constants. The Lagrangian surface-energy density /0 in the reference configuration serves as a unique quantity
characterizing the surface effect of nanomaterials, which
depends on the bulk surface-energy density and the relaxation parameter. Both parameters have clearly physical meanings and are very easy to be determined through experiment
and simple MD simulation, which show the main advantage
of our model as compared with the surface elasticity one.
The bulk surface energy density is a constant for a given material. The surface relaxation parameter depending on the
characteristic size of nanomaterials directly affects the
Lagrangian surface energy density.
III. SURFACE EFFECTS IN VIBRATING NANOWIRES

The new theory for nanomaterials is used to analyze the
resonant bending of nanowires as shown in Fig. 2, where the
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length of the nanowire in the x direction is L and the vertical
deflection in z direction is w. The cross-section of the nanowire is rectangular with a height h and a width b(b  h), or
circular with a diameter d. Two kinds of boundary value problems, i.e., a cantilever beam and a fixed-fixed one, will be
investigated, respectively. In resonant bending tests, the vertical deflection of a nanowire is induced by a thermal noise
spectra27 or an electric field,28 which depends not only on the
coordinate x but also on the time variable t, i.e., w ¼ wðx; tÞ.
A. Variational analysis

According to the assumption of Euler-Bernoulli beam,
the axial and vertical displacements ux , uz and the axial strain
ex of the nanowire can be expressed as,54
@w
; uz ¼ wðx; tÞ;
@x
0  x  L; 0  t  T:

ux ¼ z

ex ¼  z

@2w
;
@x2
(7)

It is well known that the surface property of a nanoscale system is highly facet-dependent,55 leading to different
Lagrangian surface energy densities on different crystal
faces. For simplicity, we assume a [100] axially oriented
nanowire with a symmetric lateral surface in the present
model, which has an equal atom spacing in both bond directions, e.g., the (001) or (010) surface.13,34,35 In such a case,
the Lagrangian surface energy density can be written as45

 pﬃﬃﬃ

3da
1
2Eb a0
þ
3þ
/0 ¼ /0b 1 
4D
2
kð1 þ ex =2Þ


 2 2
kex
k ex
ex
2
ð
Þ
ð
Þ
3 k þ
þ 2k k  1
þ k  1 ; (8)
2
4
2
where k and a0 represent the surface relaxation parameter in
both bond directions of (001) surface and the bulk lattice
constant, respectively;53 D can be taken as the diameter or
height of nanowires.
The variation of bulk strain energy is written as

2
ðT ðL
ðT ð
1
1
@2w
rx ex dV ¼ d dt
Eb I
dx
dU ¼ d dt
@x2
V2
0
0
0 2
ðT ðL
@ 2 w @ 2 ðdwÞ
¼ dt Eb I 2
dx;
(9)
@x @x2
0
0

FIG. 2. Theoretical model of two kinds
of nanowires. (a) A cantilever nanowire; (b) a fixed-fixed nanowire; (c)
the cross-section of the nanowire.
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Ð
where I ¼ Anw z2 dA is the inertia moment, Anw denotes the
nanowire’s cross-section, and Eb is the bulk Young’s
modulus.
The variation of surface energy can be written as56
ðT ð
ðT ðL
ð
dU ¼ dt
c  dudS ¼
dxdt
ðcx dux þ cn dun ÞdC;
0

Snw

0

Cnw

0

(10)
where Snw represents the surface of nanowires, Cnw is the perimeter of a rectangular or a circular cross-section. cx and cn
represent the axial and normal components of the surfaceinduced traction, respectively. dux and dun are the corresponding displacement components of du. Combining Eqs.
(3), (4), (7), and (8) and noting that Js ¼ k2 ð1 þ ex =2Þ2 yield
the axially surface-induced traction cx ,45
"

2 #
2
2
@3w
2@ w
3 @ w
c x ¼ C0 z þ C1 z
þ
C
z
;
2
@x2
@x2
@x3
pﬃﬃﬃ
2Eb a0 A2 ð3  2kÞ
;
C0 ¼ /0 ð5  4kÞ 
2
pﬃﬃﬃ
pﬃﬃﬃ
2Eb a0 A2 ð5  4kÞ
C1 ¼ 2/0 þ 2Eb a0 A1 ð3  2kÞ 
;
2
pﬃﬃﬃ
2Eb a0 A1 ð7  4kÞ pﬃﬃﬃ
C2 ¼
 2Eb a0 A2 ;
2

 pﬃﬃﬃ
3da
2Eb a0
ðk  1Þ2 ;
þ
/0 ¼ /0b 1 
4D
2
2

1  10ðk  1Þ  17ðk  1Þ
;
4
2
A2 ¼ ðk  1Þ  5ðk  1Þ :
A1 ¼

(11)

Noting the curvature j ¼ ðn  rs Þ ¼ d 2 w=dx2 and
dun dw,57,58 the energy variation induced by the normal
surface-induced traction cn can be expressed as
cn dun

/jdw
"


2
2
@2w
2 @ w
¼  D0 z þ D1 z 2 þ D2 z
@x
@x2

3 #
@2w
@2w
dw;
þD3 z3
@x2
@x2
pﬃﬃﬃ
2Eb a0 A2 ð3  2kÞ
ð
Þ
;
D0 ¼ /0 3  2k ; D1 ¼ /0 
2
pﬃﬃﬃ
2Eb a0 A1 ð3  2kÞ pﬃﬃﬃ
D2 ¼
 2Eb a0 A2 ;
2
pﬃﬃﬃ
2Eb a0 A1
:
(12)
D3 ¼
2

Anw ¼ pd 2 =4 for a circular one. Combining Eqs. (9)–(13)
leads to the variation of potential energy function,
dP ¼ dU þ dU þ dK


ðT ðL
@ 2 w @ 2 ðdwÞ
¼
Eb I
dxdt
@x2
@x2
0 0
"

2 #
ðT ðL
@2w
@ 3 w @ ðdwÞ
dxdt
C0 Is1 þ C2 Is2

@x2
@x3 @x
0 0
"

2 #
ðT ðL
@2w
@2w
D0 Ic þ D2 Is1
dwdxdt

@x2
@x2
0 0
ðT ðL
@2w
qAnw 2 dwdxdt;
(14)
þ
@t
0 0
Ð
Ð
Ð
in which Is1 ¼ CNW z2 dC, Is2 ¼ CNW z4 dC, and Ic ¼ Cnw n2w dC.
Here, nw represents the vertical component of the unit normal vector n, which is parallel to wðx; tÞ.
For the case with different cross-section shapes, we
have
bh3
;
12

Rectangular : I ¼

Is1 ¼

bh2 h3
þ ;
2
6

bh4 h5
þ ; Ic ¼ 2b;
8
80
pd4
pd3
; Is1 ¼
;
Circular : I ¼
64
8
Is2 ¼

Is1 ¼

3pd5
;
128

Ic ¼

pd
;
2
(15)

where the height h of a rectangular cross-section and the
diameter d of a circular one are always considered to possess
a nanometer scale. Variational analysis of Eq. (14) leads to
the equilibrium equation of a vibrating nanowire (the highorder partial derivative of w is ignored),
ðEb I þ C0 Is1 Þ

@4w
@2w
@2w
 D0 Ic 2 ¼ qAnw 2 :
4
@x
@x
@t

(16)

Let wðx; tÞ ¼ WðxÞTðtÞ and TðtÞ ¼ T1 cosðxtÞ þT2 sinðxtÞ,59
where x is the angular resonant frequency of nanowires and
the resonant frequency f ¼ x=2p. Then, Eq. (16) can be further reduced to an ordinary differential equation with respect
to the vertical displacement function WðxÞ,
ðEb I þ C0 Is1 Þ

d4 W
d2 W

D
I
¼ qAnw x2 W ð xÞ:
0
c
dx4
dx2

(17)

The variation of kinetic energy is
 2
 2
ðT ð
ðT ðL
1 @w
1
@w
dK ¼ d dt
q
qAnw
dV ¼ d dt
dx
@t
@t
V2
0
0
0 2
ðT ðL
@2w
qAnw 2 dwdxdt;
(13)
¼
@t
0 0

B. Solution of a fixed-fixed nanowire

where q is the mass density of bulk materials; the crosssection Anw ¼ bh is for a rectangular nanowire and

where W1 W4 are undetermined coefficients and the
parameters k1 , k2 satisfy

Solving Eq. (17) yields the general solution of WðxÞ,
WðxÞ ¼ W1 cosðk1 xÞ þ W2 sinðk1 xÞ þ W3 coshðk2 xÞ
þ W4 sinhðk2 xÞ;

(18)

[This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
159.226.199.8 On: Tue, 15 Sep 2015 01:40:06

044303-5

Y. Yao and S. Chen

J. Appl. Phys. 118, 044303 (2015)

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
vs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 
2  2
u
c1
x
c1
k1 ¼ t
þ
 2;
2
2L
2L
c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
vs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u  
 2
2
u
c1
x
c1
þ 2;
k2 ¼ t
þ
2
2L
2L
c2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D 0 Ic L 2
Eb I þ C0 Is1
;
; c2 ¼
c1 ¼
Eb I þ C0 Is1
qAnw

(19)

with the following boundary conditions:
Wð0Þ ¼ 0;

W 0 ð0Þ ¼ 0;

WðLÞ ¼ 0;

W 0 ðLÞ ¼ 0: (20)

Combining Eqs. (18)–(20), the governing equation of the
angular resonant frequency x can be derived,
k1 k2 ½cosðk1 LÞ  coshðk2 LÞ2 þ ½k1 sinðk1 LÞ þ k2 sinhðk2 LÞ
 ½k2 sinðk1 LÞ  k1 sinhðk2 LÞ ¼ 0:

(21)

C. Solution of a cantilever nanowire

For a cantilever nanowire, the general solution of WðxÞ
is the same as Eq. (18) but with different boundary
conditions,
Wð0Þ ¼ 0;

W 0 ð0Þ ¼ 0;

W 00 ðLÞ ¼ 0;

W 000 ðLÞ ¼ 0: (22)

Combining Eqs. (18) and (22) leads to the governing equation of the angular resonant frequency x for a cantilever
nanowire,
½k12 cosðk1 LÞ þ k22 coshðk2 LÞ2 þ ½k1 sinðk1 LÞ þ k2 sinhðk2 LÞ
 ½k13 sinðk1 LÞ  k23 sinhðk2 LÞ ¼ 0:

(23)

We note that both Eqs. (21) and (23) are transcendental
equations having infinite number of roots. In the following
research, only the smallest positive solution of the two equations is numerically solved, which is referred as the angular
resonant frequency for the first vibration modes (fundamental resonant frequency).35,58 Meanwhile, according to the
conventional structural dynamics,59 the fundamental
frequency for a bulk solid is,
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xb
n2
Eb I
¼
fb ¼
;
(24)
2p 2pL2 qAnw
where n ¼ 1.875 for a cantilever beam and n ¼ 4:73 for a
fixed-fixed beam.
IV. RESULT AND DISCUSSION

The fundamental resonant frequency of a fixed-fixed
gold nanowire and a cantilever one with (001) surface was
calculated numerically by Park and Klein24 based on a SCB
model, which is compared to the theoretical prediction by the
present model and the Young-Laplace (Y-L) one35 as shown
in Fig. 3. The axial length of the nanowire is L ¼ 232 nm and
the square cross-section has a side length h ranging from 7 to

FIG. 3. Comparison between the theoretical prediction and the existing numerical result24 for a cantilever gold nanowire and a fixed-fixed one. (a) The
resonant frequency is a function of the height of nanowires; (b) the resonant
frequency is a function of the aspect ratio of nanowires.

25 nm. The mass density is q ¼ 19:3  103 kg=m3 and the
surface elastic modulus Es in the Y-L model is taken as
3:6 N=m.41 The other material parameters involved in the
model are da ¼ 0:2884 nm, a0 ¼ 0:42 nm, Eb ¼ 79 GPa,60
and /0bð001Þ ¼ 1:63 J=m2 .61 The isotropic surface relaxation
parameter k is proportional to the nano-scale height or diameter of nanowires, which can be expressed as k ¼ 1  cr =D
(cr > 0, D ¼ h or d).32,62 cr 0:025 nm is determined for
(001) gold surface.43 When the characteristic size is relatively
large (for example, D  5 nm), the surface relaxation parameter k tends to be unity.
Figure 3 shows that the theoretical prediction is qualitatively consistent with the numerical data given by Park and
Klein.24 The normalized resonant frequency f =fb of a fixedfixed nanowire increases, while that of a nano-cantilever
decreases with a decreasing height h or an increasing aspect
ratio L=h, which exhibits the same size-dependent behavior
as the effective Young’s modulus of nanowires since
ðf =fb Þ2 ¼ Eef f =Eb .12,24,35 Such a size effect of elastic modulus is basically induced by different deflection curvatures
under different boundary conditions.45 As the height of nanowires increases or the aspect ratio decreases, the surface
effect is weakened and both the theoretical result and the
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numerical one approach the bulk value. The classical elasticity theory cannot predict the size-dependent phenomena,
while the theoretical model considering the size effect
works, indicating the surface effect in nanomaterials arising
from the sample geometry. Therefore, the vibrating frequency of resonators and sensors in NEMs can be effectively
controlled by tailoring the geometrical size and boundary of
nanowires. Comparing the result predicted by the Y-L
model35 and that given by the present model, good agreement can be found. However, determination of the surface
elastic modulus is avoided in the present model. In addition,
the bulk surface energy density and the surface relaxation parameter in the present continuum model can be easily
achieved.
A quantitative difference can be found between our
result and the one obtained by Park and Klein,24 especially
for the case of cantilever nanowires with a small height or a
large aspect ratio (h  12 nm or L=h  15). He and Lilley35
argued that such a difference is due to the axial relaxation of
nanowires, which can be captured in the numerical model
but not considered in the Y-L model. However, the surface
relaxation of a gold nanowire was proved to almost vanish
when the height is larger than 5 nm,32,62 which should have
an insignificant effect on the mechanical performance of
nanowires considered here (h  7 nm). As shown in Fig. 4,
the SCB model actually takes into account a surface region
consisting of several atomic layers, within which the elastic
modulus varies continuously from the top layer to the inside
region through a transition zone,24 while the continuum
model assumes a zero-thickness surface, across which the
modulus should experience a jump from the inside to the surface layer.9,35,43 Therefore, the different definitions of nanowire’s surface in theoretical and numerical models should be
responsible for the deviation of the results, especially when
the characteristic length of nanomaterials or nanostructures
is relatively small.
In addition, based on the surface elasticity theory, a FE
model was proposed by Feng et al.31 to predict the fundamental resonant frequency of a silicon cantilever nanowire.
Compared with Fig. 3, the FE result quantitatively agrees
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FIG. 5. Comparison of the resonant frequency between the theoretical prediction and the FE result31 for a silicon cantilever nanowire.

with our theoretical predictions as shown in Fig. 5, which
demonstrates the fact that a zero-thickness surface assumption
is adopted both in our theoretical model and in the FE one
within the framework of the surface elasticity theory.31 When
the height of nanowires is smaller than 100 nm, deviation
between the theoretical and numerical results is inevitable due
to different considerations of the surface effect in nanomaterials. The surface elastic constants in the surface elasticity
theory are independent of the sample size, while the surface
relaxation parameter in the present model depends on it.
A recent numerical study based on density functional
theory (DFT) simulations found that the elastic properties of
metallic nanostructures exhibit not only the size dependent
feature due to the surface effect but also a size-dependent
oscillation arising from a quantum size effect (QSE).63 The
quantum effect is a crucial attribute of a nanoscale system
since the dangling bonds on the free surface of nanomaterials
would induce obvious variations in atoms besides the bond
length change.52 However, such an effect at atomic scales is
difficult to be characterized by continuum approaches and
MD simulations. Further investigations on the mechanical
behavior of nanomaterials need to consider quantum effects.
V. CONCLUSIONS

Based on the recently developed continuum theory for
nanomaterials,43 the resonant vibration behavior of nanowires
with different boundary conditions is investigated. The theoretical prediction of fundamental resonant frequency exhibits
a consistent size-dependence with the existing numerical
result, i.e., stiffening of a fixed-fixed nanowire while softening of a cantilever one for a decreasing characteristic length.
Such a varying trend can be further enhanced by increasing
the aspect ratio of nanowires. The result in the present paper
should be helpful for the design of resonators and sensors
with an aim of controllable mechanical performances.
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