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ABSTRACT Fracture toughness is one of the crucial mechanical properties of brittle materials
such as glasses and ceramics which demonstrate catastrophic failure modes. Conventional stan-
dardized testing methods adopted for fracture toughness determination require large specimens
to satisfy the plane strain condition. As for small specimens, indentation is a popular, sometimes
exclusive testing mode to determine fracture toughness for it can be performed on a small flat area
of the specimen surface. This review focuses on the development of indentation fracture theories
and the representative testing methods. Cracking pattern dependent on indenter geometry and
material property plays an important role in modeling, and is the main reason for the diversity of
indentation fracture theories and testing methods. Along with the simplicity of specimen require-
ment is the complexity of modeling and analysis which accounts for the semi-empirical features of
indentation fracture tests. Some unresolved issues shaping the gap between indentation fracture
tests and standardization are also discussed.
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I. INTRODUCTION
Since Palmqvist[1–3] initially exhibited the potential significance of indentation-induced cracking to

characterize the toughness of brittle materials, indentation fracture testing (IFT) in determining the
fracture toughness (KIC) of brittle materials on small scales has been the research hotspot over the
past half century. Due to the requirements of sample size and shape in conventional fracture testing
(CFT), there are few choices other than IFT when the test sample is small. On the other hand, due
to the complication of contact/fracture problems, there is still no single model or method which can
be applied to most brittle materials. Each existing method assumes a specific cracking pattern and is
appropriate for a certain category of materials.

Several informative reviews on IFT have been published in 1980s and 1990s. Cook and Pharr[4]

delivered a comprehensive review on the experimental investigations on Vickers IFT. Ostojic and
McPherson[5] reviewed the basic principles of indentation fracture. Ponton and Rawlings[6,7] made
an experimental investigation to assess the validity of some representative Vickers IFT methods. A
great progress in the research on indentation fracture has been made in the past twenty years. New
phenomena have been observed and new testing methods have been developed. Three-sided Berkovich
and cube-corner indenters other than four-sided Vickers indenters have also become important options
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Fig. 1. Three typical pyramidal indenters for indentation fracture testing.

for certain testing conditions. By virtue of the development of electromechanical techniques, machines
with the function of instrumented indentation testing (IIT) have prevailed in IFT. Compared with
Vickers hardness tester usually adopted in classic IFT, IIT machines have additional functions other
than producing cracks, such as measuring elastic modulus and indentation works. Consequently some
IIT-aided IFT methods have been developed in recent years. Thus there is a need to make a review to
cover these improvements.

This review focuses on IFT methods and related theories for bulk brittle materials although there
is also a strong demand of measuring the fracture toughness of hard coatings as well. Due to the
complication of coating/substrate system, IFT methods for hard coatings were generally developed
based on the combination of fracture energy concept and simplified cracking patterns. Chen et al.[8]

recently made an informative review on IFT methods for hard coatings[9] which may give a bird’s-eye
view of this aspect to the interested.

II. INDENTATION CRACKING PATTERNS
Knowledge on the geometric features of crack faces underlies the modeling of indentation fracture,

and determines how crack size plays its role in an IFT method. Thus it is crucial to be aware of the
cracking patterns and its evolving process before establishing or using an IFT method.

Three kinds of pyramidal indenters (see Fig.1) and spherical indenters with different radii are usually
used in IFT. Indentation-induced cracking patterns are dependent mainly on the geometry of the
indenter[4,10–12] and secondarily on the material properties of the sample[4,13]. As for a pyramidal
indenter, the cracking pattern in the indented brittle specimen generally includes one or several of the
following separate crack types, (i) median crack (see Fig.2(a)), which resides below the indentation
site, initiates at the elastic/plastic boundary, extends upward and downward and finally forms into a
penny-like crack face; (ii) radial crack (see Fig.2(b)), which resides near the sample surface and emanates
radially from the indentation corner; (iii) lateral crack (see Fig.2(c)), which resides blow the indentation
site and extends nearly parallel to the sample surface. In many cases with Vickers indenter, the median
and radial cracks coalesce into half-penny cracks (see Fig.2(d)). As for a spherical indenter, it usually
produces in the brittle specimen a truncated cone crack face (see Fig.2(e)) which forms a ring crack
trace at the sample surface. The property of indented materials has effect on some important details
of cracking pattern such as the relative length of radial crack for pyramidal indentations and the angle
of cone crack for spherical indentations.

The evolving process of cracking patterns during the loading-unloading cycle of indentation is critical
to the rationality of indentation fracture analysis and the validity of IFT methods. As for pyramidal
indentations, according to stress field analyses and experimental observations[4,14–16], median cracks
usually initiate and extend during the loading phase, radial cracks initiate in the late loading phase
or the early unloading phase and extend forward during the unloading phase (see Fig.3), the lateral
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Fig. 2. Typical cracking patterns in indentation fracture tests[4].

Fig. 3. The initiation and propagation process of pyramidal-indentation-induced radial cracks during the indentation
cycle[15,16].

cracks usually initiate and extend at the end of unloading process. The enhancing feature of radial
cracks in the unloading phase justifies most existing IFT methods using pyramidal indenters. As for
spherical indentations, according to stress analyses and experimental observations[17–21], a superficial
ring crack perpendicular to the specimen surface initiates outside the edge of contact area when the
indentation load reaches a threshold value. Increasing the indentation load will make the ring crack
extend downward at a certain angle and finally form into a truncated cone crack face at the end of
loading process.

III. PYRAMIDAL IFT METHODS
By virtue of the sharp tip and edges, pyramidal indenters such as Vickers, Berkovich and cube-corner

ones are prone to create easy-to-measure radial crack traces (see Fig.4) on the specimen surface. It
accounts for the popularity of pyramidal IFT methods in both research and practice. On the other
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Fig. 4. Representative dimensions of pyramidal indentation fracture testing methods.

hand, the singularity of stress field under the indenter tip and edges makes it difficult to analytically
solve the contact/fracture problems and results in a fact that most existing pyramidal IFT methods
were just developed semi-empirically or empirically.

3.1. Theories

3.1.1. Half-penny cracks

As the pioneers attempting to investigate pyramidal indentation fracture problems with an analytical
method, in 1976, Evans and Charles[22] proposed a simplified relationship between fracture toughness
and measuring parameters for Vickers IFT if radial cracks are well-developed (c≫ a). By dimensional
analysis and experimental data fitting, they can obtain
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in which, c is the radial crack size (see Fig.4), a is the half diagonal of the indent, constraint factor
Φ ≈ 3, HV is Vickers hardness (HV = Fm/(2a

2), where Fm is the maximum indentation load), and E
is the elastic modulus of the specimen.

In 1980, Lawn et al.[14] advanced Evans and Charles’s investigation further by proposing an elas-
tic/plastic indentation fracture model for Vickers IFT. In this model the volume of specimen under
indentation is divided into two zones, a semi-spherical plastic zone immediately under the indenter and
the surrounding elastic zone outside (see Fig.5). Crack faces below the radial crack traces are assumed
as half-penny shape (see Fig.2(d)). The stress field of indentation is treated as the superposition of the
reversible part (see Fig.5(b)) caused by pointed indentation load and the irreversible part (see Fig.5(c))
caused by expansion of plastic zone during indentation. In 1982, Yoffe[23] presented an explicit expres-
sion for this kind of two-part indentation-induced stress field over the elastic zone. In this model, the
circumferential stress at the specimen surface which is responsible for radial cracking can be expressed
as

σθ(r) = −F (1 − 2ν)

2πr2
+

4B (1 − 2ν)

r3
(2)

in which, F stands for the indentation load, ν stands for the Poisson’s ratio of specimen, and r denotes
the polar coordinate which equals to the distance away from the indentation origin. On the right side of
Eq.(2), the first term is the reversible part caused by pointed indentation load which will be recovered
after withdrawing the indenter, the second term represents the irreversible part caused by expansion of
plastic zone during the indentation.B in Eq.(2) is a positive quantity with the dimension of energy ([FL])
which increases during the process of indenter penetrating into specimen and reaches its maximum at
the end of loading process, then holds the maximum value all through the unloading phase. Eq.(2)
implies that the radial-crack-driving stress increases while F decreases in the unloading phase so that
the radial cracks reach their maximum sizes at the end of unloading phase.

If the half-penny cracks are well-developed (c ≫ a), i.e., the crack fronts extend to the elastic
zone, the action of irreversible plastic zone expansion on half-penny crack face after unloading can be
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Fig. 5. Schematic of the elastic/plastic indentation fracture model by Lawn et al.[14].

simplified into a pair of opposite centered pointed forces normal to the half-penny cracks[14]:

Fr ∝ Fm

(a

b

)

(

E

H

)

cotψ (3)

in which, b is the radius of semi-spherical plastic zone, ψ is the face-to-axis angle of the Vickers indenter
(74◦), H is the Meyer’s hardness[24] standing for the contact pressure of indentation. Based on Hill’s
expanding cavity model[25], Lawn et al.[14] established an approximate relationship between the relative
size of plastic zone b/a and E/H as
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Thus Eq.(3) can be rewritten as

Fr ∝ Fm

(

E

H

)1/2
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Using an existing solution[26] of the stress intensity factor for the embedded penny crack subject to
a pair of normal pointed forces, the stress intensity factor at front of half-penny crack can be written
as

Kr ∝ f(φ)
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in which, f(φ) standing for the effect of the specimen surface is an angular function near unity and
reaches its maximum at the specimen surface (φ = π/2). Thus the fracture toughness should be equal
to the stress intensity factor at the half-penny crack front at specimen surface as

KIC = Kr|φ=π/2 (7)

Combining Eq.(5) with Eq.(4) yields the expression of the fracture toughness as

KIC = δ
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)1/2
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c3/2
(8)
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in which, δ ∝ f(π/2)(cotψ)3/2 is a material-independent constant standing for the influence of indenter
geometry and the effect of free specimen surface.

By simplifying Hill’s expanding cavity model, Laugier[27] obtained a different approximate relation-
ship between b/a and E/H as

b
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)1/3

(9)

and established another expression of fracture toughness for well-developed half-penny cracks induced
by Vickers indenter as

KIC = δL1
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)2/3
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(10)

3.1.2. Separate radial cracks

In many cases there are well-developed separate radial racks (see Fig.2(b)) instead of coalesced half-
penny cracks (see Fig.2(d)) beneath the surface radial crack traces. Based on the existing solution[28]

of stress intensity factor for the embedded plane crack subjected to a pair of normal pointed forces,
Laugier[13] established the relationship between the stress intensity factors calculated with the assump-
tion of the separate-radial-cracking pattern (KR) and half-penny-cracking pattern (KHP) as follows:
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)1/2
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inwhich, l is the length of the radial crack trace (seeFig.2(a)), thus c= a+l. By combining the relationship
in Eq.(11) with fracture toughness expression in Eq.(10), Laugier[13] established an expression of fracture
toughness for well-developed separate radial cracks produced by Vickers indenter as
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in which, δL2 is a material-independent constant.
With the development of instrumented indentation testing (IIT) techniques, the three-sidedBerkovich

indenter (see Fig.1(b)), which has the same depth-projected area relationship as the four-sided Vickers
indenter, becomes the most popular indenter since a three-sided indenter’s tip geometry is much easier
to be manufactured accurately. Due to their different numbers of edges, when indenting on a brittle
specimen, Berkovich and Vickers indenters produce three and four radial cracks, respectively (see
Fig.4). Based on Laugier’s fracture toughness expression[13] for well-developed separate radial cracks
and the relationship between the stress intensity factor and the number of radial cracks proposed by
Ouchterlony[29], Dukino and Swain[10] established an expression of fracture toughness for well-developed
radial cracks for Berkovich ITF as

KIC = 1.073δL2
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)1/2
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)2/3
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c3/2
(13)

in which, δL2 is the same constant as in Eq.(12). The coefficient 1.073 close to unity implies that dif-
ference between Vickers and Berkovich indenters for IFT is not significant.

3.2. Representative Methods

A great number of IFT methods for determining fracture toughness based on the theories mentioned
above have been established to date. As for well-developed cracks (c ≫ a), the methods were mainly
established semi-empirically based on the half-penny-crackingmodels or separate-radial-crackingmodels
introduced in §3.1 and the calibration of test data. As for short radial cracks, also called Palmqvist
cracks which do not satisfy the condition of c≫ a, the method were generally established empirically
based on the calibration of test data.
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3.2.1. Well-developed radial cracks

A classic IFT method forwell-developed radial cracksusing Vickers indenter was established by Anstis
et al.[30]. They calibrated the material-independent constant in Eq.(8) on Vickers IFT experimental data
on a series of typical brittle materials including glasses and ceramics with known fracture toughness,
and obtained δ = 0.016 ± 0.004[30]. When using this method, Meyer’s hardness H is calculated by
H = Fm/(2a

2), and elastic modulus is usually measured by conventional tensile or bending tests. In
this method, ‘well-developed’ is defined as c ≥ 2a, which can also act as the common requirement of
the relative crack length for other IFT methods utilizing well-developed radial cracks.

By using Anstis et al.’s experimental data[30], Laugier calibrated the material-independent constant in
Eq.(10) and obtained δL1 = 0.0098±0.0025[27] with the assumption of well-developed half-penny cracks,
and calibrated the material-independent constant in Eq.(12) and obtained δL2 = 0.015±0.0039[13] with
the assumption of well-developed separate radial cracks.

Pharr et al.[31–33] first utilized the instrumented indentation testing (IIT) techniques (see Appendix
in detail) in IFT research. They used Vickers, Berkovich and cube-corner indenters to produce radial
cracks, respectively, on a series of typical brittle materials, then used a Berkovich indenter to perform
non-cracking IIT on a different area of the specimen surface to measure E andH , and found that Eq.(8)
works well for both Vickers and Berkovich indenters if δ = 0.016[31], and works well for cube-corner
indenter if δ = 0.032 ∼ 0.040[31–33]. They also found that the cube-corner indenter, compared with
Vickers and Berkovich indenters, can significantly lower the threshold indentation load for radial cracks
initiation due to its much smaller acuity[32].

As for above-mentioned IFT methods even those utilizing IIT techniques, there is a common in-
convenience that E or H cannot be measured directly in the IFT. This inconvenience gives rise to the
requirement of additional testing and undermines the accuracy of local fracture toughness determina-
tion. To solve this problem, Zhang and Feng et al.[34,35] utilized the scaling relationship for pyramidal
indention works (see Eq.(39)) to establish a work-based IFT method. Combining Eqs.(8), (37) and (39),
given Ei ≫ E and ν = 0.25 (work for most glasses and ceramics), yields this work-based method’s
expression:

KIC = λ

(
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)

−1/2
Fm

c3/2
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in which, λ is a material-independent constant which is obtained, by calibration with typical brittle
materials, 0.0498 for Vickers indenter, and 0.0527 for cube-corner indenter, respectively. All parameters
in Eq.(14) can be obtained directly in Vickers or cube-corner IFT because the recovery ratio of indentation
work (Wu/Wt) is insensitive to indentation-induced radial cracking[34,35].

There are plenty of other IFT models and methods for well-developed radial cracks in addition to
the above mentioned ones, such as Fett et al.’s Vickers IFT methods[36,37] based on opening-profile
measurement of radial cracks and Shetty et al.’s wedge-loaded Vickers IFT model[38,39]. Due to their
inconvenience or less practice, these models and methods are not discussed in detail in the present
paper.

3.2.2. Palmqvist radial cracks

There is no effective analytical model for Palmqvist radial cracks having small values of c/a so far
because the plastic zone’s action on crack face cannot be simplified into a pair of opposite pointed
forces. The existing methods were mainly established empirically.

Based on Evans and Charles’s investigation[22], Niihara et ai.[40,41] proposed that differentVickers IFT
formulae shouldbe established forwell-developed radial cracks (c≫ a) andPalmqvist radial cracks (small
c/a), respectively. Calibrating on extensive experimental data over Palmqvist range (0.25 ≤ l/a ≤ 2.5)
and well-developed range (c/a ≥ 2.5), Niihara et al.[40] obtained (see Fig.6)
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Lankford[42] found that there exists a common formula for both Palmqvist and well-developed radial
cracks if the exponent of c/a is set as −0.156, and obtained a full-range method for Vickers IFT:
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Liang et al.[43] empirically established another full-range method for Vickers IFT by taking into
account the effect of Poisson’s ratio:
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which may somewhat lower the uncertainty of fracture toughness determination.

Fig. 6. Calibration of formulae for both well-developed ra-
dial cracks Palmqvist radial cracks respectively[40] .

Fig. 7. Schematic of spherical indentation fracture on brittle
materials.

IV. SPHERICAL IFT METHODS
Elastic deformation prevails when the spherical indenter is pressed upon brittle materials. The elastic

stress field beneath the spherical indenter is non-singular and has been solved analytically[44,45] so that
the spherical IFT methods for fracture toughness can be modeled analytically. However, because of
the difficulty of accurate measurement of analyzing parameters and the sensitivity to the coefficient
of friction and Poisson’s ratios, spherical IFT methods are not as popular as Vickers IFT methods in
practice.

4.1. Theories

The elastic stress field beneath the spherical indenter can be expressed explicitly in cylindrical
coordinates as follows[45]:
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in which, σ0 = 3F/(2πa2), L is

L =

√

1

2

[

R2 + Z2 − 1 +
√

(R2 + Z2 − 1)2 + 4Z2
]

(19)

and R2 = X2 +Y 2, X = x/a, Y = y/a, Z = z/a are normalized coordinates, a is the radius of contact
area (see Fig.7) and can be calculated by

a3 =
4kFR

3E
(20)

where k can be expressed as

k =
9
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in which, νi and Ei stand for the Poisson’s ratio and elastic modulus of the indenter, respectively.
From Eq.(18), the first principal stress can be obtained as
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in the direction of

tan(2α) =
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The cone crack is driven by σ1, thus the stress intensity factor at the front of cone crack can be
calculated by integration over the cone crack length, as[18,19,45,46]

KI = 2
(c0
π

)1/2
∫ c0

0

σ1 (c)

(c20 − c2)
1/2

dc (24)

Warren[21] considered the superficial ring crack rather than the deeply located cone crack. The stress
intensity factor KI at a pre-existing ring defect can be expressed as
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√
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where p0 denotes the peak pressure over the contact area and can be expressed as

p0 =
3F

2πa2
(26)

In Eq.(25), cring denotes the size (viz. depth) of the ring defect, µ is a dimensionless function as

µ = f
( r

a
,
cring

a
, ν

)

(27)

Considering the condition that the ring defect extends forward at a threshold indentation load,
F = F ∗, one can obtain fracture toughness KIC by inserting Eqs.(21), (22), (26) and (37) into Eq.(25),
i.e.,

ErF
∗

RK2
IC

=
π

3µ2(cring/a)
(28)

in which, Er is the reduced modulus which can be calculated using Eq.(37).

4.2. Representative Methods

Frank and Lawn and Zeng et al.[18,19,45,46] proposed an spherical IFT method based on Eq.(24). In
this method, fracture toughness can be obtained by equaling its value to the stress intensity factor at
the cone crack front at the end of loading process, i.e.,

KIC = 2
(c0
π

)1/2
∫ c0

0

σ1 (c)

(c20 − c2)
1/2

dc (29)
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This method is just applicable to transparent materials because the size of cone crack c0 (see
Fig.7) should be measured to calculate the fracture toughness and cross-sectioning specimens may arise
dramatic re-extension of cone crack and yields the unacceptable c0 measurement[47].

Warren[21] proposed a spherical IFT method applicable to both transparent and opaque materi-
als which utilizes ring cracks. Warren conducted numerical investigation on Eq.(28), and found the
relationship between KIC and the minimum F ∗, viz. FC as

KIC =

(

ErFC

ξR

)1/2

(30)

in which ξ is a dimensionless constant dependent on the Poisson’s ratio[21]. FC is usually detected using
an acoustic emission (AE) detector. It should be noted that it is not easy to distinguish between the
AE signals associated with indentation cracking and those associated with other potential sources such
as friction between the indenter and the specimen[48].

V. DISCUSSION
5.1. Pyramidal IFT Methods versus Spherical IFT Methods

According to the above investigation on the developing state of IFT methods using pyramidal
indenters and spherical indenters so far, it is found that pyramidal IFT methods can serve broader
categories of brittle materials since no transparent feature are needed and the characteristic parameters
can be easily and accuratelymeasured.Existing pyramidal IFT methods were developed semi-empirically
or empirically and resulted in the variety of formulae of methods. As for the spherical IFT methods
based on analytical models, the working range is narrow or the precise measurement is difficult.

Therefore the pyramidal IFT methods should be preferred in the practice of measuring fracture
toughness. However, the spherical IFT also can play an important role in theoretical analysis of frac-
ture phenomena other than probing toughness.

5.2. Sources of the Diversity of Pyramidal IFT Methods

The diversity of pyramidal IFT methods are mainly caused by three factors: (i) Different cracking
features such as well-developed radial cracks and Palmqvist radial cracks. (ii) Mathematical difficulties,
which resulted in plenty of approximate solutions to a same problem. For example, the relationship
between b/a and E/H should be established by solving the equation[25]

E

H
=

9
[

(1 − ν)β3 − 2 (1 − 2ν)/3
]

2 (1 + ln β3)
(31)

in which, β = b/r0 ∝ b/a is the relative size of plastic zone for indentations using a pyramidal indenter.
It is difficult to obtain β’s rigorous solution from Eq.(31). Different approximate solutions of β by
researchers result in the variety of the exponent of E/H in formulae of different existing pyramidal IFT
methods. (iii) Different coverage of reference materials selected for calibrating formulae of pyramidal
IFT methods.

5.3. Considerations in Choosing IFT Methods and Indenter Geometries

Due to the diversity of pyramidal IFT methods, cautions should be taken when choosing the appro-
priate method for a certain case. The following factors should be considered when choosing methods: (i)
geometric features of specimen. For example, cube-corner indenter is preferred for much smaller speci-
mens and films. (ii) Features of the cracking pattern. A method based on similar assumption of cracking
pattern of the test material should be adopted. (iii) Coverage of the reference materials. A method
whose reference materials for formula calibration cover the type of the test material should be preferred.

5.4. Gap Between Existing IFT Methods and Standardization

Comparedwith those standardized conventional fracture testing (CFT)methods, existing indentation
fracture testing (IFT) methods have two crucial unsolved problems which accounts for the criticism[49]

and shape the gap between the existing IFT methods and standardization. The first problem is the
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diversity of existing IFT methods which were mainly caused by non-analytical solution to the half-
space contact/fracture problem, especially for pyramidal IFT methods. The second one is indefinite
working range of certain IFT methods. Future developments in analytically modeling of half-space
sharp contact/fracture problems and extensive experimental investigation on the working range of IFT
methods will increase their acceptance in practice and reach the requirements of standardization.

VI. CONCLUSION
Indentation fracture testing is a convenient, sometimes exclusive tool, to probe fracture toughness

of brittle materials on small scales since it can avoid the size and shape limits on specimens required in
standardized conventional fracture testing. The past half century has seen the substantial development
on the investigation of cracking patterns and the establishment of testing methods for both pyramidal and
spherical indentation fracture testing. Considering the immaturity and diversity of current indentation
fracture testing, cautions and expertise should be taken while using indentation fracture testing methods
to probe fracture toughness of brittle materials. Future development in analytical solution to half-space
sharp contact/fracture problems and extensive investigation on working range of existing methods
are in demand to increase the acceptance of indentation fracture testing in practice and realize the
standardization.
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APPENDIX

Common instrumented indentation testing techniques
Instrumented indentation testing (IIT) techniques are mainly aimed to probe mechanical parameters

and properties of specimens at small scales. The basic work flow of IIT techniques is to push an indenter
into a flat sample surface and withdraw it, then to analyze the load-depth (F -h) curve to obtain
mechanical parameters and properties. IIT techniques have played an important role in the development
of indentation fracture testing (IFT) methods in the past twenty years. In this section, some commonly
accepted IIT techniques which have facilitated IFT development are to be introduced. The IIT methods
for determining H and E have been standardized[9,50].

The unloading curve can be described using a power-law function

F = B (h− hf)
m

(32)

With the least square fitting on the unloading curve, one can obtain B, hf and m. Then the contact
stiffness S at the initiation of unloading can be obtained by calculating the slope of unloading curve
at the maximum indentation depth hm:

S =
dF

dh

∣

∣

∣

∣

h=hm

= Bm (hm − hf)
m−1

(33)

The contact depth hc can be calculated using

hc = hm − ε
Fm

S
(34)

where ε is constant, 0.75. The projected contact area can be determined by area function

A (hc) =

8
∑

i=0

Cih
1/2i−1

c (35)

This area function should be calibrated beforehand and regularly on standard reference block with
known elastic modulus. According to ISO14577[9], if indentation depth is beyond 6 µm, area function
can be calculated using the depth-projected area correlation of the ideal pyramidal indenter geometry,
for example, A(hc) = 24.5h2

c for Vickers indenter and Berkovich indenter, and A(hc) = 2.60h2
c for

cube-corner indenter. The reduced modulus can be obtained by

Er =

√
π

2β

S√
A

(36)

in which, β is a constant just depending on the indenter geometry, where β = 1.034 for Berkovich
indenter and cube-corner indenter, and β = 1.012 for Vickers indenter[51]. Then the elastic modulus
can be calculated by

1

Er
=

1 − ν2
i

Ei
+

1 − ν2

E
(37)
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in which νi and Ei are the Poisson’s ratio and elastic modulus of the indenter. The hardness can be
calculated by dividing the indentation load by the projected contact area as

H =
Fm

A (hc)
(38)

It should be noted, from Eq.(34), that sink-in (hc < h, see Fig.8) feature is assumed in IIT techniques
for determining E and H . Thus there may be significant error in the measurements of E and H for
indentations with a pile-up (hc > h) phenomenon.

Fig. 8. Schematic of instrumented indentation testing.

There is an important relationship for indentations using geometrically self-similar indenters such
as pyramidal ones including Vickers, Berkovich and cube-corner indenters, as

H

Er
≈ κ

Wu

Wt
(39)

in which, the total loading work Wu =
∫ hm

0 Funloading(h)dh represents the area under the loading part

of F -h curve (see Fig.8), the unloading work Wt =
∫ hm

0
Floading(h)dh represents the area under the

unloading part of F -h curve (see Fig.8), and κ is a constant depending on the indenter’s tip included
angle[52–54]. A great advantage of the relationship revealed in Eq.(39) is that it works for both sink-in
and pile-up indentations.




