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ABSTRACT. Th i s  pape r  d e a l s  w i th  t he  s t e a d y  b a s i c  s t a t e  of  a d i s c  ga l axy  w i t h  
f i n i t e  t h i c k n e s s .  A hydrodynamica l  model i s  used  and t h e  z e r o t h  and f i r s t  
o r d e r  s o l u t i o n s  i n  the  smal l  p a r a m e t e r  t h i c k n e s s / ( o v e r a l l  r a d i u s )  a r e  o b t a i n e d .  

1. I~ATHEMATICAL FORMULATION OF THE PROBLEM NON-DIMENSIONAL EQUATIONS 

We adop t  t he  s i m p l i f y i n g  method o f  s i m u l a t i n g  a g a l a c t i c  d i s k  by a s e l f - g r a v i t a t i n g ,  "gaseous  

d i s k " . T u r b u l e n t  s t r e s s  i s  s i m u l a t e d  by t he  gas p r e s s u r e ,  and t he  d i s p e r s i o n  of  s t a r  v e l o c i t i e s  by 

the  " e q u i v a l e n t  v e l o c i t y  of  sound" ,  and t he  b a s i c  e q u a t i o n s  c o n s i s t  of  t he  e q u a t i o n  of  

c o n t i n u i t y ,  t he  hydrodynamica l  e q u a t i o n s  and P o i s s o n ' s  e q u a t i o n  f o r  t h e  g r a v i t a t i o n a l  

p o t e n t i a l .  Let  t h e  t o t a l  mass o f  t he  sys tem be M and,  w i t h  t h e  g r a v i t a t i o n a l  f o r c e  b a l a n c i n g  

t he  c e n t r i f u g a l  f o r c e  and t h e  " p r e s s u r e " ,  the  m a t t e r  be c o n c e n t r a t e d  i n  a d i s c  of  f i n i t e  

t h i c k n e s s :  0 ~ ,  r '  <~ R ; 8 = 8 ( r ) ;  e ~- ~ << 1. We adop t  t he  o r t h o g o n a l  c u r v i l i n e a r  c o o r d i n a t e s  
R 

( r ' ,  O, z ' )  shown i n  F ig .  1, i n  which z ' = c o n s t ,  i s  a f a m i l y  of  curved  s u r f a c e s  p a r a l l e l  to  

t he  boundary  p r o f i l e  o f  t he  d i s k .  In te rms of  t he  b a s i c  p a r a m e t e r s  M, G, R, and ~ ( r ) ,  we 

d e f i n e  t he  n o n - d i m e n s i o n a l  r a d i u s  r ,  h e i g h t  z ,  t ime  t ,  volume and s u r f a c e  d e n s i t i e s  O and o ( r ) ,  

v e l o c i t i e s  i n  t h e  3 - c o o r d i n a t e  d i r e c t i o n s  ( u , v , w , ) ,  e q u i v a l e n t  sound v e l o c i t i e s  (a~,  a~,  a ~ ) ,  

r e c i p r o c a l  Mach numbers (M~, M~, M~) and g r a v i t a t i o n a l  p o t e n t i a l  ~ as f o l l o w s :  

= (4~rGM'~ '/2 
Vo \ - - - ~  / 

r = R r ,  z ' ~ - 8 ( r ) "  z ,  

(u', v', w') = Vo(U, v, w).  

e= 2 2 .  t2 ~ 2 2 n~ ~ 2 2 
a, : M~,Voa,, ao "= MoVoao, a, ~= M' ,Voa, .  

,a . :  ' # z  

0,1) 
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F i r s t  we suppose the d i sk  p r o f i l e  to vary s l o w l y  ''~',,~ln~'rJ, ~ 1~," so we may n e g l e c t  the  
\ I dr  I ] 

a d d i t i o n a l  smal l  q u a n t i t i e s  due to  t r a n s f o r m a t i o n  o f  c u r v i l i n e a r  c o o r d i n a t e s  i n  the  Lamg 

c o e f f i c i e n t s  and o b t a i n  the  f o l l o w i n g  s e t  o f  b a s i c  non-d imens iona l  e q u a t i o n s :  

) 

Fig.  1 C u r v i l i n e a r  c o o r d i n a t e  system fo r  a d i sk  ga laxy 

+ o(p.) + ± o(p~) + e~) + o(p~) = 0, 
Or r 00 Oz 

O__u_u+ v Ou . + w + s  M~,a =, + ----0, 
+ u Or r O0 ~ Or 

+ " 0 7  . b-g + -  + ~ o 7  oo 7 o o J  - ° '  

o~ ~ Obo ) o,,, ~ a,l, + u ~ + --r + w -0"-'~ + M~a2* Oz + Oz . . . . . .  O, 

t o_.~_+ 1 o,~, ) o',/,_o. 
+ 7  Or r "-~ Oo = ~ p + Oz 2 - -  

(1.2) 

Next we no te  t h a t  t he  d i sk  t h i c k n e s s  ~ i s  ma in t a ined  by the  v e l o c i t y  d i s p e r s i o n  a g a i n s t  the  

Ra~" 
f o r c e  o f  g r a v i t y ,  so t h a t  as M,--~O~ we must have 8 - - ~ 0 .  Hence we may t a k e M a , ~ s ~  4 x G M  

L a s t l y ,  we s h a l l  c o n s i d e r  the  ax isymmetr ic  b a s i c  s t a t e  to  be in  a s t e a d y  s t a t e  wi th  no 

outward m a t e r i a l  f low from the  c e n t r e .  Then from ( 1 . 2 ) ,  we ge t  

~,'(o,, + t o .  _ A" 02~ (1.3)3 

The p r o j e c t e d  s u r f a c e  d e n s i t y  i s  de te rmined  by 

I + £ e p d z .  ~ ( r ) =  ( 1 . 4 )  

Boundary Cond i t i ons  

1. At i n f i n i t y ,  when r - - } o o ;  ]z[ --}oo p~ ~ - - } 0 ;  

2. On the  p lane  o f  symmetry: 

(1) ~ ,  p J . ~ .  = ~ ,  pf..==o-; o p_ = o ~  = o; 
Oz O. 

(1.5) 

(1.6) 
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. . 2  

(2) ~ ~],,,=o i s  a known f u n c t i o n  
r z-~-o 

or a ( r )  is a known function 

or p(r~ z)l,=0= p(r, 0) is a known function 

(1.7) 

41,8) 
(1.9> 

2. SOLUTION OF POISSON'S EQUATION AND ITS DEVELOPMENT 

Under the boundary conditions (1.5) and (1.6), the solution of Poisson's equation is: when 

z>0, 

~(r, ~)'-"- -- 1_ I~ J~ [ I f  e-'~l'-"16P(r'z')dz' ] rt]o(~rt)Jo(~r)dr,dk,; 42.1)  
2 

and when z < O ,  

O ( r ,  z ) = = O ( r ,  - - z ) ;  p(r, z)---~p(r, --z).  ( 2 . 2 )  

From the  p h y s i c a l  c h a r a c t e r i s t i c s  o f  the  b a s i c  s t a t e  o f  t he  d i s k  ga l axy ,  we s p e c i f i c a l l y  

suppose t h a t ,  as r - ~ o o ,  i z l - ~ c o  ~ t h e  d e n s i t y  t e n d s  to  zero  s u f f i c i e n t l y  f a s t  and 

s u f f i c i e n t l y  smooth ly  so as to  s a t i s f y  t he  f o l l o w i n g  m a t h e m a t i c a l  c o n d i t i o n s :  

1 For any a r b i t r a r y ,  sma l l  p o s i t i v e  number 81, p r o v i d e d  r * i s  s u f f i c i e n t l y  l a r g e ,  t he  

following inequality holds for arbitrary (k,z): 

if. 
2. For any arbitrary small positive number 62, provided k * is sufficiently large, the 

following inequality holds for arbitrary (kjr, z): 

fI l 1 I(NP(k, z)Jo(k,.)dk < ~,, ( 2 . 4 )  

where 

P(k, z )=  I? (6P)rJ°(](r)d"" 42.5)  

Under these assumptions, the solution (2.1) can be developed into 

2 ffi 6N 

3. THREE-DIMENSIONAL SOLUTION OF THE BASIC STATE 

We now pass to the solution of the equation (i.3). 

following developments in powers of ¢: 
6p~p0+ 6p~ + 62. P2-b ---, 

If°. 
r'l' ~ Oo + 64,: + 6',I,, + . . . ,  

f v' "= -- = ]o + eft + 6'f, + .... 
r 

Since  t h e  p a r a m e t e r  ~ << 1, we have the  

(3.1) 
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Then, from (1 .3)  and ( 2 . 6 ) ,  we can f i n d  a p p r o x i m a t i o n s  o f  v a r i o u s  o r d e r s .  

1. Zero-Order  Approx imat ion .  We have 

4,°-- - ~ I~" ,o(~t)Jo(~tr)ak; So(4) = I[ 

0~0 Io = m,,.,,,. ~ + .~-. 

Vo(r)r]o(kr)a.; ( 3 . 2 )  

( 3 . 3 )  

Let ,  f u r t h e r ,  

fPo = po(r, z).  p,~(r, O) ( 3 . 4 )  
,o( . .  o)" '~ = -'Tff'-~ " 

We then derive the equation for the density distribution: 

,Pln q)o + 
- -~-z2  - ago - -  0 ; 

To(0)  = l ;  , p 0 ( ~ )  = 0. 

(3.5) 

Its solution is 

(3.6) 

The p r o j e c t e d  s u r f a c e  d e n s i t y  i s  

°'°( r ) =  2 J: p°dz~ 2po( r ~ O) j :  CPo(z)dz~ 2z*poo. ( 3 . 7 )  

Here we can suppose a= const., and z~ is then the non-dimensional characteristic thickness 

The disk profile is 

pz 

z' = Rz.e = z,R ~a, (3.8) 
p~U'" 

showing t h a t  i t  i s  d e t e r m i n e d  by p ~ ( r ) = p 0 ( r ,  O) and t he  d i s p e r s i o n  v e l o c i t y  a ~ ( r ) ,  

The cu rve  ~0(x )  i s  shown i n  F ig .  2 and i t  a g r e e s  w i t h  t he  r e s u l t s  o f  p r e v i o u s  r e s e a r c h e r s .  

Also ,  p u t t i n g  z = 0  i n  (3 .2 )  and ( 3 . 3 ) ,  we have 
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Io ! :~  = ~ a In ~ _ t__ ago, 
dr 2 dr 

go(r)  ~ JoSo(lOJo(Icr)dk. 

( 3 . 9 )  

( 3 . 1 0 )  

oo(,,=) 
'oo(r,o) 

1.0 

0.8i 

0.~ 

0.I 

0.2 

0 ! 2 
I 1 .[ 

$ 

Fig. ? Distribution of relative density along height in the zerothapproximation 

2. F i r s t - O r d e r  Approx ima t ion  S i m i l a r  to  t he  f o r e g o i n g ,  we have  

Jo,,(~OJ0(&,.)a1( l J~ _ __I + 2 ]z--z , ]pdz, ;  4'~'- 2 

,,(k) = (r),A ,)at; 

Oa~2 117 Oz 2 = P* -~ 2 I('so(k)Jo(i(r)d&; 

o (p_~) o,t,, 
t, = m . ; - g ;  + 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

Now l e t  

~,,00 - ~ , T &'~o(&).to(&r)a~t, (3.15) 

and we h av e ,  f o r  t h e  d e n s i t y  d i s t r i b u t i o n ,  

{~---~ + ~q~d'~ 
dz a ' ~  I ; 

4,',(0) = O. 

(3.16) 
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I f  we take boundary condi t ion  (1 .8) ,  then 

~ , ( r ) = ~ a ( r )  . . . . .  O. (3.17)  

From t h i s  we get  as the second condi t ion  necessary  for  a d e f i n a t e  s o l u t i o n  of  (3.16) ,  

I ~ 0 , t d z ~ 0 .  (3.18)  

I f  we denote 

x~-- z---; ~ - - - ~ t ( x ) = Y ( x ) ,  (3.19) 
z ,  2 

then from (3.16) and (3.18) we obta in  the general  s o l u t i o n  

Y ( x )  = C, thx  + C 2 ( 1 -  x t h x )  + [thx I ;  (1 xt thx l )dx l  

- x t h x )  (1 
J o  

with the cons tan ts  of i n t e g r a t i o n  

C~----O; C z =  Y ( 0 ) = - - 0 . 7 0 5 .  (321) 

f p~(r..-) 

,0~ ~ 0"8i ~ 
o.:f \ ,  : 

- - 0 . 4  - 

- - 0 . 6  

l 

Fi?. 3 Distribution of the relative density along height in the first-order approximation 

Finally, we have 

I 
p,(r  , x )  = 2C(r)cpo(x) Y (x)  ; 

p t ( r ,  O)== - -  1 . 4 1 ¢ ( r ) ;  

e,(~ x) ~o(X) Y(x) 
p , ( r , O ) =  Y(O) ' 

(3.22) 
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whi le  the  f i r s t - o r d e r  s o l u t i o n  fo r  the  p o t e n t i a l  in  the p lane  of  symmetry i s  

hence 

In 2 

4M~,a~ d f C ( r ) ) +  l n2  d~o (3 .24)  

To g ive  a s p e c i f i c  example, we suppose g0(r )  to  have the  form g iven  by Toomre, t h a t  i s ,  

{~ (o) ~ C . 
o (a 2 + r2)1/~, 

dg(o °) C [ a ..... _ _  1] 
-27 /=  7 L("' + r ' ) - "  J 

0.25) 

and 

gco~+t) ~ I(~a ) u Ca [ (N ~ O~ 1~ 2~ " " ) .  (a' + r') vl (3 .26)  

Cor responding ly ,  

g¢°U+*)( r ) = J o /°N+n j°( l( r )dl( 

C(N+,)( r ) ,~ ~ ~N+2)(r)" 

= ~ ' o ( 0  ; 
(3.27) 

Then we have 

~ r  1 d~m. l~oN**)[,=o ----- M~,a~ l n~N+t ) ( r )  - -  2 dr ' 

(3.28) 

For a " co ld  d i s k " .  M2,a~m0,  and we have 

I ( N + " I  . = o  = __ do'(o m + e In 2 do'(o N+*) + O ( e 2 ) ,  

dr 42-~ dr 
(3 .29)  
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and f o r  t h e  density distribution along height, 

(s.3o) 

Obviously, as 8 " ' = ) 0  ) this degenerates into Toomre's result for an infinitely thin disk. 

I thank Professor Tan Hao-sheng for valuable advice and Comrade Hu Wen-rui for many 

helpful discussions. 
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Translator's Note: An Appendix outlining a 
general analytical soltuion of Poisson's 
Equation in the non-axi-symmetric case is 
omitted in the translation. 


