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Abstract Water waves in coastal areas are generally non-
linear, exhibiting asymmetric velocity profiles with different
amplitudes of crest and trough. The behaviors of the bound-
ary layer under asymmetric waves are of great significance
for sediment transport in natural circumstances. While pre-
vious studies have mainly focused on linear or symmetric
waves, asymmetric wave-induced flows remain unclear, par-
ticularly in the flow regime with high Reynolds numbers.
Taking cnoidal wave as a typical example of asymmetric
waves, we propose to use an infinite immersed plate oscillat-
ing cnoidally in its own plane in quiescent water to simulate
asymmetric wave boundary layer. A large eddy simulation
approach with Smagorinsky subgrid model is adopted to
investigate the flow characteristics of the boundary layer. It
is verified that the model well reproduces experimental and
theoretical results. Then a series of numerical experiments
are carried out to study the boundary layer beneath cnoidal
waves from laminar to fully developed turbulent regimes
at high Reynolds numbers, larger than ever studied before.
Results of velocity profile, wall shear stress, friction coeffi-
cient, phase lead between velocity and wall shear stress, and
the boundary layer thickness are obtained. The dependencies
of these boundary layer properties on the asymmetric degree
and Reynolds number are discussed in detail.
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1 Introduction

Water wave-induced oscillatory boundary layer behaviors
have long been the subject in the field of coastal engi-
neering, owing to the profound physical implication for
sediment transport [1–6]. Water waves are usually cate-
gorized by linearity. Linear water waves are sometimes
called sinusoidal or harmonic waves in the literature, and
they are a class of symmetric waves because their crest
height is equal to their absolute trough height. Nonlinear
waves are sometimes defined as asymmetric waves, typ-
ical examples of which are Stokes, cnoidal, and solitary
waves. In shallow waters, linear/nonlinear waves result in
harmonic/non-harmonic oscillatory boundary layers near the
seabed.

To elucidate precisely wave boundary layer behaviors,
regardless of symmetry, it is generally necessary to iden-
tify flow regimes, laminar or turbulent. According to the
Reynolds number defined by Reδ = U0mδ/ν, where U0m is
the amplitude of the free stream velocity, δ = √

2ν/ω is the
Stokes thickness, ν is the kinematic viscosity of fluid, and ω

is the angular frequency of wave motion, the wave boundary
layer flow regime can be identified as follows: (1) the lam-
inar regime if Reδ < 100, (2) the disturbed laminar regime
if 100 < Reδ < 550, (3) the intermittent turbulent regime if
550 < Reδ < 3500, (4) the fully developed turbulent regime
if Reδ > 3500 [7–10].

Most previous researchers have mainly studied bound-
ary layers under sinusoidal waves [7,8,11,12]. However,
in shallow water circumstance of coastal areas, the wave
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profiles are generally asymmetric due to nonlinearity. A
precise estimation of sediment transport under actual field
conditions requires an adequate knowledge of boundary
layer under asymmetric wave. Therefore, some experi-
mental and theoretical studies have been carried out on
boundary layer properties under asymmetric waves [13–
16].

With the pioneering work of Kondo [17], an analyti-
cal solution for laminar flow with an arbitrarily varying
free-stream velocity has been derived by means of Laplace
transformation. Since Kondo’s solution is given in an inte-
gral form of elliptic function, it is inconvenient for cal-
culation. Tanaka et al. [4] derived the velocity and wall
shear stress in a Fourier series expansion, and it is help-
ful to study the laminar regime under asymmetric cnoidal
waves.

Several experimental studies were performed by Nadaoka
et al. [18,19] and Ribberink and Al-Salem [20] on character-
istics of asymmetric oscillatory boundary layers by using
computer-controlled piston systems in a U-tube oscillat-
ing tunnel. Because of the complexity of previous U-tubes,
Tanaka et al. [3,21] proposed a rather simple and inexpensive
mechanism to simulate asymmetric cnoidal wave motion.
Although a great many theoretical and experimental works
have been devoted to the investigation of asymmetric bound-
ary layer, they are generally limited to lowvalues ofReynolds
number (Reδ < 1500).

In addition, numerical simulations on this issue contribute
to the high Reynolds number flow. In some works, Schlatter
and Yamashita [22] and Spalart [23] used direct simulation
to study the turbulent boundary layer. Jones and Launder’s
k−ε model was used to predict the transitional behavior
of the asymmetric oscillatory boundary layer by Tanaka et
al. [3] and Sana et al. [24]. Moreover, another three ver-
sions of the two-equation model, namely the k−ω model by
Wilcox [25], and the Baseline (BSL) and shear stress trans-
port (SST) k−ω models by Menter [26], are employed to
study asymmetric wave motion. Past studies showed that the
BSL k−ω model is superior to other models [27]. However,
two-equation models still focus on the disturbed laminar and
the intermittent turbulent regimes. Moreover, these turbulent
models are unable to give transient information of turbulent
fluctuations.

During the last decade, large eddy simulation (LES) has
been proved able to simulate accurately fully developed tur-
bulent flows [11,28–31]. In their work, Lohmann et al. [30]
used the classical Smagorinsky subgrid model to investigate
a ventilated Stokes boundary layer in the turbulent regime at
Reδ = 3464 and obtained overall reasonable agreement with
experimental data of Jensen et al. [8].

In the present paper, by using an infinite immersed
plate oscillating in its own plane in quiescent water with a
cnoidally varying velocity process, we simulate the boundary

Fig. 1 Schematic description of the problem

layer under cnoidal waves as a typical case of asymmet-
ric waves by means of LES with a Smagorinsky subgrid
model. Particular attention is drawn to the variation of
the asymmetric boundary layer flow field from laminar
to fully developed turbulent regimes, where the Reynolds
number is higher than ever studied before. The depen-
dence of boundary layer properties, such as velocity profile,
wall shear stress, friction coefficient, phase lead between
velocity and wall shear stress, and the boundary layer thick-
ness, on the asymmetric degree and Reynolds number are
revealed.

2 The problem formulation

We use an infinite immersed plate oscillating in its own plane
in quiescent water to simulate a water wave-induced bound-
ary layer. As shown in Fig. 1, the coordinates are set by
locating the origin at the oscillating plate with the z-axis
normal to the plate and the x-axis parallel to the oscillating
direction. Thus, x, y, and z denote streamwise, spanwise, and
vertical coordinates, respectively. The water takes the region
of z > 0.

In the non-inertial coordinate system, this flow can be
equivalent to wave-induced flow by satisfying the flowing
condition:

∂p

∂x
= −ρ

dU

dt
,
∂p

∂y
= 0,

∂p

∂z
= 0. (1)
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Here, p is the pressure of the wave flow field and U is the
oscillating velocity of the plate.

For asymmetric waves, it is necessary to define another
dimensionless parameter besides the Reynolds number, i.e.,
the degree of wave asymmetry:

As = Uc

Uc +Ut
, (2)

where Uc and Ut are the velocity magnitudes at wave crest
and trough, respectively. Hence, we have As = 0.5 for sym-
metric waves. If Uc is kept unchanged, a larger As means a
smallerUt . According to the first-order cnoidal wave theory,
As can be expressed as (1−E/K )/m2, a single-valued func-

tion of elliptic modulus m, where K = ∫ π
2
0

dθ√
1−m2 sin2 θ

and

E = ∫ π
2
0

√
1 − m2 sin2 θ · dθ are the complete integrals of

the elliptic function of the first and the second kind, respec-
tively.

Reynolds number Reδ defined by Stokes layer thickness
as below,

Reδ = Ucδ

ν
, (3)

is used to discuss the flow regime.
The computational model is sketched in Fig. 1. The flow

is induced by a periodically oscillating bottom plate, which
results in a cnoidal variation of the free-stream velocity,

U = Uc

1 − cn2

{

cn2
(
2Kt

T

)

− cn2
}

. (4)

Here, cn denotes Jacobi’s elliptic function. The cnoidal wave
becomes sinusoidal if m = 0 or solitary if m = 1; t denotes
time and T the period of oscillations; the overbar “¯” denotes
time average over a wave cycle.

In their paper, Tanaka et al. [4] derived the expressions of
flow velocity u and wall shear stress τ0 of laminar boundary
layer under cnoidal waves as follows,

u = Uc

BN

N∑

n=1

an
[
cos(nωt) − e−βn z cos(nωt − βnz)

]
, (5)

τ0 = ρUc
√

ων
1

BN

N∑

n=1

√
nan cos

(
nωt + π

4

)
, (6)

where βn = √
nω/(2ν), BN and an are coefficients obtained

from the series expressing of elliptic function.By introducing
dimensionless parameters u∗ = u/Uc, t∗ = ωt, z∗ = z/δ,
and τ ∗

0 = τ0/(ρUc
√

ων), the dimensionless velocity and
wall shear stress can be obtained. Equations (5) and (6) are
the laminar theory solution used in the following sections.

2.1 The mathematical model

The continuity equation and the spatially filtered time-
dependent 3-D incompressible Navier-Stokes equations used
for LES are given by

∂ui
∂xi

= 0, (7)

∂ui
∂t

+ ∂uiu j

∂x j
= − 1

ρ

∂ p

∂xi
+ ν

∂2ui
∂x j∂x j

+ fi . (8)

Here, the overline “¯” denotes filtering at a scale Δ, xi
denote the coordinates of Cartesian system with the cor-
responding velocity component ui and the corresponding
mass force component fi . Incidentally, ∂ p̄/∂xi denotes the
pressure gradient under equivalent cnoidal wave, calcu-
lated by the above Eqs. (1) and (4). According to uiu j =
uiu j + (uiu j − uiu j ), neglecting mass force fi , Eq. (8)
yields

∂ui
∂t

+ ∂uiu j

∂x j
= − 1

ρ

∂ p

∂xi
+ν

∂2ui
∂x j∂x j

+ ∂
(
uiu j − uiu j

)

∂x j
. (9)

In LES, the unresolved scale is taken into consideration by
additional shear stress τsgs,i j = uiu j − uiu j , of which
the off-diagonal part is modeled by an eddy viscosity con-
cept, and in which the subscript “sgs” indicates the subgrid
part of variables. The Smagorinsky model for τsgs,i j defined
as

τsgs,i j = −2νsgsSi j , (10)

is used,where νsgs is the eddy viscosity and Si j is the resolved
strain rate tensor. They are defined as

Si j = 1

2

(
∂ui
∂x j

+ ∂u j

∂xi

)

, (11)

νsgs = (CsΔ)2
∣
∣S

∣
∣ . (12)

Here, Cs is the Smagorinsky coefficient, Δ is the filter scale

that depends on the grid size, and
∣
∣S

∣
∣ =

√
2Si j Si j is themod-

ulus of the strain rate. In the present paper,Cs=0.1 is found to
bemost appropriate, based on comparison with experimental
data.

The variables in the problem are non-dimensionalized as
follows:

t∗ = ωt, x∗
i = xi

δ
, u∗

i = ui
Uc

,

u∗ = (u∗
1, u

∗
2, u

∗
3), p∗ = p

ρU 2
c
. (13)
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Fig. 2 Free-stream velocity a and acceleration b for cnoidal waves of different As (As = 0.50, 0.60, 0.70, 0.80)

The resulting non-dimensional forms of the governing equa-
tions are,

∂u∗

∂t
+ Reδ

2

(
u∗ · ∇)

u∗ = − Reδ

2
∇ p∗ + 1

2
∇2u∗, (14)

∇ · u∗ = 0. (15)

Since turbulence is homogeneous in the streamwise and span-
wise directions, periodic boundary conditions are adopted.
In the vertical direction, a non-slip boundary condition is
enforced at the bottom wall and a free-slip condition at the
top boundary.

2.2 Numerical method

Uniform grids are adopted in the streamwise and spanwise
directions, and non-uniform staggered grids are used in the
vertical direction. All cases of computational grids adopt
64 × 64 × 128 nodes, which satisfy calculation conver-
gence condition and the precision requirement as pointed by
Piomelli [32]: the spacing in streamwise and spanwise direc-
tions are respectively�x+ =50–150 and�y+ =15–40; and
the location of the first-layer grid in the vertical direction
is z+ � 1.0, where the superscript + denotes dimensionless
parameter normalized by ν/uτc anduτc = √

τc/ρ. The inten-
sive degree of non-uniform staggered grids can be adjusted
by intensive parameter α from Qiang [33].

The simulations use a mixed spectral and finite differ-
ence algorithm. Derivatives in the streamwise and spanwise
directions are treated with a pseudo-spectral method, while
derivatives in the vertical direction are computed with
second-order center difference in the vertical staggered grids.
The second-order Adams-Bashforth method is adopted for
time-marching.

3 Results and discussion

In this section, we first validate the model with the experi-
mental and theoretical data and then apply the LES model
to explore the characteristics of turbulent boundary layer at
high Reynolds number.

For the convenience of comparison with symmetric wave,
the degree of cnoidal wave asymmetry As is set to be 0.50,
0.60, 0.70, and 0.80, respectively. Figure 2 shows the veloc-
ity profile and acceleration profile of cnoidal waves for
different As. The free stream flow reversal occurs roughly
at the phases of 90◦, 78◦, 66◦, 52◦ in the first half-cycle
and 270◦, 282◦, 294◦, 308◦ in the second half-cycle, respec-
tively, for different As from 0.50 to 0.80. Additionally, in the
first half-cycle, the profile of corresponding acceleration is
with the more steep front and higher (absolute) acceleration
value when As increases from 0.50 to 0.80, but it goes in the
opposite direction in the other half-cycle.

3.1 Velocity field

Figures 3 and 4 show the comparison of the profiles of the
mean velocity between the numerical data and the theoret-
ical solution in the laminar regime (Reδ = 100) expressed
by Eq. (5). It is observed that the numerical results exhibit
an excellent agreement with the theoretical ones both for
symmetric wave (As = 0.50, Fig. 3), and asymmetric wave
(As = 0.70, Fig. 4). The velocity overshoots are also well
predicted. In addition, the velocity profiles of the first and
second half-periods are symmetric with respect to the line
u/U=0 for symmetric wave in laminar flow, while those of
the asymmetric wave are asymmetric.

In the disturbed laminar flow regime, the present LES
model also performs well. Figure 5 compares the numeri-
cal results with the experimental data from Sana et al.’s [24]
Case 1, where Reδ = 392 and As = 0.69. In spite of some
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Fig. 3 Comparison of simulated (dots or circles) and theoretical (solid
curves) non-dimensional ensemble-averaged velocity profiles (stream-
wise component) at different phases in one cycle for As = 0.50, Reδ =
100
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Fig. 4 Comparison of simulated (dots or circles) and theoretical (solid
curves) non-dimensional ensemble-averaged velocity profiles (stream-
wise component) at different phases in one cycle for As = 0.70, Reδ =
100

discrepancies at the phase of 252◦, 288◦, and 324◦, the over-
all agreement is satisfactory. Particularly, the agreement in
the area very near the bottom is perfect, which implies that
the bed shear stress is well modeled. Figure 6 illustrates a
very good agreement between the present numerical and the
theoretical data expressed by Eq. (5). These indicate that the
current LES method is accurate enough in simulating dis-
turbed laminar flow.

When the flow is in the intermittent turbulent flow regime,
there are slight discrepancies between the present numeri-
cal and the experimental data as shown in Fig. 7 (Reδ =
936, As = 0.62). The main discrepancies occur at the phase
of 36◦, 72◦, 108◦, 252◦, and 288◦ near the wall, which may
be partly due to the free-stream velocity reversal at 75◦ and
285◦, respectively, partly due to the experimental errors aris-
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Fig. 5 Comparison of simulated (solid curves) and experimental
(dots or circles) non-dimensional ensemble-averaged velocity pro-
files (streamwise component) at different phases in one cycle for
As = 0.69, Reδ = 392. Experimental data is from Sana et al.’s [24]
Case 1
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Fig. 6 Comparison of simulated (dots or circles) and theoretical (solid
curves) non-dimensional ensemble-averaged velocity profiles (stream-
wise component) at different phases in one cycle for As = 0.69, Reδ =
392

ing from the measuring difficulty in the near bottom region.
And the discrepancies at the phase of 36 are of insignificance,
especially in the intermittent turbulent regime.

In the latest studies, the fully developed turbulent flow
of asymmetric wave could not be achieved. Thus, we use
the symmetric wave data instead to verify the present LES
model in the fully developed turbulent regime. Figure 8 from
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Fig. 7 Comparison of simulated (solid curves) and experimental
(dots or circles) non-dimensional ensemble-averaged velocity profiles
(streamwise component) at different phases in one cycle for As =
0.62, Reδ = 936. Experimental data is from Tanaka et al.’s [4] Case
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Fig. 8 Comparison of simulated (solid curves) and experimental
(dots or circles) non-dimensional ensemble-averaged velocity profiles
(streamwise component) at different phases in one cycle for As =
0.50, Reδ = 3464. Experimental data is from Jensen et al.’s [8] Test 10

Qiang [33] shows the comparison of the profiles of the mean
velocity between the simulation of the same methodology as
the current paper and Jensen et al.’s [8] Test 10 data, where
Reδ = 3464 and As = 0.50. Although the present numerical
results are slightly smaller at the phase of 270◦–345◦ and
slightly larger at the phase of 0◦–90◦ than the experimental
data, the simulations satisfactorily match the experimental
results in the fully developed turbulent flow with acceptable
errors. More importantly, the agreement in the area very near

the bottom is perfect, which implies that the bed shear stress
is well modeled in the fully developed turbulent flow.

FromFigs. 3 to 8,we can concludewith confidence that the
present LES model is accurate and effective enough, except
for the transitional flow regime, which is marginal for the
present study.

Figure 9presents the velocity profiles affectedbyReynolds
number. Because of flow transition, the curves are clearly cat-
egorized by Reδ = 1000 at each phase. If we change As, the
same phenomenon occurs. Furthermore, due to the reversal
phase of 78◦ for As = 0.60, there exist velocity profiles with
opposite flow directions at different vertical locations near
the phase of 80◦.

Figure 10 shows the effects of As and Reδ on velocity
profiles. The difference mainly exists near the wall and lasts
from laminar to turbulent flow through the whole cycle. The
amplitude of velocity at As = 0.50 is alwaysmaximum.With
Reδ increasing, the boundary layer thickness normalized by
Stokes layer thickness becomes larger, whichwill be detailed
in Sect. 3.3.

It is worth emphasizing that the properties of the fully
developed turbulent asymmetric boundary layers have not
been accounted for in most of the previous literature due to
difficulties in numerical computation and laboratory mea-
surement. Figure 11 presents the stream velocity in semi-log
plot near the wall, where φ = 0◦–180◦, Reδ = 4000. The
dash and the dash-dot straight lines demonstrate logarithmic
law of streamwise velocity distribution of two directions in
the case of symmetric waves. All velocity profiles for dif-
ferent As at different phases are found to be approximately
linear lines, but with different slopes and intercepts in semi-
log coordinates. The velocity profiles of symmetric waves
follow the conventional logarithmic law of turbulent bound-
ary layers, but those of asymmetric waves do not. In addition,
we also verify that when As changes from 0.52, 0.55 to 0.58,
the corresponding velocity profiles vary from the profile for
As= 0.50 to that for As= 0.60 gradually.

Figure 12 shows time series of the streamwise velocity
at different locations away from the wall. The degrees of
asymmetry of the fitted lines are about 0.60, being attributed
to the fact that the flow is driven by the cnoidal wave with
asymmetric degree of 0.60. At the location of z/δ = 20, there
exists velocity overshoot.

Figure 13 indicates that the degree of asymmetry As has
a great effect on streamwise velocity. The fitted lines are
very similar to the respective free-stream velocity processes.
By comparing velocity fluctuations between cases of dif-
ferent As, it is found that the main difference exists at
the trough, i.e. the larger As is, the smaller velocity fluc-
tuations are. This is owing to the different valley values
of free-stream velocity. Figure 14 shows the same dif-
ference of the fluctuations of the spanwise and vertical
velocities. From these two figures, the fluctuations occur in

123



28 Y.-J. Li et al.

u/Uc

z/
δ

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
0

10

20

30

40

50

60

100
500
1000
2000
3000
4000

φ=60o

u/Uc

z /
δ

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
0

10

20

30

40

50

60

100
500
1000
2000
3000
4000

φ=70o

u/Uc

z/
δ

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
0

10

20

30

40

50

60

100
500
1000
2000
3000
4000

φ=90o

u/Uc

z /
δ

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
0

10

20

30

40

50

60

100
500
1000
2000
3000
4000

φ=80o

Fig. 9 Non-dimensional ensemble-averaged velocity profiles (streamwise component) at different phases in one cycle for As = 0.60, Reδ =
100−4000

three velocity components, suggesting prevailing of turbu-
lence. Furthermore, they exist obviously through the whole
cycle, implying that the flow is in fully developed turbulent
regime.

3.2 Wall shear stress

Figures 15 and 16 indicate that the present LES results of
wall shear stress agree well with the theoretical solution of
laminar flow. The wall shear stress of asymmetric wave is
asymmetric in laminar flow,while that of the symmetricwave
is symmetric.

Figure 17 shows that the numerical wall shear stress
matches the theoretical and the experimental data very well
in the disturbed laminar regime. But when the flow is in
the intermittent turbulent regime, there exists a certain phase

difference as shown in Fig. 18. Nonetheless, the present
numerical result of the amplitude seems better than that of
k−ε model [24]. Themismatchmay be attributed to the inac-
curacy of the experimental data, which is obtained using a
momentum integral instead of directmeasurement. Likewise,
we use the wall shear stress of the symmetric wave to verify
the LESmethod in the fully developed turbulent regime. Fig-
ure 19 indicates that the present LESmethod is fairly accurate
in simulating wall shear stress in the fully developed regime.
The numerical results satisfactorily are consistent with the
experimental data collected by Jensen et al.’s [8] Test 10.

Figure 20 depicts the variation of wall shear stress at dif-
ferent Reynolds numbers. The wall shear stress is distinct
from laminar to turbulent regimes. The trough phase of the
non-dimensional normalized wall shear stress occurs earlier
50◦ in laminar flow than in turbulent flow, and crest phase
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Fig. 10 Non-dimensional ensemble-averaged velocity profiles (streamwise component) at differentReynolds number in one cycle forφ = 0◦, As =
0.50–0.80, Reδ = 100, 500, 1000, 2000, 3000, 4000

earlier 25◦. When Reδ changes from 1000 to 2000 (that is,
the flow regime is in the intermittent turbulent regime), the
wall shear stress history behaves very much different, which
has much to do with the instability of transitional behavior
of the boundary layer. In addition, when Reδ < 1000 or
Reδ > 2000, the effect of Reδ on wall shear stress seems
very weak.

Figure 21 shows normalized wall shear stresses for As =
0.50–0.80 at Reδ = 4000, which is similar to the history
of free stream velocity. The amplitude of trough gets smaller
with As increasing, and the trough occurs earlier accordingly.

The phase lead between wall shear stress and free-stream
velocity plays an important role in unsteady sedimentmotion.
For asymmetric cases, it is necessary to distinguish the phase
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Fig. 11 Non-dimensional ensemble-averaged of the streamwise velocity for φ = 0◦–180◦, As = 0.50–0.80, Reδ = 4000
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lead at the crest and trough. Here,�φc is defined as the phase
lead at the crest and �φt at the trough.

Figure 22 shows that the phase lead of symmetric wave
for laminar flow is �φ = 45◦, which agrees exactly with
the theoretical value. Further studies of the phase lead
under asymmetric cnoidal waves imply following points (see
Fig. 23). In general, the phase lead �φc and �φt with dif-
ferent As remain unchanged respectively in laminar regime,

then decrease sharply in transitional regime, and at last
reach a stable value in turbulent regime. On the other hand,
�φt always increases with As in any flow regime, whereas
�φc decreases with As increasing in the laminar regime,
but almost tends to the same value 10◦ in the turbulent
regime.

In the laminar regime, the variations of�φc and�φt could
be attributed to the variation of the acceleration. With As

increasing, the decrease of acceleration valley phase prob-
ably causes decrease of wall stress valley phase, so �φt

increases. And the increase of acceleration crest phase results
in �φc decrease. on the other hand, in the turbulent regimes,
although the nonlinear effect of turbulence reduces the phase
lead �φc and �φt , it may be the different extent of decrease
between at crest and at trough.

The friction factor for sinusoidal wave boundary layers
[8] is defined as

fw = τ0m
1
2ρU

2
c

, (16)

where τ0m is the maximum wall shear stress.
Likewise, the friction factor for crest and trough period in

asymmetric wave boundary layers [24] are defined as

fwc = τ0(c)
1
2ρU

2
c

, (17)
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Fig. 13 Non-dimensional streamwise velocity for As =0.50–0.80, Reδ = 4000, z/δ = 1. The center lines are fitted by 10th-degree polynomials
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fwt = τ0(t)
1
2ρU

2
c

. (18)

Here, τ0(c) and τ0(t) are the maximum shear stress during the
period of wave crest and wave trough respectively.

According to Jensen et al.’s [8] research, the flow regime
can be divided by friction factor in sinusoidal wave bound-

ary layers. It is seen from Fig. 24 that there is a general
agreement between the present LES results and the experi-
mental results pertaining to the friction factor for symmetric
waves. Figure 25 depicts the variation of the friction factor
at the trough with Reynolds number for asymmetric waves.
In the log-log plot, from the fitting result, the wave friction
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factor decreases approximately linear decreasing in lami-
nar regime, grows parabolically in transitional regime and
gradually decreases to a stable value in turbulent regime
against Reynolds number. As As gets larger, the friction fac-
tor at the trough becomes smaller. In addition, the critical
Reδ from laminar to turbulent regime gets larger with As

increasing.

3.3 Boundary layer thickness

Figures 26 and 27 present the non-dimensional boundary
layer thickness δBL/δ plotted against Reδ , respectively for
symmetric and asymmetricwaves. The δBL defined by Jensen
et al. [8] is adopted. The agreement among the numerical,
experimental, and theoretical data fromFig. 24 in Jensen et al.
[8] is quite good inFig. 26. Figure 27 shows the effect of As on
δBL/δ. It is observed that the non-dimensional boundary layer
thickness does not feel the effect of asymmetry in the laminar
flow regime, but it does in the turbulent regime, decreasing
with As increasing.

4 Conclusion

In the present paper, we have proposed to use an infinite
immersed plate executing a cnoidal oscillation in its own
plane in quiescent water to simulate the cnoidal wave bound-
ary layer. A large eddy simulation approach with Smagorin-
sky subgrid model is adopted to investigate the relationship
between the flow characteristics of cnoidal wave boundary
layers and two important parameters, namely the degree of
wave asymmetry and the Reynolds number, especially in
the fully developed turbulent flow regime. Conclusions of
the cnoidal wave boundary layer behaviors different from
those of symmetric wave boundary layers are drawn as
follows:

(1) The large-eddy simulation approach with Smagorinsky
subgrid model can efficiently predict the mean prop-
erties of cnoidal wave boundary layers in different
flow regimes, such as velocity field, wall shear stress,
friction coefficient, phase lead, and boundary layer thick-
ness. Although some discrepancies are observed in
the cases of transitional flow, the statistics are accu-
rate enough in laminar and fully developed turbulent
regimes.
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Fig. 24 Wave friction factor for symmetric wave versus Reδ , Experi-
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(2) The degree of wave asymmetry plays a significant role
in the boundary layer structures. In the fully devel-
oped turbulent regime, the absolute value of velocity
valley decreases with the degree of asymmetry increas-
ing. But all velocity profiles for different asymmetry
degree approximately presents logarithmic distribu-
tion. And the velocity profiles of symmetric waves
follow the conventional logarithmic law of turbulent
boundary layers, but those of asymmetric waves do
not.

(3) The wall shear stress process is obviously distinct from
laminar to turbulent regimes. Its phase lead to veloc-
ity process behaves differently in three flow regimes.
It keeps invariant in laminar regime, gets smaller with
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TurbulentCritical Reδ

Fig. 25 Wave friction factor for asymmetric wave with different As
versus Reδ(As = 0.50–0.80). All the above curves are fitted by Akima
spline

increase of Reynolds number in the transitional regime,
and tends to another constant in the turbulent regime.
And in turbulence, the variation of wall shear stress with
the degree of asymmetry resembles that of correspond-
ing velocity. The trough phase lead increases with the
degree of asymmetry in laminar and turbulent regimes,
while the crest one decreases in the laminar regime, but
keeps almost unchanged in the turbulent regime.

(4) The wave friction factor in the laminar regime lin-
early decreases in double logarithmic coordinates, grows
parabolically in the transitional regime and decreases
gradually in the turbulent regime against Reynolds num-
ber. As the degree of asymmetry gets larger, the friction
factor at the trough becomes smaller. The flow regime
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can be identified by the variation of friction factor, and
the critical Reynolds number from laminar to turbulent
regimes increases with the degree of asymmetry. In addi-
tion, the boundary layer thickness increases with the
degree of asymmetry.
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