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1. Introduction

The sudden catastrophic reduction in the strength of materials in thermal shock is a 
long-standing problem in the thermostructural applications of ceramics [1–3]. The mecha-
nism of reduction is traditionally considered to be crack initiation when the stresses induced 
by a thermal gradient exceed the strength of materials [4,5]. Generally, ceramics are much 
weaker in tension than in compression, so the maximum tensile stress on the surface of 
ceramics is of primary interest [6,7].

Based on thermoelastic mechanics, the dimensionless stress on the surface of ceramics 
with various shapes (the sphere, the plate or the cylinder) during quenching under different 
thermal shock conditions typically appears as shown in Figure 1 [8–10]. It is clear that each 
of the curves in Figure 1 has a maximum value σmax. The magnitude of σmax increases with 
increasing Biot number β = hR/k, while the time fmax when the thermal stress reaches its 
maximum value decreases with increasing β, where h is the surface heat transfer coefficient 
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between the material and the medium, and k and R are the thermal conductivity and 
the characteristic dimension of the material, respectively. Since it was reported in 1945 
by Jaeger, various aspects of σmax have been studied, most importantly the determination 
of the magnitude and the arrival time of σmax [11,12]. A semi-empirical equation of σmax 
and β was suggested by Manson and this relation has subsequently been widely used to 
calculate the resistance of both brittle and ductile materials to crack initiation under cold 
shock conditions [9,13,14]. In the previous studies, the surface heat transfer coefficient 
used in the calculation is considered as a constant or an average value. However, the surface 
heat transfer coefficient largely depends not only on the initial quenching temperature but 
also on its evolution in quenching media [15,16]. How does the real surface heat transfer 
coefficient influence the evolution of the surface stress in quenching? Rarely has research 
focused on this issue, which is of practical importance in engineering analysis. The pur-
pose of this paper is to consider the difference in the maximum surface stress of ceramics 
arising from the measured surface heat transfer coefficient hm instead of its average value 
ha during quenching.

Firstly, we use hm and ha to calculate the thermal fields. Then, we use the thermal fields 
to calculate the surface stress fields. By comparing the two stress fields, we examine the 
influences of surface heat transfer coefficient on the magnitude and the arrival time of σmax. 
At the same time, we also examine the influence of other temperature-dependent physical 
parameters on σmax.

2. Methods and calculations

2.1. Surface heat transfer coefficient

We have measured the temperature-dependent surface heat transfer coefficient hm of Al2O3 
ceramics quenched from different initial temperatures T0 into a water bath at room tem-
perature T∞ [17]. In measurement, the thermocouple instrumented specimens with the 

Figure 1.  (colour online) Dimensionless stress at the surface of ceramics with various shapes (the 
sphere, the plate or the cylinder) during quenching under different thermal shock conditions, where the 
magnitude of the maximum surface stress σmax increases with increasing Biot number �, and the time 
fmax when the thermal stress reaches its maximum value decreases with increasing �.
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dimensions of 150 mm in height and 50 mm in diameter were first heated at a preset tem-
perature, then they were dropped into a water bath by free fall at 5 cm high from the surface 
of the water, and the depth of the bath is about 1 m. The specimens touched the wire mesh 
at the bath bottom while measuring. The details are given elsewhere [17].

The coefficient is a function of the surface temperature Ts of ceramics during the water 
quench. The measured data are shown in Figure 2 and Table 1. The average value ha of each 
surface heat transfer coefficient curve is defined to be

 

It is observed that hm and ha can be divided into three regions. In the regions I and III, 
ha is larger than hm; while in region II, ha is less than hm. In addition, with increasing initial 
temperature, the range of region I is gradually expanding.

2.2. Temperature distribution

Based on previous experiments [17], we consider an infinite length cylinder of radius R, with 
a uniform initial temperature T0. At the initial time, the surface of the cylinder is suddenly 
exposed to a convective medium with a uniform temperature T∞, as shown in Figure 3.

The temperature field change in the cylinder T = T (r, τ) satisfies the equation of heat 
conduction
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Figure 2. (colour online) Dimensionless surface heat transfer coefficients hm/ha for al2o3 ceramic bars 
quenched into the room temperature water bath from different initial temperatures T0 are shown as the 
functions of the transient surface temperatures Ts of the specimens.

Table 1. average surface heat transfer coefficient ha for different initial quenching temperatures T0.

T0 (°C) 200 300 400 500 600 800
ha (104 W m−2 K−1) 0.87 0.89 0.93 1.11 1.23 1.05
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where r is the coordinate with the origin at the centre of the cylinder; τ is time; a = k/ρcp is 
the thermal diffusivity of the material of the cylinder; k, ρ and cp are the thermal conduc-
tivity, the density and the specific heat at constant pressure for the material, respectively.

The initial and boundary conditions that Equation (2) satisfied are written by
 

 

and
 

(3)T(r, 0) = T0,

(4)
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Figure 3. (colour online) an infinitely long cylinder with radius R and initial temperature T0 is suddenly 
exposed to a convective medium of temperature T∞, in which the surface heat transfer coefficient of the 
materials h(Ts) is the function of surface temperature Ts.

Table 2. Mechanical and thermal parameters of alumina used in calculation.

Young modulus 
E (gPa) [10]

Poisson's ratio 
ν [10]

Density ρ 
(kg m−3) [17]

Heat capacity c 
(J kg−1 K−1) [17]

thermal 
conductivity 
k (W m−1 K−1) 

[17]

Coefficient of 
thermal expan-
sion α (10−6  K−1) 

[10]
378 0.22 3850 950 20 8.0
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Assuming that the properties of the material do not vary with temperature, we can use 
standard separation-of-variables technique to solve Equation (2) and obtain the following [18]
 

where f = aτ/R2 is the dimensionless time of heat conduction; r* = r/R stands for the 
dimensionless coordinate; βn are the roots of the equation 
 

When the surface heat transfer coefficient h is a function of surface temperature, which 
satisfies the non-linear boundary conditions, the analytical solution of temperature field 
cannot be obtained directly from the separation of variables. But if the entire thermal shock 
process is divided into n small time intervals, and assuming the heat transfer coefficient 
does not vary with temperature in each interval, we can use the Equation (6) to obtained 
the temperature field of the first time interval[0, ∆f] (∆f = 10–5); and then the obtained 
temperature was calculated as the initial value of the temperature distribution in the next 
time interval, so to solve the Equation (6) again we can obtained the temperature field of 
the second time interval[∆f, 2∆f]; repeating the process described above, we can obtain 
an approximate numerical solution of the whole process. The mechanical and thermal 
parameters of alumina used in calculation are given in Table 2.

2.3. Surface stress distribution

According to the theory of thermal stresses [19], we readily write the thermal stress field 
in the cylinder as
 

 

 

Based on Liu’s study [12], the maximum tensile thermal stress is the axial stress σz on the 
surface of the cylinder during quenching. Accordingly, in the following, we only focus on 
σz on the surface.
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For the convenience of comparing the values of thermal stresses, the dimensionless 
thermal stress is then defined as [12]

 

Once the temperature field is determined in each time interval, the transient surface stress 
can be obtained by Equation (11) in each time interval.

2.4. Finite element model for calculating surface stress

In order to consider the effect of other temperature-dependent properties of alumina on the 
surface stress, we use the Finite Element (FE) software ANSYS to calculate the surface stress. 
As shown in Figure 4, the thermal conductivity [20], specific heat [20] and thermal expan-
sion coefficient are strongly temperature-dependent in the range 20–800 °C [21]. But the 
Young’s modulus, Poisson’s ratio and density is regarded as temperature-independent [22], 
as shown in Table 2.

3. Results and discussion

Using the data of hm and ha, the temperature fields occur in the cylinder for different initial 
quenching temperatures (different Biot numbers) during cooling are readily calculated by 
solving Equation (6), as shown in Figure 5(a)–(d). Comparing the two temperature fields, 
we find that for all the quenching temperatures, the temperature fields in the position of 
the axis, the middle layer and the surface of cylindrical specimen, calculated by ha are sub-
stantially lower than that by hm, except the initial period in the surface temperature field of 
the cylinder, as shown in the enlarged pictures.

We can see that, initially, the surface temperature Tsa calculated with ha drops more 
sharply than the surface temperature Tsm with hm, which means the amount of heat 
transferred in this period is estimated to be greater than in the calculation based on hm, 
as ha is larger than hm in region I. With increasing initial temperature, the time period 
when Tsa is lower than Tsm becomes longer, because the range of the region I is gradually 
expanding with increasing initial temperature. Then, Tsa gradually becomes higher than 
Tsm as ha is less than hm in region II. Finally, Tsa become lower than Tsm again as ha is 

(11)�∗

z (r, �) =
�z(r, �) ⋅ (1 − �)

�E(T
∞
− T0)

.

Figure 4. graphs of the thermal conductivity k [20], the specific heat c [20] and the coefficient of thermal 
expansion α [21] of al2o3 ceramics vs. temperature.
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larger than hm in region III, which made the temperature fields calculated by ha lower 
than that by hm in the later time.

The thermal stress fields calculated by hm and ha for different initial quenching tem-
peratures are shown in Figure 6(a)–(d). Referring to the insets in Figure 6, initially, the 
surface stress σsm calculated with hm is slightly lower than the surface stress σsa calculated 
by ha, and the time period when σsm is lower than σsa becomes longer with increasing initial 
temperature. Then, σsm become higher than σsa. Finally, σsm become lower than σsa again, 
corresponding to the different temperature profiles in Figure 5.

To indicate the influences of the temperature-dependent heat transfer coefficient 
on the magnitude and the arrival time of σmax, the comparison between the thermal 
stresses on the surface obtained by hm and ha for different initial quenching temperatures 
is shown in Figure 7. When using data of ha, we can find that, the magnitude of the 
maximum surface stress σamax are σ600 °C > σ500 °C > σ800 °C > σ400 °C > σ300 °C > σ200 °C, and 
that the time to reach the maximum surface stress famax are f600 °C < f500 °C < f800 °C < f400 

°C < f300 °C < f200 °C, respectively. It is consistent with traditional view that fmax decreases 
with increasing � and σmax increases with increasing � [8–10]. While using data of hm, 
the magnitude of the maximum surface stress σmmax are σ800 °C > σ600 °C > σ500 °C > σ400 °

Figure 5. (colour online) comparison between the temperature fields obtained by the measured heat 
transfer coefficient (the solid line) and the average heat transfer coefficient (the dotted line), for initial 
quenching temperature T0 = (a) 200 °c, (b) 400 °c, (c) 600 °c, (d) 800 °c, where r = 0, 0.5R, R represent the 
position of the axis, the middle layer and the surface of the cylindrical specimen, respectively.
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Figure 6. (colour online) comparison of the thermal stress fields obtained by the measured heat transfer 
coefficient (the solid line) and the average heat transfer coefficient (the dotted line), for initial quenching 
temperature T0 = (a) 200 °c, (b) 400 °c, (c) 600 °c, (d) 800 °c, where r = 0, 0.5R, R represent the position 
of the axis, the middle layer and the surface of cylindrical specimen, respectively.

Figure 7. (colour online) comparison between the thermal stress at the surface obtained by the measured 
heat transfer coefficient (the solid lines) and the average heat transfer coefficient (the dotted lines), for 
different initial quenching temperatures. The marks represent the maximum stresses.
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C > σ300 °C > σ200 °C, and the time to reach the maximum surface stress fmmax are f500 °C < f
600 °C < f800 °C < f400 °C < f300 °C < f200 °C, respectively. Therefore, when the initial quenching 
temperature T0 ≤ 400 °C, it follows the traditional view before; while in the case of 
T0 > 400 °C, it does not obey this rule.

In addition, we find that in all the quenching temperatures, the magnitude of σmax 
calculated by hm is always lower than that by ha, except T0 > 600 °C, as listed in Table 
3. The ratio (σamax – σmmax)/σmmax decreases from 14.1% at 200°C to −9.1% at 800 °C 
and the  change  is  not  great. Thus, from the point of view of stress magnitude, the 
traditional usage of ha instead of hm is roughly reasonable during the ceramic quench-
ing. Further, we find that in all the quenching temperatures, the time to reach the 
maximum stress calculated by hm is always earlier than that by ha, as listed in Table 4. 
The ratio (famax – fmmax)/fmmax increases from 22.4% at 200°C to 437.9% at 500°C, and 
the change is substantially greater than that in the magnitude of σmax. Thus, when the 
time factor is important, such as short-time thermal shock [23], it is not a good strategy 
to use ha instead of hm.

Considering the temperature-dependent properties of thermal conductivity, specific 
heat and thermal expansion coefficient, a comparison between the thermal stresses on 
the surface obtained by hm and ha for different initial quenching temperatures is shown in 
Figure 8. When using data of ha, the magnitude of the maximum surface stress σamax are σ
800 °C > σ600 °C > σ500°C > σ400°C > σ300°C > σ200°C, and the time to reach the maximum surface 
stress famax are f600°C <  f800°C <  f500°C <  f400°C <  f200°C <  f300°C, respectively. While using data 
of hm, the magnitude of the maximum surface stress σmmax are σ800°C > σ600°C > σ500°C > σ4

00°C > σ300°C > σ200°C, and the time to reach the maximum surface stress fmmax are f500°C < f

Table 3. Magnitude of the maximum surface stress σmax calculated by the measured surface heat transfer 
coefficient (σmmax) and the average surface heat transfer coefficient (σamax), for different initial quenching 
temperatures T0.

T0 (°C) 200 300 400 500 600 800
σamax 0.5403 0.5441 0.5517 0.5816 0.5987 0.5722
σmmax 0.4735 0.4919 0.5070 0.5162 0.5832 0.6295
(σamax − σmmax)/σmmax 14.1% 10.6% 8.8% 12.7% 2.7% −9.1%

Table 4. Time to reach the maximum stress fmax calculated by the measured surface heat transfer co-
efficient (fmmax) and the average surface heat transfer coefficient (famax), for different initial quenching 
temperatures T0.

T0 (°C) 200 300 400 500 600 800
famax 0.0191 0.0190 0.0181 0.0156 0.0138 0.0164
fmmax 0.0156 0.0138 0.0095 0.0029 0.0040 0.0071
(famax – fmmax)/fmmax 22.4% 37.7% 90.5% 437.9% 245.0% 131.0%

Table 5. in the case of Fe analyses using the temperature dependent thermal properties, the magnitude 
of the maximum surface stress σmax calculated by the measured surface heat transfer coefficient (σmmax) 
and the average surface heat transfer coefficient (σamax), for different initial quenching temperatures T0.

T0 (°C) 200 300 400 500 600 800
σamax 0.5844 0.6105 0.6505 0.7177 0.7571 0.7832
σmmax 0.5275 0.5557 0.6199 0.6820 0.7710 0.8711
(σamax − σmmax)/σmmax 11.2% 9.9% 4.9% 5.2% −1.8% −10.1%
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600°C < f800°C < f300°C < f400°C < f200°C, respectively. It is indicated that they do not follow the 
traditional view anymore. Therefore, the other temperature-dependent properties have a 
certain effect on the magnitude and the arrival time of σmax. However, the effect on the 
trend of their mutual ratios with quenching temperatures is small, as listed in Tables 3–6. 
The  ratio (σamax  – σmmax)/σmmax  decreases  from  11.2% at 200°C to –10.1% at 800°C and 
the ratio (famax – fmmax)/fmtmax increases from 25.8% at 200°C to 455.1% at 500°C. We believe 
that the cause of this difference between the two maximum surface stresses is the features of 
hm, which first increases to reach a maximum value and afterwards decreases as the surface 
temperature decreases. Note that the changes with temperature in other properties (Young’s 
modulus, Poisson’s ratio and density) are much smaller, and in this study they have been 
ignored.

In addition, Cheng used a method similar to us to investigate the surface heat transfer 
coefficient h of steel cylinders with the dimensions of 60 mm in height and 20 mm in 
diameter [24], which is 0.4 of our samples in height and diameter, respectively. We find that 
the feature of h in Cheng’s study is similar to us. Thus, our results may be also valid for the 
specimens with similar dimensions and shapes. To provide more precise instructions to 
engineering analysis, further studies should be conducted to identify how the surface heat 
transfer coefficient changes with the size.

Table 6.  in the case of Fe analyses using the temperature dependent thermal properties, the time to 
reach the maximum stress fmax calculated by the measured surface heat transfer coefficient (fmmax) and 
the average surface heat transfer coefficient (famax), for different initial quenching temperatures T0.

T0 (°C) 200 300 400 500 600 800
famax 0.0156 0.0203 0.0142 0.0115 0.0105 0.0109
fmmax 0.0124 0.0095 0.0099 0.0021 0.0023 0.0051
(famax − fmmax)/fmmax 25.8% 113.7% 42.6% 455.1% 348.5% 113.5%

Figure 8. (colour online) in the case of Fe analyses using the temperature-dependent thermal properties, 
the comparison between the thermal stress at the surface obtained by the measured heat transfer 
coefficient (the solid lines) and the average heat transfer coefficient (the dotted lines), for different initial 
quenching temperatures. The marks represent the maximum stresses.
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4. Conclusions

When the initial quenching temperature is T0 ≤ 400°C, the maximum surface stress σmax 
and the time to reach the maximum surface stress fmax calculated by measured surface 
heat transfer coefficient hm are consistent with the traditional view that σmax increases with 
increasing Biot number and fmax decreases with increasing Biot number; while T0 > 400°C, 
it does not obey this rule. However, in the case of other temperature-dependent physical 
parameters, they do not follow the traditional view anymore. As a result, using average sur-
face heat transfer coefficient ha instead of hm will introduce a small error in the magnitude 
of σmax, however, the error introduces in the arrival time of σmax is significant.
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