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Analytical Solution for Electroosmotic Consolidation
Considering Nonlinear Variation of Soil Parameters
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Abstract: Electroosmotic consolidation can be used as an efficient technique for soft soil improvement. Considering the limitation in previ-
ous theories that soil parameters keep constant during electroosmotic consolidation, the nonlinear relationships between soil compressibility,
hydraulic and electroosmosis conductivities, and void ratio are incorporated in a one-dimensional model in the present study. The analytical
solutions for the ultimate excess pore-water pressure and surface settlement are derived. A comparison between the proposed analytical solu-
tions and traditional theory indicates that the nonlinear variation of hydraulic conductivity results in a larger ultimate excess pore-water pres-
sure, whereas the nonlinear variation of electroosmosis conductivity leads to a smaller one. The effects are more significant for soils with
higher compressibility. The nonlinear variation of soil compressibility exhibits remarkable impact on the development of excess pore-water
pressure when the nonlinear variations of hydraulic and electroosmosis conductivities are considered. Compared with the ultimate excess
pore-water pressure, the impact of nonlinear variations of soil parameters on the ultimate surface settlement is less significant.DOI: 10.1061/
(ASCE)GM.1943-5622.0000821.© 2016 American Society of Civil Engineers.
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Introduction

Electroosmotic consolidation is a potential technique for soft soil
improvement. By applying an external electrical field to a soil mass,
the pore water can be moved from anode to cathode along with the
electromigration of cations, leading to the consolidation of the
treated soil mass. Numerous laboratory experiments and field tests
have been conducted to investigate the development of pore-water
pressure and settlement during electroosmotic consolidation, and
soil properties such as water content and shear strength after the
treatment were measured to evaluate the effect of this technique
(Bjerrum et al. 1967; Esrig and Gemeinhardt 1967; Lo et al. 1991;
Lefebvre and Burnotte 2002; Cherepy and Wildenschild 2003;
Glendinning et al. 2007; Jeyakanthan et al. 2011; Wu et al. 2015a;
Wu et al. 2016). Since Casagrande (1949) first applied electroos-
motic consolidation to improve the stability of fine soils, this tech-
nique has been used often in geotechnical engineering including
during slope stabilization, soft ground improvement, tailing dewa-
tering, sludge treatment, and so on (Glendinning et al. 2005; Fourie
et al. 2007; Zhuang and Wang 2007; Jones et al. 2008; Wu et al.

2015b), and various methods have been proposed to improve its ef-
ficiency, such as intermittent current, electrode reversal, moving
electrode, and a combination of surcharge and vacuum preloading
(Shang 1998; Micic et al. 2001; Yoshida et al. 1999; Wu and Hu
2012; Zhan et al. 2016).

Based on the previous experiment results, many analytical mod-
els have been developed to analyze soil behavior submitted to elec-
troosmotic consolidation, and the solutions for pore-water pressure
and degree of consolidation are derived. Esrig (1968) coupled the
hydraulic and electroosmotic flow in a one-dimensional (1D) model
and obtained the analytical solutions for the ultimate pore-water
pressure under different boundary conditions. Wan and Mitchell
(1976) further investigated the effect of surcharge preloading during
electroosmotic consolidation. Following their pioneering work,
several analytical solutions have been derived for electroosmotic
consolidation considering more complex conditions, including two-
dimensional (2D) and axisymmetric geometry (Shang 1998; Su and
Wang 2003; Wu and Hu 2013) and a combination with surcharge
preloading and vacuum preloading (Hu et al. 2010; Li et al. 2010;
Xu et al. 2011;Wu and Hu 2012).

One of the main limitations of the previous analytical solutions
is the assumption of constant soil parameters during the consolida-
tion process, includingmechanical parameters, such as permeability
and compressibility, and electrical parameters, such as electroosmo-
sis conductivity. Both the laboratory and field measurements
indicated that these soil parameters encountered nonlinear varia-
tions during electroosmotic consolidation (Bjerrum et al. 1967;
Casagrande 1983; Burnotte et al. 2004; Hu et al. 2012; Zhou et al.
2013; Yuan and Hicks 2013; Hu and Wu 2014; Wu and Hu 2014).
Such variations would inevitably affect the development of pore-
water pressure and surface settlement. Many attempts have been
made to derive analytical solutions for traditional 1D consolidation
problems considering the nonlinear variations of soil permeability
and compressibility (Davis and Raymond 1965; Gibson et al. 1967;
Gibson et al. 1990; Xie et al. 2002; Lekha et al. 2003; Indraratna
et al. 2005; Geng et al. 2006; Walker and Indraratna 2006; Cai et al.
2007; Hu et al. 2009; Walker et al. 2012; Abuel-Naga and Pender
2012; Zhu and Yin 2012; Hsu and Tsai 2015). However, the
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analytical solution for electroosmotic consolidation with variable
soil parameters has seldom been studied.

In this study, the nonlinear variations of soil parameters, includ-
ing compressibility, hydraulic conductivity, and electroosmosis
conductivity, are incorporated in a 1D electroosmotic consolidation
model, and the analytical solutions for the ultimate pore-water pres-
sure and surface settlement are derived. Sensitivity analysis is pre-
formed to investigate the impact of the nonlinear variations of these
soil parameters.

Nonlinear Variations of Soil Parameters

Compressibility and Hydraulic Conductivity

The nonlinear variations of soil compressibility and hydraulic con-
ductivity are generally described with the following equations
(Lekha et al. 2003):

e ¼ e0 � Cc � log ðs 0=spÞ (1)

e ¼ e0 þM � log ðkh=kh0Þ (2)

where e and e0 are void ratio and initial void ratio, respectively; s 0

and sp are effective stress and initial effective stress, respectively;
Cc is the compression index; kh and kh0 are hydraulic conductivity
and initial hydraulic conductivity corresponding to e0; and M is a
factor that reflects the change in hydraulic conductivity that resulted
from the change in void ratio.

Electroosmosis Conductivity

Electroosmosis conductivity ke is defined as the water flow veloc-
ity under unit electrical gradient, and several theories have been
proposed for quantitative prediction of ke. Based on the assump-
tion that the radius of the capillary tube is large compared with
the thickness of the diffuse double layer surrounding the clay par-
ticles and that all the mobile charge is concentrated near the clay
particle layer, Helmholtz-Smoluchowski’s large-pore theory pro-
posed that ke was proportional to soil porosity n (Mitchell and
Soga 2005)

ke ¼ C
e

1þ e
(3)

According to Deng et al. (2011), the relationship in Eq. (3) can
be further transformed to the same form as that for hydraulic
conductivity

e ¼ e0 þ N � log ðke=ke0Þ (4)

where ke0 is the initial electroosmosis conductivity corresponding
to e0; and N is a factor that describes the change in electroosmosis
conductivity caused by the change in void ratio.

Theoretical Analysis

Fig. 1 shows a schematic diagram of the 1D model for electroos-
motic consolidation with the coupling of a surcharge preloading p0.
The anode at the bottom of the model is impermeable, and pore
water is allowed to flow out from the cathode at the top of the
model. With the assumptions developed in the previous studies and
considering the nonlinear variations of soil parameters in Eqs. (1),

(2), and (4), the governing equation for 1D electroosmotic consoli-
dation can be written as (Esrig 1968; Su and Wang 2003; Hu et al.
2010;Wu and Hu 2013)

∂q
∂z

¼ ∂
∂z

kh
gw

� ∂u
∂z

þ ke � ∂V∂z
� �

¼ mv
∂u
∂t

(5)

where q denotes the pore-water flow; gw = unit weight of water; u =
excess pore-water pressure; V = applied voltage; andmv is the coef-
ficient of volume compressibility. At the end of electroosmotic con-
solidation, the pore-water flow caused by electroosmosis from the
anode to cathode is exactly balanced by that caused by the hydraulic
gradient from the cathode to anode. Therefore, the distribution of
the excess pore-water pressure becomes stable, and Eq. (5) can be
simplified as

∂
∂z

kh
gw

� ∂uult
∂z

þ ke � ∂V∂z
� �

¼ 0 (6)

where uult denotes the excess pore-water pressure at the end of elec-
troosmotic consolidation. Considering the boundary condition that
the pore-water flow q is 0 at the anode, the following equation can
be obtained:

kh
gw

� ∂uult
∂z

þ ke � ∂V∂z ¼ 0 (7)

Further simplifying Eq. (7) by making the substitutions Wult =
uult/p0 and Z = z/H

∂Wult

∂Z
þ ke � gw

kh � p0 � ∂V
∂Z

¼ 0 (8)

According to Eqs. (1), (2), and (4), kh and ke can be expressed as

kh
kh0

¼ s 0

sp

 !�Cc=M

¼ sp þ p0 � uult
sp

� ��Cc=M

¼ 1þ p0
s p

� �
� 1� bWultð Þ

� ��Cc=M

(9)

Fig. 1. Diagram of the 1Dmodel for electroosmotic consolidation
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ke
ke0

¼ s 0

s p

 !�Cc=N

¼ s p þ p0 � uult
s p

� ��Cc=N

¼ 1þ p0
sp

� �
� 1� bWultð Þ

� ��Cc=N

(10)

in which b = (p0/sp)/(1þ p0/sp).
Substituting Eqs. (9) and (10) into Eq. (8), the following equa-

tion is obtained:

∂Wult

∂Z
¼ � ke0 � gw

kh0 � p0 � ∂V
∂Z

� 1þ p0
s p

� �
� 1� bWultð Þ

� �Cc=M�Cc=N

(11)

A new variable A is defined as

A ¼ ð1� bWultÞ1þCc=N�Cc=M (12)

The following equation is then obtained:

∂A
∂Z

¼ �b � 1þ Cc

N
� Cc

M

� �
� 1� bWultð ÞCc=N�Cc=M ∂Wult

∂Z
(13)

Substituting Eq. (11) into Eq. (13)

∂A
∂Z

¼ �b � 1þ Cc

N
� Cc

M

� �
� 1þ p0

s p

� �Cc=M�Cc=N

� ke0 � gw

kh0 � p0 � ∂V
∂Z
(14)

The voltage V is assumed to be linear distributed along the z-
direction and independent of time; therefore, @V/@z can be replaced
by the electrical field intensity E

∂V
∂z

¼ E ) ∂V
∂Z

¼ E � H (15)

The term on the right side of Eq. (14) is independent of Z and t,
and a parameter B0 is used to represent the term to simplify the fol-
lowing derivation. As a result, Eq. (14) can be rewritten as

∂A
∂Z

¼ �b � 1þ Cc

N
� Cc

M

� �
� 1þ p0

sp

� �Cc=M�Cc=N

� ke0 � gw

kh0 � p0 � E � H ¼ B0 (16)

Integrating Eq. (16) in the Z-direction and considering the
boundary condition that both the excess pore-water pressure and
voltage are 0 at the cathode, the solution forWult can be obtained

Wult ¼ 1
b

� 1� 1þ B0 � Zð Þ1= 1þCc
N �Cc

Mð Þ
h i

(17)

Therefore, the ultimate pore-water pressure uult can be derived
as

uult ¼ p0
b

� 1� 1þ B0 � Zð Þ1= 1þCc
N �Cc

Mð Þ
h i

(18)

With Eq. (18), the distribution of the ultimate excess pore water
can be analyzed. When the values ofM and N approach infinity, the

hydraulic conductivity and electroosmosis conductivity keep con-
stant during the consolidation process. When N = M, the ratio
between kh and ke is constant, indicating that the effect of the
decrease in kh on the development of excess pore-water pressure is
balanced by the effect of the decrease in ke. In both cases, the analyt-
ical solution for the ultimate excess pore-water pressure degrades to
the equation proposed by Esrig (1968)

uult ¼ � ke0 � gw

kh0
� E � z (19)

Discussion

Effects of the Nonlinear Variations of Soil Parameters

With the proposed analytical solution, the effects of the nonlinear
variations of soil parameters can be analyzed. The basic parameters
used in the following analysis are listed in Table 1.

To examine the effect of the nonlinear variation of compressibil-
ity, the values of M and N are set to be infinite; thus, the ultimate
pore-water pressure can be calculated with Eq. (18), which indicates
that the nonlinear variation of compressibility has no impact on the
development of pore-water pressure. To analyze the effect of the
nonlinear variation of hydraulic conductivity, the value ofM is var-
ied in the range of 0.8 to 50, whereas the value of Cc is set to be 0.4,
and the value of N is set to be 100 to eliminate the effect of the non-
linear variation of electroosmosis conductivity. Similarly, the value
of N is varied in the range of 1–50 to analyze the effect of the non-
linear variation of electroosmosis conductivity, whereas the values
of Cc and M are set to be 0.4 and 100, respectively. Figs. 2 and 3
compare the distributions of the ultimate excess pore-water pressure
obtained from the traditional theory by Esrig (1968) and that from
the present study with the consideration of the nonlinear variations
of hydraulic and electroosmosis conductivities, respectively. The
nonlinear variation of kh leads to a lager ultimate excess pore-water
pressure, whereas the nonlinear variation of ke causes a smaller one.
With the increase in the values ofM and N, the effect of the nonlin-
ear variations of kh and ke decreases gradually as anticipated, and
the ultimate excess pore-water distribution becomes almost the
same as the result from Esrig (1968) when the values of M and N
exceed 50.

The distribution of the ultimate excess pore-water pressure for
various Cc with different combinations of constant values ofM and
N is shown in Fig. 4. In terms of equal values of M and N, the

Table 1. Basic Parameters for Electroosmotic Consolidation in the
Analytical Model

Parameter Value

Unit weight of water [g sat (kN/m
3)] 10

Initial hydraulic conductivity [kh0 (m/s)] 2� 10−8

Initial electroosmosis conductivity [ke0 (m
2·s−1·V−1)] 2� 10−9

Surcharge preloading [p0 (kPa)] 50
Initial effective stress [sp(kPa)] 10
Initial void ratio (e0) 2.0
Initial coefficient of compressibility [a0 (MPa−1)] 17.4
Compressibility index (Cc) 0.4
M 2
N 8
Applied voltage [V0 (V)] 40
Model height [H (m)] 1

© ASCE 06016032-3 Int. J. Geomech.
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increase in the ultimate pore-water pressure due to the nonlinear
variation of kh is exactly balanced by the decrease caused by the
nonlinear variation of ke. As such, the nonlinear variation of com-
pressibility exhibits no impact on the ultimate pore-water pressure.
However, the effect of the nonlinear variation of compressibility
becomes significant when the nonlinear variations of kh and ke are
considered, and the values ofM and N are different (Fig. 4). For the
condition with M<N, the effect of the nonlinear variation of kh is
more significant than that of ke, and the ultimate pore-water pressure
is larger than the result from Esrig (1968) and vice versa. The effect
of the nonlinear variations of soil parameters increases with the
increase in Cc for all the examined combinations ofM and N. When

Cc is lower than 0.2, the results of the present study generally are no
different from those of Esrig (1968). With the increase in Cc, the
ultimate excess pore-water pressure increases when M<N and
decreases whenM>N. According to the relationships between void
ratio and soil parameters, the nonlinear variation of soil compressi-
bility influences the distribution of the ultimate excess pore-water
pressure by affecting the change in void ratio and further influences
the variation of kh and ke. Therefore, the effect of the nonlinear varia-
tions of soil parameters is more significant for high-compressible
soil than that for low-compressible soil.

The effects of the nonlinear variations of kh and ke are further
displayed in Figs. 5 and 6, which plot the distributions of the

Fig. 3. Effect of the nonlinear variation of electroosmosis conductivity on the ultimate excess pore-water pressure

Fig. 2. Effect of the nonlinear variation of hydraulic conductivity on the ultimate excess pore-water pressure

© ASCE 06016032-4 Int. J. Geomech.
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ultimate excess pore-water pressure for variousM with N = 8, Cc =
0.4 and for various N withM = 2, Cc = 0.4, respectively. The calcu-
lated ultimate excess pore-water pressure is larger than the result of
Esrig (1968) when M<N approaches the same when M = N and
finally becomes smaller whenM>N.

Ultimate Surface Settlement

The ultimate surface settlement sult can be calculated with the fol-
lowing equation:

sult ¼
ðH
0

e0 � e
1þ e0

dz ¼
ðH
0

Cc � log s 0
ult=sp

� �
1þ e0

dz

¼
ðH
0

Cc � log s p þ p0 � uultð Þ=sp
� 	

1þ e0
dz (20)

where s 0
ult denotes the effective stress at the end of the consolida-

tion process.
Therefore, sult for the theory of Esrig (1968) and the present

study can be obtained by substituting Eqs. (19) and (18) into Eq.
(20), respectively. For the theory of Esrig (1968), sult can be derived
as

sult ¼
ðH
0

e0� e
1þ e0

dz¼
ðH
0

Cc � log spþ p0 þ ke0�gw
kh0

�E � z

 �

=s p

h i
1þ e0

dz

¼ Cc

2:3 � 1þ e0ð Þ H � ln 1þ p0
sp

þ kegwEH
khs p

� �
� 1

� �8<
:

þ
khsp 1þ p0

sp


 �
kegwE

� ln 1þ p0
sp

þ kegwEH
khs p

� �
� ln 1þ p0

sp

� �" #9=
;
(21)

For the present study, sult can be expressed as

sult ¼
ðH
0

e0 � e
1þ e0

dz ¼
ðH
0

Cc � log sp þ p0 �Wult � p0ð Þ=sp
� 	

1þ e0
dz

¼ Cc

1þ e0

ðH
0

log 1þ p0
sp

� p0
sp � b

(

� 1� 1þ B0 � zH
� �1= 1þCc

N �Cc
Mð Þ" #)

dz (22)

However, this integral is highly related to the value of
1/(1þCc/N −Cc/M) and cannot be expressed by elementary func-
tions for the values of Cc, M, and N considered in this study.
Therefore, an approximate method is proposed to calculate sult
through the average coefficient of compressibility at the middle
of the model as follows:

sult ¼
ðH
0

e0 � e
1þ e0

dz ¼
ðH
0

am � sp þ p0 �Wult � p0 � spð Þ
1þ e0

dz (23)

where am is the average coefficient of compressibility at the middle
of the model, and can be written as

am ¼
Cc � log sp þ p0 �Wultjz¼H=2 � p0


 �
=sp

h i
sp þ p0 �Wultjz¼H=2 � p0 � sp


 �

¼
Cc � log 1þ p0

sp
� p0

spb
1� 1þ C0

2


 �1= 1þCc
N�Cc

Mð Þ� �� 


p0 � p0
b � 1� 1þ C0

2


 �1= 1þCc
N�Cc

Mð Þ� �
(24)

Substituting Eq. (24) into Eq. (23), an approximate analytical so-
lution of sult for the present study can be obtained

Fig. 4. Effect of the nonlinear variation of soil compressibility on the
ultimate excess pore-water pressure: (a) M = 2.0, N = 8.0; (b)M = 8.0,
N = 2.0
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sult ¼ am
1þ e0

�
(

p0 � p0
b

� �
� H þ p0 � H

b � C0
� 1þ

Cc
N � Cc

M

2þ Cc
N � Cc

M

� 1þ C0ð Þ
2þCc

N �Cc
M

1þCc
N �Cc

M � 1

� �)
(25)

To verify this approximate analytical solution, the integral in
Eq. (22) is estimated by the numerical integration adopting the
Newton-Cotes formula and then compared with the results of
Eq. (25).

Figs. 7 and 8 display the ratio between sult and H calculated
through the Newton-Cotes formula and am [i.e., Eq. (25)] for vari-
ous Cc,M, and N, respectively. Both the conditions withM<N and
M>N are analyzed, and the results from the theory by Esrig (1968)
[i.e., Eq. (20)] are also plotted for comparison. As shown in Figs. 7
and 8, the results calculated from am coincide well with that
obtained from the Newton-Cotes formula, indicating that Eq. (25)
can be used to estimate the ultimate surface settlement. The nonlin-
ear variation of soil parameters presents a similar but smaller impact
on sult than that on uult because soil compressibility decreases
(increases) with the increase (decrease) in the value of the negative
excess pore-water pressure. When M<N, the calculated sult from

Fig. 5. Effect of the nonlinear variation of hydraulic conductivity on the ultimate excess pore-water pressure withN = 8.0,Cc = 0.4

Fig. 6. Effect of the nonlinear variation of electroosmosis conductivity on the ultimate excess pore-water pressure withM = 2.0,Cc = 0.4
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this study is larger than that from Esrig (1968), whereas when
M>N, sult from this study is smaller than that from Esrig (1968).
The effect of the nonlinear variations of soil parameters increases
with the increase in Cc, and is reduced by the increase in the values
ofM andN.

Based on the derived analytical solutions, both the situations that
M<N andM>N are examined in the previously mentioned analy-
sis about the ultimate excess pore-water pressure and surface settle-
ment. In fact, many previous studies have investigated the change
of hydraulic and electroosmosis conductivities with the change in
void ratio. Meegoda et al. (1989) and Hu et al. (2012) indicated that

the hydraulic conductivity could be derived as a linear function of
e3/(1þ e), whereas Mitchell and Soga (2005) reported that the elec-
troosmosis conductivity was proportional to soil porosity n [i.e., e/
(1þ e)]. According to the earlier studies, the electroosmotic con-
ductivity is much less sensitive to the change in void ratio compared
with the hydraulic conductivity, which means that the value ofM is
generally smaller than that ofN. The previously mentioned scenario
of M<N is more common in practical cases. Moreover, the values
of M and N can be determined from laboratory tests prior to the
application of the proposed analytical solutions for the prediction of
the excess pore-water pressure and surface settlement.

Fig. 7. Comparison of the ultimate surface settlement for various soil compressibilities

Fig. 8. Comparison of the ultimate surface settlement for variousM andN
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Summary and Conclusions

The nonlinear relationships between void ratio and soil compressi-
bility, hydraulic conductivity, and electroosmosis conductivity are
incorporated in a 1D electroosmotic consolidation model. Analytical
solutions for the ultimate excess pore-water pressure and surface
settlement are derived, with which the effects of the nonlinear varia-
tions of soil parameters are analyzed. The following conclusions are
obtained.

The nonlinear variation of hydraulic conductivity leads to a
larger ultimate excess pore-water pressure, whereas the nonlinear
variation of electroosmosis conductivity causes a smaller one. Their
effects decrease with the decrease in the sensitivity of hydraulic and
electroosmosis conductivities to the change in void ratio. Generally,
the effects of the nonlinear variations of soil parameters are more
significant for soils with higher compressibility.

When the hydraulic and electroosmosis conductivities are
assumed to be constant, the nonlinear variation of soil compressibil-
ity has no impact on the ultimate excess pore-water pressure.
However, its effect becomes remarkable when the nonlinear varia-
tions of hydraulic and electroosmosis conductivities are considered,
especially for soil with high compressibility.

The nonlinear variations of soil parameters exhibit a smaller
impact on the ultimate surface settlement compared with the impact
on the ultimate excess pore-water pressure. An approximate analyti-
cal solution is proposed to calculate the ultimate surface settlement
through the average coefficient of compressibility at the middle of
the model. The effectiveness of the approximate analytical solution
is verified by comparingwith the results from the numerical integra-
tion adopting the Newton-Cotes formula.
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Notation

The following symbols are used in this paper:
A ¼ variable related to ultimate excess pore-water

pressure;
am ¼ average coefficient of compressibility at the mid-

dle of the model;
B0 ¼ calculating factor for ultimate excess pore-water

pressure;
Cc ¼ compression index;
E ¼ electrical intensity;
H ¼ height of the model;

ke, ke0 ¼ electroosmosis conductivity and initial electroos-
mosis conductivity;

kh, kh0 ¼ hydraulic conductivity and initial hydraulic
conductivity;

M, N ¼ factors describing the change in hydraulic and
electroosmosis conductivities resulted from the
change in void ratio;

mv ¼ coefficient of volume compressibility;
p0 ¼ surcharge preloading;
q ¼ pore-water flow during electroosmotic

consolidation;
sult ¼ ultimate surface settlement;

u ¼ excess pore-water pressure;
uult ¼ ultimate excess pore-water pressure;
V ¼ voltage;

Wult ¼ ratio between ultimate excess pore-water pressure
and surcharge preloading;

Z ¼ ratio between vertical position and height of the
model;

b ¼ calculating factor related to surcharge preloading
and initial effective stress;

gw ¼ unit weights of water and saturated soil;
s 0, sp ¼ effective stress and initial effective stress; and

s 0
ult ¼ ultimate effective stress.
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