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Wave Propagation Through
a Micropolar Slab Sandwiched
by Two Elastic Half-Spaces
The problem of wave propagation through a micropolar elastic slab sandwiched by two
classical elastic half-spaces is studied in this paper. Different from the classical elastic
solids, the particle in micropolar solids can bear not only the displacements but also the
rotations. The additional kinetic freedom results in four kinds of wave modes, namely, the
longitudinal displacement (LD) wave, the longitudinal microrotational (LR) wave, and
two coupled transverse (CT) waves. Apart from the LD wave, the other three waves are
dispersive. The existence of couple stresses and the microrotations also makes the inter-
face conditions between the micropolar slab and the classic elastic half-spaces different
from that between two classic solids. The nontraditional interface conditions lead to a set
of algebraic equations from which the amplitude ratios of reflection and transmission
waves can be determined. Further, the energy fluxes carried by various waves are eval-
uated and the energy conservation is checked to validate the numerical results obtained.
The influences of the micropolar elastic constants and the thickness of slab are discussed
based on the numerical results. Two situations of incident P wave and incident SH wave
are both considered. [DOI: 10.1115/1.4033198]
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1 Introduction

In the problem of wave propagation, it is well known that the
high-frequency elastic wave is of dispersive characteristic. How-
ever, the classical elastic theory predicts that the elastic waves are
nondispersive. Therefore, the classic elastic theory is believed to
be inadequate for a material possessing microstructure, in particu-
lar, when the wavelength of an incident wave is comparable to the
length of the material microstructure. The composite that contains
barlike elements and rigid elongated molecules, and fibrous mate-
rials such as wood and wood composites, some granular and
porous solids, as well as some polymers, are extensively used in
the passive noise control field in sound absorbers. In classical con-
tinuum mechanics, the effects of microstructure of a material are
not taken into consideration. The evident discrepancies between
the acoustic prediction obtained by classical theory and experi-
mental results reveal the potential importance of the microstruc-
ture. In order to take the microstructure effects into consideration,
the generalized continuum theories, for example, the nonlocal
theory [1], the micromorphic theory [2], the couple stress theory
[3,4], the micropolar theory [5], and microstretch theory [6], were
proposed successively. The micropolar elastic theory, as one of
the high order elastic theory, is especially popular due to the clear
mechanical concept compared with other high-order elastic theo-
ries. In the linear micropolar elastic theory developed by Eringen
[5], each mass point has an extra microrotational degree-of-
freedom besides the translational ones. Accordingly, each mass
point can suffer not only the force stresses but also the couple
stresses. The additional kinetic degree-of-freedom results in four
kinds of wave modes, namely, the LD wave, LR wave, and two
CT waves (CT3 and CT4 waves). Apart from the LD wave, the
other three waves are dispersive. Parfitt and Eringen [7] studied
the reflection problem of micropolar waves from a free surface of
a micropolar half-space and Ariman [8] studied the reflection
problem from a fixed surface of a micropolar half-space and dis-
cussed some special cases of reflection waves. Tomar and Gogna

[9,10] further studied the reflection and transmission problem of
micropolar elastic waves at the interface between two different
micropolar solids. Similar reflection and transmission problem
from the interface between liquid and micropolar solid was stud-
ied by Tomar and Kumar [11]. Further, Singh [12,13] studied
wave propagation in the generalized micropolar thermo-elastic
solid and the anisotropic micropolar elastic solid. Khurana and
Tomar [14,15] studied the electric–mechanical coupling effects
on the wave propagation in an electric–micropolar elastic solid.
Moreover, Chiriţ�a and Ghiba [16] also studied the Rayleigh waves
in a micropolar elastic solid. Kumari [17] studied the effects of an
imperfect boundary between the micropolar viscoelastic solid and
fluid saturated incompressible porous solid. Zhang et al. [18] stud-
ied effects of nonfree surface on the reflection waves in a micro-
polar solid. In all the above-mentioned investigations, only single
interface is concerned. The bi-interface problem will be much
more complicated due to the multiple reflection and transmission
process between the two interfaces. Hsia and Su [19] studied the
propagation of longitudinal waves in microporous slab sand-
wiched between elastic half-spaces. However, the interface condi-
tions between the classic elastic solid and the micropolar solid are
disputable and the numerical results are not validated by the
energy conservation. The effects of thickness of slab are discussed
only while the effects of micropolar constants are not discussed at
all. Moreover, the dependence of reflection and transmission wave
on the thickness–wavelength ratio should be discussed instead of
the absolute thickness of slab.

In this paper, the reflection and transmission problem of an
elastic wave through a micropolar slab sandwiched by two classic
elastic half-spaces is studied. The micropolar elastic waves in the
slab are divided into two groups, i.e., the forward and the back-
ward waves, which are different for incident P wave and incident
SH wave. The interface conditions between the micropolar slab
and the classic elastic half-spaces used by Hsia and Su [19] are
modified, which includes the microrotation and the couple
stresses, and are used to form a set of algebraic equations from
which the amplitude ratios of various waves with respect to the
incident wave are obtained. In order to validate the numerical
results, the energy flux ratios of various waves with respect to the
incident wave are further evaluated and the energy conservation is
checked. The comparison between present work and that in
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literature [19] is performed, the deviations are analyzed and some
mistakes in literature [19] are pointed out. Based on these numeri-
cal results, the influences of micropolar elastic constants and the
nondimensional thickness of slab are discussed and some conclu-
sions are obtained.

2 Elastic Waves in the Micropolar Solids

The motion equations of mass point in the micropolar elastic
solid can be expressed as [7]

ðkþ 2lþ jÞrðr � uÞ � ðlþ jÞr � ðr � uÞ þ jr� u ¼ q€u

(1a)

ðaþ bþ cÞrðr � uÞ � cr� ðr� uÞ þ jr� u� 2ju ¼ qj€u

(1b)

where q is the mass density and j is the micro-inertia. u and u are
the displacement vector and the microrotation vector, respec-
tively. Here, the body force and the body couple are ignored. The
constitutive relation of micropolar solid can be expressed as

tkl ¼ kur;rdkl þ lðuk;l þ ul;kÞ þ jðul;k � eklrurÞ (2a)

mkl ¼ aur;rdkl þ buk;l þ cul;k (2b)

where tkl and mkl are the force stress components and the couple
stress components, respectively. k and l are the classic lam�e con-
stants while j, a, b, and c are the micropolar elastic constants.
Eringen [2] has found the inequalities between these material con-
stants from the non-negative internal energy

0 � 3kþ 2lþ j; 0 � l; 0 � j; 0 � 3aþ bþ c;

� c � b � c; 0 � c (3)

For purpose of uncoupling, we represent the u and u with a scalar
potential and a vector potential

u ¼ rqþr� U; r � U ¼ 0 (4a)

u ¼ rnþr�U; r �U ¼ 0 (4b)

Inserting Eq. (4) into Eq. (1) leads to

ðc2
1 þ c2

3Þr2q ¼ €q (5a)

ðc2
4 þ c2

5Þr2n� 2x2
0n ¼ €n (5b)

ðc2
2 þ c2

3Þr2Uþ c2
3r�U ¼ €U (5c)

c2
4r2Uþ x2

0r� U� 2x2
0U ¼ €U (5d)

where c2
1 ¼ ðkþ 2lÞ=q, c2

2 ¼ l=q, c2
3 ¼ j=q, c2

4 ¼ c=qj,
c2

5 ¼ ðaþ bÞ=qj, x2
0 ¼ c2

3=j ¼ j=qj. The solution of Eq. (5) can
be expressed as

ðq; n;U;UÞ ¼ ða; b;A;BÞexp ½ikpðnp � r� vptÞ� (6)

where a, b, A, and B are the complex amplitudes. vp is the phase
velocity, kp is the wave number, np is the unit vector of propaga-
tion direction, and r is the position vector. p ¼ 1; 2; 3; 4 stand for
LD wave, LR wave, CT3 wave, and CT4 wave, respectively,
which are explained as follows:

(a) An LD wave is created by the scalar field q. The phase
speed is v1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ 2lþ jÞ=q

p
. It is a nondispersive

wave.

(b) An LR wave is created by the scalar field n. The phase
speed is v2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ bþ cÞ=qjð1� 2j=qjx2Þ

p
. It is a dis-

persive wave.
(c) Two sets of coupled waves (CT3 and CT4) are created by

the transverse displacement potential U and transverse
microrotation potential U. These two sets of coupled waves
are also dispersive and their phase speeds are

v2
3;4 ¼

1

2 1� 1ð Þ c2
4 þ c2

3 þ c2
2 � c2

2 þ c2
3=2

� �
16D

� �

where

D¼ ðc2
4�c2

2�c2
3Þþðc2

2þc2
3=2Þ1

� �2þ2c2
3c2

41
n o1=2

; 1¼ 2x2
0=x

2

It is noticed that v2 and v3 are real value only when x >
ffiffiffi
2
p

x0.
Therefore, xc ¼

ffiffiffi
2
p

x0 is the cutoff frequency of the LR wave
and CT3 wave. It should be pointed out that the amplitude vectors
A and B are perpendicular to each other and both orthogonal to
the propagation direction n of the coupled waves. The explicit
relation between them is

B ¼ � ix2
0

k v2 � 2x2
0=k2 � c2

4

� � n� A (7)

In the plane strain situation, u1 6¼ 0; u3 6¼ 0; u2 ¼ 0 and
u1¼0;u3¼0;u2 6¼0. Then, qðx;zÞ 6¼0; nðx;zÞ¼0; Uðx;zÞ¼U2e2,
and Uðx;zÞ¼U1e1þU3e3. In the out-of-plane strain situation,
u1¼0;u3¼0;u2 6¼0 and u1 6¼0;u3 6¼0;u2¼0. Then, qðx;zÞ¼0;
nðx;zÞ 6¼0; Uðx;zÞ¼U1e1þU3e3 and Uðx;zÞ¼U2e2. In other
words, LR wave does not exist for plane strain case while LD
wave does not exist for out-of-plane strain case. In the present
work, the two cases are both considered.

3 Reflection and Transmission Through a Micropolar

Slab

3.1 Incident P Wave Situation. Considering a micropolar
slab of thickness h sandwiched by two elastic half-spaces, see
Fig. 1. Medium 1 (z< 0) and medium 3 (z> h) are assumed to be
same classic elastic solids and characterized by lam�e coefficients
k1 and l1. Medium 2 is a micropolar slab characterized by
lam�e coefficients k2, l2 and the micropolar elastic constants
(j2; a2;b2; c2; j2). Incident P wave is from medium 1. And results
in the reflection P and SV waves in medium 1 while the transmis-
sion P and SV waves in medium 3. In the micropolar slab, there

Fig. 1 Wave propagation through a micropolar slab sand-
wiched by two elastic half-spaces
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are a set of forward waves (LDðþÞ, CT3ðþÞ, CT4ðþÞ) and a set of
backward waves (LDð�Þ, CT3ð�Þ, CT4ð�Þ) induced by the incident
wave, see Fig. 1. The incident wave, the reflection waves and the
transmission waves in classical elastic media, and the forward and
backward waves in micropolar slab, can be explicitly expressed in
terms of potential functions and given in Appendix A. The dis-
placement, force stress, and couple stress components in the
micropolar slab can be obtained by substituting Eq. (6) into Eqs.
(2) and (4), namely,

u2
1 ¼ qðþÞ;x þ qð�Þ;x � U

ðþÞ
2;z � U

ð�Þ
2;z (8a)

u2
3 ¼ qðþÞ;z þ qð�Þ;z þ U

ðþÞ
2;x þ U

ðþÞ
2;x (8b)

t2
zz ¼ ðk2 þ 2l2 þ j2Þ qðþÞ;zz þ qð�Þ;zz Þ þ k2ðqðþÞ;xx þ qð�Þ;xx

� �

þ ð2l2 þ j2Þ U
ðþÞ
2;xz þ U

ð�Þ
2;xz

� �
(8c)

t2
zx ¼ ð2l2 þ j2Þ qðþÞ;xz þ qð�Þ;xz

� �
� ðl2 þ j2Þ U

ðþÞ
2;zz þ U

ð�Þ
2;zz

� �

þ l2 U
ðþÞ
2;xx þ U

ð�Þ
2;xx

� �
� j2 uðþÞ2 þ uð�Þ2

� �
(8d)

m2
zy ¼ c2 uðþÞ2;z þ uð�Þ2;z

� �
(8e)

The displacement and force stress components in medium 1 are

u1
1 ¼ qI

;x þ qR
;x � UR

2;z (9a)

u1
3 ¼ qI

;z þ qR
;z þ UR

2;x (9b)

t1
zz ¼ ðk1 þ 2l1Þ qI

;zz þ qR
;zz

� �
þ k1 qI

;xx þ qR
;xx

� �
þ 2l1UR

2;xz (9c)

t1
zx ¼ 2l1 qI

;xz þ qR
;xz

� �
þ l1 UR

2;xx � UR
2;zz

� �
(9d)

And the displacement and force stress components in medium 3
are

u3
1 ¼ qT

;x � UT
2;z (10a)

u3
3 ¼ qT

;z þ UT
2;x (10b)

t3
zz ¼ ðk1 þ 2l1ÞqT

;zz þ k1qT
;xx þ 2l1UT

2;xz (10c)

t3
zx ¼ 2l1qT

;xz þ l1 UT
2;xx � UT

2;zz

� �
(10d)

Because the classic elastic solid cannot suffer the couple stress
and the microrotation, the interface conditions at the interfaces
z ¼ 0 and z ¼ h, can be written in two forms, namely,

Form I

t1zz ¼ t2
zz; t1

zx ¼ t2zx; u1
x ¼ u2

x ; u1
z ¼ u2

z ; m2
zy ¼ 0: ðz ¼ 0Þ

(11a)

t2zz ¼ t3
zz; t2

zx ¼ t3zx; u2
x ¼ u3

x ; u2
z ¼ u3

z ; m2
zy ¼ 0: ðz ¼ hÞ

(11b)

Form II

t1
zz ¼ t2zz; t1zx ¼ t2

zx; u1
x ¼ u2

x ; u1
z ¼ u2

z ; u2
2 ¼ 0: ðz ¼ 0Þ

(12a)

t2
zz ¼ t3zz; t2zx ¼ t3

zx; u2
x ¼ u3

x ; u2
z ¼ u3

z ; u2
2 ¼ 0: ðz ¼ hÞ

(12b)

The more appropriate interface condition about the couple stress
and the microrotation should be expressed as

dm2
zy þ ð1� dÞKyu

2
2 ¼ 0 ðz ¼ 0; hÞ and d 2 ð0; 1Þ (13)

where Ky is scaling factor which is chosen to make the two terms
at the left side of Eq. (13) having same order of magnitudes and
same dimension; d is the weighed factor. Equation (13) reduces to
the form I and form II as d ¼ 1 and d ¼ 0, respectively. From
these interface conditions, it is deduced that the various waves
have same angular frequency and the same apparent wavenumber
with the incident wave, namely,

xj
i¼xI

P;
sinhj

i

vi
¼ sinhI

P

vP
; i¼P;SV;1;3;4; j¼ I;R;T; þð Þ; �ð Þ
� �

(14)

The amplitude ratios of reflection waves and transmission waves
with respect to the incident wave satisfy the following algebraic
equations:

APZP ¼ BP (15)

where

ZP ¼ aR;AR; aðþÞ;A
ðþÞ
3 ;A

ðþÞ
4 ; að�Þ;A

ð�Þ
3 ;A

ð�Þ
4 ; aT ;AT

� �
=aI

h iT

The explicit expressions of the elements of matrices AP and BP in
Eq. (15) are listed in Appendix B.

3.2 Incident SH Wave Situation. In the case of incident SH
wave, the incident wave, the reflection waves and the transmission
waves in classical elastic media, and the forward and backward
waves in micropolar slab, can also be expressed in terms of poten-
tial functions and given in Appendix A. The microrotation, force
stress, and the couple stress components in the micropolar slab are

u2
x ¼ nðþÞ;x þ nð�Þ;x

� �
� UðþÞ2;z þ Uð�Þ2;z

� �
(16a)

u2
z ¼ nðþÞ;z þ nð�Þ;z

� �
þ UðþÞ2;x þ Uð�Þ2;x

� �
(16b)

t2
zy¼ðl2þj2Þ u

ðþÞ
2;z þu

ð�Þ
2;z

� �
þj2 nðþÞ;x þnð�Þ;x

� �
�ðUðþÞ2;z þUð�Þ2;z

h �i
(16c)

m2
zx ¼ ðb2 þ c2Þ nðþÞ;xz þ nð�Þ;xz

� �
þ b2 UðþÞ2;xx þ Uð�Þ2;xx

� �

� c2 UðþÞ2;zz þ Uð�Þ2;zz

� �
(16d)

m2
zz ¼ a2 nðþÞ;xx þ nð�Þ;xx

� �
þ nðþÞ;zz þ nð�Þ;zz

� �h i

þ ðb2 þ c2Þ nðþÞ;zz þ nð�Þ;zz

� �
þ
�
UðþÞ2;xz þ Uð�Þ2;xz

	 
i
(16e)

The force stress components in medium 1 and medium 3 are

t1
zy ¼ l1ðuI

2;xz þ uR
2;xzÞ (17)

t3zy ¼ l1uT
2;xz (18)

The interface conditions at the interfaces z ¼ 0 and z ¼ h can be
expressed as
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Fig. 2 Sketch of multiple reflection and transmission waves

Fig. 3 The dependence of the reflection and transmission coefficients upon nondimensional thickness hð5 h=L0Þ in the case
of incident P wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:1;q2 5 0:7;c2 5 0:1;j2 5 0:06;j 2 5 1)
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t1
zy ¼ t2zy; u1

2 ¼ u2
2; dm2

zx þ ð1� dÞKxu
2
x ¼ 0;

dm2
zz þ ð1� dÞKzu

2
z ¼ 0: ðz ¼ 0Þ (19a)

t2
zy ¼ t3zy; u2

2 ¼ u3
2; dm2

zx þ ð1� dÞKxu
2
x ¼ 0;

dm2
zz þ ð1� dÞKzu

2
z ¼ 0: ðz ¼ hÞ (19b)

where Kx and Kz are the scaling factors which are similar with Ky

in Eq. (13). These interface conditions require that various waves
have same angular frequency and the same apparent wavenumber,
namely,

xj
i¼xI

P;
sinhj

i

vi
¼ sinhI

SH

vSH
; i¼ SH;1;3;4; j¼ I;R;T; þð Þ; �ð Þ
� �

(20)

The amplitude ratios of various waves with respect to the incident
wave satisfy the algebraic equations

ASZS ¼ BS (21)

where

ZS ¼ BR; bðþÞ;B
ðþÞ
3 ;B

ðþÞ
4 ; bð�Þ;B

ð�Þ
3 ;B

ð�Þ
4 ;BT

� �
=BI

h iT

The explicit expressions of the elements of matrices AS and BS in
Eq. (21) are listed in Appendix B.

3.3 Multiple Reflection and Transmission Approach.
Although the amplitude ratios of reflection and transmission
waves can be obtained from the interface conditions, the propaga-
tion process through a slab and the formation of resulting

Fig. 4 The dependence of energy ratios on the thickness of
micropolar sandwiched layer in the case of normal incident P
wave at 0.5 MHz (here, the energy ratios are modified to keep
consistence with that in literature [19])

Fig. 5 The dependence of the reflection and transmission coefficients upon the micropolar constant c2 for different incident
angles hI

P in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6; q2 5 1:2;j2 5 6;j 2 5 30;h 5 0:1)
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reflection and transmission waves are concealed. In order to pres-
ent a clearer physical picture of wave propagation through a slab
and the formation of resulting reflection and transmission waves,
we appeal to the multiple reflection and transmission approach.

In the case of incident P or incident SV wave, the matrix formu-
lation is necessary for the multiple reflection and transmission
process due to the coupled nature between the longitudinal wave
and the transverse wave. Let HI ¼ ðAI;BIÞT , HR ¼ ðAR;BRÞT , and
HT ¼ ðAT ;BTÞT represent the amplitude vectors of the incident
waves, the reflection waves, and the transmission waves, respec-
tively. RP

ij and TP
ij are the reflection and transmission matrices at

the interface between medium i and medium j when incident
wave is from medium i. Then, the resultant reflection and trans-
mission waves can be expressed as

HR¼RP
12HIþTP

21KRP
23KTP

12HIþTP
21KRP

23KRP
21KRP

23KTP
12HIþ���

(22a)

HT ¼ TP
23KTP

12HI þ TP
23KRP

21KRP
23KTP

12HI

þ TP
23KRP

21KRP
23KRP

21KRP
23KTP

12HI þ � � � (22b)

where

K ¼
exp ðikLD

y hÞ 0 0

0 exp ðikCT3
y hÞ 0

0 0 exp ðikCT4
y hÞ

0
B@

1
CA

is the phase shift matrix of micropolar elastic waves which propa-
gates for one-way trip between the interface I (z ¼ 0) and the
interface II (z ¼ h). On the right side of Eq. (22a), the first term
stands for the first reflection wave at interface I. The second term
stands for the second reflection wave. It is created by experiencing
the transmission first across interface I, then propagates from
interface I to interface II, and reflects at interface II, returns back
to interface I, and finally transmits through interface I into me-
dium 1. The second reflection wave makes a round trip between
interface I and interface II. The third reflection wave makes dou-
ble round trips and so on. The summation of these multiple reflec-
tion waves leads to the resultant reflection waves in medium 1.
Similarly, the first term in Eq. (22b) stands for the first transmission
wave; the second term the second transmission wave, and so on.
The summation of these multiple transmission waves leads to the
resultant transmission waves in medium 3. The multiple reflection
and transmission process is shown in Fig. 2. After performing the
summation of infinite series of matrices, Eq. (22) becomes

HR ¼ RP
12 þ TP

21ðI� KRP
23KRP

21Þ
�1KRP

23KTP
12

h i
HI (23a)

HT ¼ TP
23

�
I� KRP

21KRP
23

��1

KTP
12HI (23b)

Equation (23) implies that the reflection and transmission coeffi-
cients are the period function of the thickness kyh. The multiple
reflection and transmission waves for incident SH wave situation
can be analyzed similarly.

Fig. 6 The dependence of the reflection and transmission coefficients upon the incident angle hI
P for different micropolar

constants c2 in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6;q2 5 1:2;j2 5 6;j 2 5 30;h 5 0:1)
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3.4 Limiting Cases. It is observed that the micropolar solid
will degenerate into classical elastic solid when the micropolar
constants j; a; b; c equal to zero. In the degeneration, the LD
wave turns into P wave, the CT3 wave turns into SV wave (in the
case of plane strain) or SH wave (in the case of antiplane strain)
and other waves vanish.

4 Energy Flux Partition and the Energy Conservation

The energy flux carried by a beam of wave can be estimated by

PiðtÞ ¼ � Reð _ujÞReðtijÞ þ Reð _ujÞReðmijÞ�
�

(24)

where the first term is due to the force stress while the second
term is due to the couple stress. For the reflection and transmission
waves in the classic elastic solids, the second term in Eq. (24) can
be ignored. However, it is not ignored any more in the present sit-
uation when the effects of microstructure are taken into considera-
tion. The average energy flux in one period is

Pi ¼
x
2p

ðp=x

�p=x
Pi tð Þdt ¼ � 1

2
Re _u�j tij þ _u�j mij
� �

(25)

where superscript “*” indicates the complex conjugate. The
energy flux along the propagation direction n is

PnðnÞ ¼ Px cos ðn; xÞ þ Pz cos ðn; zÞ (26)

where Px and Pz are the energy fluxes along the x and z directions.
The reflection and transmission coefficients are defined as the

ratios of energy fluxes of the reflected and transmission waves
with respect to the incident wave, namely,

Ei ¼
Pn nið Þ
PI

n n0ð Þ
; i ¼ 1; 2; 3; :::;Xð Þ (27)

where PI
n ðn0Þ is the energy flux of incident wave, PnðniÞ are

the energy fluxes of reflected and transmission waves. In the
case of incident P wave (X ¼ 10), i ¼ 1; 2 stand for reflected P
and SV waves in medium 1, i ¼ 3; 4; 5 stand for the forward LD,
CT3, and CT4 waves in medium 2, i ¼ 6; 7; 8 stand for the back-
ward LD, CT3, and CT4 waves in medium 2, i ¼ 9; 10 stand for
transmission P and SV waves in medium 3. In the case of inci-
dent SH wave (X ¼ 8), i ¼ 1 stands for reflected SH wave in me-
dium 1, i ¼ 2; 3; 4 stand for forward LR, CT3, and CT4 waves in
medium 2, i ¼ 5; 6; 7 stand for backward LR, CT3, and CT4
waves in medium 2, i ¼ 8 stands for transmission SH wave in
medium 3.

The energy conservation at the interface requires that the
input energy flux at unit area at the interface is equal to the out-
put energy fluxes from the same area. In the case of incident P
wave

PI
zP � P

ð�Þ
zLD � P

ð�Þ
zCT3 � P

ð�Þ
zCT4 ¼ �PR

zP � PR
zSV þ P

ðþÞ
zLD þ P

ðþÞ
zCT3

þ P
ðþÞ
zCT4 ; ðz ¼ 0Þ (28a)

P
ðþÞ
zLDþP

ðþÞ
zCT3þP

ðþÞ
zCT4 ¼PT

zPþPT
zSV �P

ð�Þ
zLD�P

ð�Þ
zCT3�P

ð�Þ
zCT4 ; ðz¼hÞ

(28b)

Fig. 7 The dependence of the reflection and transmission coefficients upon the micro-inertia j 2 for different incident angles
hI

P in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6;q2 5 1:2;c2 5 4;j2 5 6;h 5 0:1)
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Combing Eqs. (28a) and (28b) leads to

PI
zP ¼ �PR

zP � PR
zSV þ PT

zP þ PT
zSV (29)

which signifies that the micropolar slab does not absorb energy
and the energy carried by incident wave are completely
assigned to the reflection waves and the transmission waves.
By the introduction of energy conservation index E, Eq. (29)
can be rewritten as

E ¼ �PR
zP

PI
zP

� PR
zSV

PI
zP

þ PT
zP

PI
zP

þ PT
zSV

PI
zP

¼ 1 (30)

Similarly, in the case of incident SH wave, the energy conserva-
tion requires

E ¼ �PR
zSH

PI
zSH

þ PT
zSH

PI
zSH

¼ 1 (31)

Equations (30) and (31) are used to validate the numerical results
in Sec. 5.

5 Numerical Results and Discussion

It is known that the reflection and transmission of waves are
only dependent on the incident wave when medium 1, medium 2,
and medium 3 are prescribed. For convenience sake, medium 1
and medium 3 are assumed to be identical. Then, the dependence

relation between the reflection/transmission waves and the inci-
dent wave can be written as

ðAi;ai;Bi;biÞ¼ f ðk1;l1;q1;k2;l2;q2;a2;b2;c2;j2;j2;h;A0;L0;x0;h0Þ
(32)

where (k1;l1; q1) are the elastic constants and the mass density of
medium 1. (k2;l2;q2; a2; b2; c2;j2; j2; h) are the material con-
stants of micropolar slab. ðA0;L0;x0; h0Þ are the parameters of
incident wave, namely, the amplitude A0, the wavelength L0, the
angular frequency x0 and the incident angle h0. Choosing
ðq1;x0;L0Þ as the basic physical quantities, then, the nondimen-
sional form of Eq. (32) can be written as

ðAi; ai;Bi; biÞ=A0 ¼ f ðl1; k2;l2;q2; c2; a2;b2;j2; j2; h; h0Þ (33)

where

l1 ¼
l1

k1

; k2 ¼
k2

k1

; l2 ¼
l2

l1

; q2 ¼
q2

q1

; c2 ¼
c2

q1L4
0x

2
0

;

a2 ¼
a2

c2

; b2 ¼
b2

c2

; j2 ¼
j2

k1

; j2 ¼
j2
L2

0

; h ¼ h

L0

In the present numerical examples, the main concerns are focused
on the influences of the nondimensional micropolar constants
a2;b2; c2;j2; j2 and the nondimensional thickness h of the slab
upon the reflection and transmission coefficients. The choice of
these nondimensional micropolar constants in the numerical

Fig. 8 The dependence of the reflection and transmission coefficients upon the incident angle hI
P for different micro-inertia j 2

in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6;q2 5 1:2;c2 5 4;j2 5 6;h 5 0:1)
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examples is not arbitrary completely but has taken into the range
of micropolar constants of actual solid into consideration. The
experiment results of micropolar constants of some actual solids
are provided by Gauthier [20] and referenced in the present
numerical example.

5.1 Incident P Wave Situation. Figure 3 shows the depend-
ence of reflection and transmission coefficients on the nondimen-
sional thickness h. It is observed that the reflection and
transmission P waves are of periodicity. At certain frequencies,
the reflection P wave disappears nearly while the transmitted P
wave reaches maximum. This means that the elaborated sand-
wiched structure can be used as a frequency filter. Indeed, the
sandwiched slab characteristic of classically elasticity can be used
as a frequency filter too. However, the filter quality may be
improved by the elaborate design of microstructure for the sand-
wiched slab characteristic of micropolar elasticity. The reflection
and transmission SV waves are approximately periodical but the
energy carried by the reflection SV waves is smaller by an order of
magnitude than the reflection and transmission P waves. The
transmission SV wave is smaller by two orders of magnitude than
the reflection and transmission P waves. In other words, the inci-
dent energy is mainly concentrated upon the reflection and trans-
mission P waves.

In order to make a comparison with that in literature [19], the
dependences of energy ratios on the absolute thickness of the
sandwiched layer are shown in Fig. 4. By comparing Fig. 4 in

the present work with Fig. 3 in literature [19], not only energy
ratios but also the fluctuating period exhibits a large deviation. It
claims that the fluctuating period is a half of wavelength and the
wavelength of LD wave is 2:58� 10�3 m. However, after care-
fully analysis, it is found that the wavelength should be 16:20�
10�3 m (2p� 2:58� 10�3 m) at 0.5 MHz for the material parame-
ters provided in literature [19]. This mistake can thus explain the
large deviations between our results and that in literature [19].
Unfortunately, the other figures in literature [19] also cannot be
repeated and is thus doubtable. In a sense, the present work is
motivated by providing the corrected numerical results for refer-
ence and comparison of related researches hereafter.

Figures 5 and 6 show the dependence of reflection and trans-
mission coefficients on the micropolar constant c2. It is observed
that the micropolar constant c2 has no any influence on the reflec-
tion and transmission coefficients in the normal incidence. In the
oblique incidence, the micropolar constant c2 has an evident influ-
ence on the reflection and transmission coefficients only at a range
centered at c2 � 3:0. This range gradually increases as the inci-
dent angle increases. When the micropolar constant c2 < 3:0, the
reflection waves and the transmission SV wave increase gradually
as the micropolar constant c2 increases while decrease gradually
as the micropolar constant c2 increases when c2 > 3:0. It is also
noted from Fig. 6 that the influence of the micropolar constant c2

decreases gradually as the incident angle hI
P trends to zero and

p=2. The micropolar constants a2 and b2 have similar influences
as the micropolar constants c2. Therefore, the figures about the
micropolar constants a2 and b2 are not given here for brevity.

Fig. 9 The dependence of the reflection and transmission coefficients upon the micropolar constant j2 for different incident
angles hI

P in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6;q2 5 1:2;c2 5 4;j 2 5 30;h 5 0:1)
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Because the three micropolar constants are related with the couple
stress, see Eq. (2b), their influences reflect the influences of couple
stress actually. Therefore, the phenomenon that their influences
are extremely similar is understandable.

Figures 7 and 8 show the influences of the micro-inertia j2. The
microrotation is a unique feature of the mass particle in the

micropolar solid. The influences of the micro-inertia j2 actually
reflect the influence of the microrotation. It is observed that there
is a range centered at j2 � 38 where the micro-inertia j2 has evi-
dent influences on the reflection and transmission waves. But the
influences are only evident in the oblique incidence and decrease
gradually when the incident angle tends to zero and p=2. By

Fig. 10 The dependence of the reflection and transmission coefficients upon the incident angle hI
P for different micropolar

constant j2 in the case of incident P wave (d 5 0;l1 5 0:75;k2 5 0:8;l2 5 0:6;q2 5 1:2;c2 5 4;j 2 5 30;h 5 0:1)

Fig. 11 The dependence of the reflection and transmission coefficients upon nondimensional thickness h in case of incident
SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:1;q2 5 0:7;a2 5 b2 5 c2 5 0:1;j2 5 0:06;j 2 5 1)
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comparing with Figs. 5 and 7, it is found that the influences of the
micro-inertia j2 are very similar with the influences of the micro-
polar constant c2. This means that the influences of microrotation
are consistent with the influences of couple stress.

Figures 9 and 10 show the influences of the micropolar constant
j2. It is noted from Eq. (1) that the micropolar constant j2 plays a
role of coupled coefficient which reflects the interaction between

the displacement field and the microrotation field. Different
from the micropolar constants a2, b2, and c2, there is not a finite
influence range for the micropolar constant j2. It is observed that
the reflection coefficients increases monotonically while the trans-
mission P wave decreases monotonically as the micropolar con-
stant j2 increases gradually when the incident angle is less than
p=4.

Fig. 12 The dependence of reflection and transmission coefficients upon the micropolar constant c2ða2 5 b2 5 c2Þ for different
incident angles hI

SH in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;j2 5 1;j 2 5 1;h2 5 0:1)

Fig. 13 The dependence of the reflection and transmission coefficients upon the incident angle hI
SH for different micropolar

constants c2ða2 5 b2 5 c2Þ in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;j2 5 1;j 2 5 1;h2 5 0:1)
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In order to validate the numerical results, the energy conserva-
tion is checked for all numerical calculations. In Figs. 5, 7, and 9,
the energy conservation index E always keeps nearly equal to unit
which signifies the energy conservation satisfied by the incident
wave, the reflection waves and the transmission waves.

5.2 Incident SH Wave Situation. Figure 11 shows the de-
pendence of reflection and transmission coefficients on the

nondimensional thickness h. It is observed that the reflection and
transmission coefficients of SH waves are periodically dependent
upon the h. At certain h, the reflection SH wave disappears and
the total transmission phenomenon takes place. This signifies that
the incident SH wave can transmit the micropolar slab without
any resistance. At other certain h, the transmitted SH wave
reaches minimum but never equal to zero. This means that the
total reflection phenomenon can never takes place.

Fig. 14 The dependence of reflection and transmission coefficients upon the micro-inertia j 2 for different incident angle hI
SH

in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;a2 5 b2 5 c2 5 1;j2 5 1;h2 5 0:1)

Fig. 15 The dependence of the reflection and transmission coefficients upon the incident angle hI
SH for different micro-inertia

j 2 in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;a2 5 b2 5 c2 5 1;j2 5 1;h2 5 0:1)
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Figures 12 and 13 show the dependence of reflection and trans-
mission waves upon the micropolar constant c2. Different from
the incident P wave, there is not a finite influence range for the
micropolar constant c2. It is observed that the reflection SH wave
increases monotonically while the transmission SH wave
decreases monotonically as the micropolar constant c2 increases
gradually when the incident angle is smaller than p=4. When the
incident angle is greater than p=4, the reflection SH wave

decreases first then increases monotonically while the transmis-
sion SH wave increases first then decreases monotonically. Differ-
ent from the incident P wave, the micropolar constant c2 has still
evident influences on the reflection and transmission waves even
at normal incidence, see Fig. 13.

Figures 14 and 15 show the dependence of reflection and
transmission waves upon the micro-inertia j2. Different from
the incident P wave, there is not a finite influence range for the

Fig. 16 The dependence of the reflection and transmission coefficients upon the micropolar constant j2 for different incident
angles hI

SH in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;a2 5 b2 5 c2 5 1;j 2 5 1;h2 5 0:1)

Fig. 17 The dependence of the reflection and transmission coefficients upon the incident angle hI
SH for different micropolar

constants j2 in the case of incident SH wave (d 5 0;l1 5 0:2;k2 5 0:2;l2 5 0:15;q2 5 0:7;a2 5 b2 5 c2 5 1;j 2 5 1;h2 5 0:1)
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micro-inertia j2. It is observed that the reflection SH wave
decreases monotonically while the transmission SH wave
increases monotonically as the micro-inertia j2 increases when
the incident angle is smaller than p=4.

Figures 16 and 17 show the dependence of the reflection and
transmission SH waves upon the micropolar constant j2. It is
observed that the reflection SH wave decreases first then increases
monotonically while the transmission SH wave increases first then
decreases monotonically as the micropolar constant j2 the
increases. This trend is different from the incident P wave situa-
tion completely.

Similar with the case of incident P wave, the energy conserva-
tion is checked in all numerical calculation in the case of incident
SH wave. The energy conservation index E is shown in Figs. 12,
14, and 16. It is noted that the energy conservation index E always
keeps unit which means that the energy conservation is satisfied.

6 Conclusions

The reflection and transmission problem of an elastic wave
through a micropolar slab sandwiched by two classic elastic half-
spaces is studied in the present work. The interface conditions
between the micropolar slab and the classic elastic half-spaces
used in previous literature are modified in the present work as a
generalized form. Based on the modified interface conditions, the
reflection waves and the transmission waves are evaluated for the
incident P wave and the incident SH wave. The influences of the
micropolar constants and the thickness of slab are main concerns
of the present work. From the numerical results, the following
conclusions can be drawn:

(1) The reflection and the transmission coefficients are periodi-
cally dependent upon the thickness of slab. At certain thick-
ness, the incident P wave and the incident SH wave can
propagate through the slab without any resistance. There-
fore, the sandwiched slab can be used as an acoustic fre-
quency filter and the filter quality can be improved by the
elaborated design of microstructure.

(2) Not only the micropolar constants a2, b2, and c2 have simi-
lar influences upon the reflection waves and the transmis-
sion waves but also only at a finite range, the reflection,
and transmission waves are sensitive to the three micropo-
lar constants. The three micropolar constants are all related
with the couple stress, their influences reflect the influences
of couple stress in the interface conditions actually.

(3) The influences of the micro-inertia j2 are similar with that
the micropolar constants a2, b2, and c2. The micro-inertia
j2 has also a finite range where the micro-inertia has evi-
dent influences on the reflection and transmission waves.
The micro-inertia j2 is related with the microrotation and
therefore reflects the influences of the microrotation in the
interface conditions actually.

(4) The micropolar constant j2 plays a role of coupled coefficient
which reflects the interaction between the displacement field
and the microrotation field. Different from the micropolar
constants a2, b2, c2, and j2, there is not a finite influence
range for the micropolar constant j2. The influences of j2 on
the reflection and transmission waves are nearly monotonous.

(5) The waves in the micropolar slab can store and release
energy periodically but does not absorb the energy. The
incident energy is allocated between the reflection and
transmission waves. In the incident P wave situation, the
incident energy concentrated mainly on the reflection and
transmission P waves while the reflection and transmission
SV waves are much weaker than the reflection and trans-
mission P waves.
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Appendix A

In the case of incident P wave, the incident wave (indicated by
superscript “I”), the reflection waves (indicated by superscript
“R”), the transmission waves (indicated by superscript “T”) in
classical elastic media and the forward waves (indicated by super-
script “(þ)”), the backward waves (indicated by superscript
“(�)”) in micropolar slab can be written as follows:

qI ¼ aI exp ikI
P sin hI

Pxþ cos hI
Pz

� �
� ixI

Pt
� �

(A1)

qR ¼ aR exp ikR
P sin hR

Px� cos hR
Pz

� �
� ixR

Pt
� �

(A2)

UR
2 ¼ AR exp ikR

SV sin hR
SVx� cos hR

SVz
� �

� ixR
SVt

h i
(A3)

qðþÞ ¼ aðþÞ exp ik
ðþÞ
1 ðsin hðþÞ1 xþ cos hðþÞ1 zÞ � ixðþÞ1 t

h i
(A4)

U
ðþÞ
2 ¼

X
p¼3;4

AðþÞp exp ikðþÞp ðsin hðþÞp xþ cos hðþÞp zÞ � ixðþÞp t
h i

(A5)

uðþÞ2 ¼
X
p¼3;4

gpAðþÞp exp ikðþÞp ðsin hðþÞp xþ cos hðþÞp zÞ � ixðþÞp t
h i

(A6)

qð�Þ ¼ að�Þ exp ik
ð�Þ
1 ðsin hð�Þ1 x� cos hð�Þ1 zÞ � ixð�Þ1 t

h i
(A7)

U
ð�Þ
2 ¼

X
p¼3;4

Að�Þp exp ikð�Þp ðsin hð�Þp x� cos hð�Þp zÞ � ixð�Þp t
h i

(A8)

uð�Þ2 ¼
X
p¼3;4

gpAð�Þp exp ikð�Þp ðsin hð�Þp x� cos hð�Þp zÞ � ixð�Þp t
h i

(A9)

qT ¼ aT exp ikT
Pðsin hT

Pxþ cos hT
PzÞ � ixT

Pt
� �

(A10)

UT
2 ¼ AT exp ikT

SVðsin hT
SVxþ cos hT

SVzÞ � ixT
SVt

h i
(A11)

where xi ¼ kivi, p ¼ 3; 4 stand for two sets of CT wave, respec-
tively. Derived from Eq. (7), the coupled coefficients g3;4 are

g3;4 ¼ �
x2

0

v2
3;4 � 2x2

0=k2
3;4 � c2

4

(A12)

In the case of incident SH wave, the incident wave, the reflec-
tion waves, the transmission waves in classical elastic media, and
the forward waves and the backward waves in the micropolar slab
can be written as follows:

uI
2 ¼ BI exp ikI

SHðsin hI
SHxþ cos hI

SHzÞ � ixI
SHt

h i
(A13)

uR
2 ¼ BR exp ikR

SHðsin hR
SHx� cos hR

SHzÞ � ixR
SHt

h i
(A14)

nðþÞ ¼ bðþÞ exp ik
ðþÞ
2 ðsin hðþÞ2 xþ cos hðþÞ2 zÞ � ixðþÞ2 t

h i
(A15)

u
ðþÞ
2 ¼

X
p¼3;4

BðþÞp exp ikðþÞp ðsin hðþÞp xþ cos hðþÞp zÞ � ixðþÞp t
h i

(A16)
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UðþÞ2 ¼
X
p¼3;4

CpBðþÞp exp ikðþÞp ðsin hðþÞp xþ cos hðþÞp zÞ � ixðþÞp t
h i

(A17)

nð�Þ ¼ bð�Þ exp ik
ð�Þ
2 ðsin hð�Þ2 x� cos hð�Þ2 zÞ � ixð�Þ2 t

h i
(A18)

u
ð�Þ
2 ¼

X
p¼3;4

Bð�Þp exp ikð�Þp ðsin hð�Þp x� cos hð�Þp zÞ � ixð�Þp t
h i

(A19)

Uð�Þ2 ¼
X
p¼3;4

CpBð�Þp exp ikð�Þp ðsin hð�Þp x� cos hð�Þp zÞ � ixð�Þp t
h i

(A20)

uT
2 ¼ BT exp ikT

SHðsin hT
SHxþ cos hT

SHzÞ � ixT
SHt

h i
(A21)

where xi ¼ kivi, p ¼ 3; 4 stand for two sets of CT wave, respec-
tively. Derived from Eq. (7), the coupled coefficients C3;4 are

C3;4 ¼ �
x2

0

x2
3;4 � 2x2

0 � c2
4k2

3;4

(A22)

Appendix B

In the case of incident P wave, the explicit expressions of ma-
trix AP are

a1;1 ¼ kR
P sin hR

P; a1;2 ¼ kR
SV cos hR

SV ; a1;3 ¼ �k
ðþÞ
1 sin hðþÞ1 ; a1;4 ¼ k

ðþÞ
3 cos hðþÞ3 ; a1;5 ¼ k

ðþÞ
4 cos hðþÞ4 ;

a1;6 ¼ �k
ð�Þ
1 sin hð�Þ1 ; a1;7 ¼ �k

ð�Þ
3 cos hð�Þ3 ; a1;8 ¼ �k

ð�Þ
4 cos hð�Þ4 ; a1;9 ¼ 0; a1;10 ¼ 0;

a2;1 ¼ �kR
P cos hR

P; a2;2 ¼ kR
SV sin hR

SV ; a2;3 ¼ �k
ðþÞ
1 cos hðþÞ1 ; a2;4 ¼ �k

ðþÞ
3 sin hðþÞ3 ;

a2;5 ¼ �k
ðþÞ
4 sin hðþÞ4 ; a2;6 ¼ k

ð�Þ
1 cos hð�Þ1 ; a2;7 ¼ �k

ð�Þ
3 sin hð�Þ3 ; a2;8 ¼ �k

ð�Þ
4 sin hð�Þ4 ; a2;9 ¼ 0; a2;10 ¼ 0;

a3;1 ¼ �ðk1 þ 2l1 cos2hR
PÞðkR

PÞ
2; a3;2 ¼ 2l1 sin hR

SV cos hR
SVðkR

SVÞ
2; a3;3 ¼ k2 þ ð2l2 þ j2Þ cos2hðþÞ1

h i
ðkðþÞ1 Þ

2;

a3;4 ¼ ð2l2 þ j2Þsin hðþÞ3 cos hðþÞ3 ðk
ðþÞ
3 Þ

2; a3;5 ¼ ð2l2 þ j2Þsin hðþÞ4 cos hðþÞ4 ðk
ðþÞ
4 Þ

2; a3;6 ¼ k2 þ ð2l2 þ j2Þ cos2hð�Þ1

h i
ðkð�Þ1 Þ

2;

a3;7 ¼ �ð2l2 þ j2Þsin hð�Þ3 cos hð�Þ3 ðk
ð�Þ
3 Þ

2; a3;8 ¼ �ð2l2 þ j2Þsin hð�Þ4 cos hð�Þ4 ðk
ð�Þ
4 Þ

2; a3;9 ¼ 0;

a3;10 ¼ 0; a4;1 ¼ 2l1 sin hR
P cos hR

PðkR
PÞ

2; a4;2 ¼ l1 cos 2hR
SVðkR

SVÞ
2; a4;3 ¼ ð2l2 þ j2Þsin hðþÞ1 cos hðþÞ1 ðk

ðþÞ
1 Þ

2;

a4;4 ¼ �ðl2 cos 2hðþÞ3 þ j2 cos2hðþÞ3 Þðk
ðþÞ
3 Þ

2 þ j2g3; a4;5 ¼ �ðl2 cos 2hðþÞ4 þ j2 cos2hðþÞ4 Þðk
ðþÞ
4 Þ

2 þ j2g4;

a4;6 ¼ ð2l2 þ j2Þsin hð�Þ1 cos hð�Þ1 ðk
ð�Þ
1 Þ

2; a4;7 ¼ �ðl2 cos 2hð�Þ3 þ j2 cos2hð�Þ3 Þðk
ð�Þ
3 Þ

2 þ j2g3;

a4;8 ¼ �ðl2 cos 2hð�Þ4 þ j2 cos2hð�Þ4 Þðk
ð�Þ
4 Þ

2 þ j2g4; a4;9 ¼ 0; a4;10 ¼ 0;

a5;1 ¼ 0; a5;2 ¼ 0; a5;3 ¼ 0; a5;4 ¼ idc2k
ðþÞ
3 g3 cos hðþÞ3 þ ð1� dÞKyg3;

a5;5 ¼ idc2k
ðþÞ
4 g4 cos hðþÞ4 þ ð1� dÞKyg4; a5;6 ¼ 0; a5;7 ¼ �idc2k

ð�Þ
3 g3 cos hð�Þ3 þ ð1� dÞKyg3;

a5;8 ¼ �idc2k
ð�Þ
4 g4 cos hð�Þ4 þ ð1� dÞKyg4; a5;9 ¼ 0; a5;10 ¼ 0;

a6;1 ¼ 0; a6;2 ¼ 0; a6;3 ¼ k
ðþÞ
1 sin hðþÞ1 exp ðikðþÞ1 cos hðþÞ1 hÞ; a6;4 ¼ �k

ðþÞ
3 cos hðþÞ3 exp ðikðþÞ3 cos hðþÞ3 hÞ;

a6;5 ¼ �k
ðþÞ
4 cos hðþÞ4 exp ðikðþÞ4 cos hðþÞ4 hÞ; a6;6 ¼ k

ð�Þ
1 sin hð�Þ1 exp ð�ik

ð�Þ
1 cos hð�Þ1 hÞ;

a6;7 ¼ k
ð�Þ
3 cos hð�Þ3 exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ; a6;8 ¼ k

ð�Þ
4 cos hð�Þ4 exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ; a6;9 ¼ �kT

P sin hT
P exp ðikT

P cos hT
PhÞ;

a6;10 ¼ kT
SV cos hT

SV exp ðikT
SV cos hT

SVhÞ; a7;1 ¼ 0; a7;2 ¼ 0; a7;3 ¼ k
ðþÞ
1 cos hðþÞ1 exp ðikðþÞ1 cos hðþÞ1 hÞ;

a7;4 ¼ k
ðþÞ
3 sin hðþÞ3 exp ðikðþÞ3 cos hðþÞ3 hÞ; a7;5 ¼ k

ðþÞ
4 sin hðþÞ4 exp ðikðþÞ4 cos hðþÞ4 hÞ;

a7;6 ¼ �k
ð�Þ
1 cos hð�Þ1 exp ð�ik

ð�Þ
1 cos hð�Þ1 hÞ; a7;7 ¼ k

ð�Þ
3 sin hð�Þ3 exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a7;8 ¼ k
ð�Þ
4 sin hð�Þ4 exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ; a7;9 ¼ �kT

P cos hT
P exp ðikT

P cos hT
PhÞ;

a7;10 ¼ �kT
SV cos hT

SV exp ðikT
SV cos hT

SVhÞ; a8;1 ¼ 0; a8;2 ¼ 0;

a8;3 ¼ � k2 þ ð2l2 þ j2Þ cos2hðþÞ1

h i
ðkðþÞ1 Þ

2
exp ðikðþÞ1 cos hðþÞ1 hÞ;

a8;4 ¼ �ð2l2 þ j2Þsin hðþÞ3 cos hðþÞ3 ðk
ðþÞ
3 Þ

2
exp ðikðþÞ3 cos hðþÞ3 hÞ;

a8;5 ¼ �ð2l2 þ j2Þsin hðþÞ4 cos hðþÞ4 ðk
ðþÞ
4 Þ

2
exp ðikðþÞ4 cos hðþÞ4 hÞ;

a8;6 ¼ � k2 þ ð2l2 þ j2Þ cos2hð�Þ1

h i
ðkð�Þ1 Þ

2
exp ð�ik

ð�Þ
1 cos hð�Þ1 hÞ;

a8;7 ¼ ð2l2 þ j2Þsin hð�Þ3 cos hð�Þ3 ðk
ð�Þ
3 Þ

2
exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a8;8 ¼ ð2l2 þ j2Þsin hð�Þ4 cos hð�Þ4 ðk
ð�Þ
4 Þ

2
exp ðikð�Þ4 cos hð�Þ4 hÞ;

a8;9 ¼ ðk1 þ 2l1 cos2hT
PÞðkT

PÞ
2

exp ðikT
P cos hT

PhÞ; a8;10 ¼ 2l1 sin hT
SV cos hT

SVðkT
SVÞ

2
exp ðikT

SV cos hT
SVhÞ;

a9;1 ¼ 0; a9;2 ¼ 0; a9;3 ¼ �ð2l2 þ j2Þsin hðþÞ1 cos hðþÞ1 ðk
ðþÞ
1 Þ

2
exp ðikðþÞ1 cos hðþÞ1 hÞ;
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a9;4 ¼ ðl2 cos 2hðþÞ3 þ j2 cos2hðþÞ3 Þðk
ðþÞ
3 Þ

2 � j2g3

h i
exp ðikðþÞ3 cos hðþÞ3 hÞ;

a9;5 ¼ ðl2 cos 2hðþÞ4 þ j2 cos2hðþÞ4 Þðk
ðþÞ
4 Þ

2 � j2g4

h i
exp ðikðþÞ4 cos hðþÞ4 hÞ;

a9;6 ¼ ð2l2 þ j2Þsin hð�Þ1 cos hð�Þ1 ðk
ð�Þ
1 Þ

2
exp ð�ik

ð�Þ
1 cos hð�Þ1 hÞ;

a9;7 ¼ ðl2 cos 2hð�Þ3 þ j2 cos2hð�Þ3 Þðk
ð�Þ
3 Þ

2 � j2g3

h i
exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a9;8 ¼ ðl2 cos 2hð�Þ4 þ j2 cos2hð�Þ4 Þðk
ð�Þ
4 Þ

2 � j2g4

h i
exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ;

a9;9 ¼ 2l1 sin hT
P cos hT

PðkT
PÞ

2
exp ðikT

P cos hT
PhÞ;

a9;10 ¼ �l1 cos 2hT
SVðkT

SVÞ
2

exp ðikT
SV cos hT

SVhÞ; a10;1 ¼ 0; a10;2 ¼ 0;

a10;3 ¼ 0; a10;4 ¼ idc2k
ðþÞ
3 g3 cos hðþÞ3 þ ð1� dÞKyg3

h i
exp ðikðþÞ3 cos hðþÞ3 hÞ;

a10;5 ¼ idc2k
ðþÞ
4 g4 cos hðþÞ4 þ ð1� dÞKyg4

h i
exp ðikðþÞ4 cos hðþÞ4 hÞ; a10;6 ¼ 0;

a10;7 ¼ �idc2k
ð�Þ
3 g3 cos hð�Þ3 þ ð1� dÞKyg3

h i
exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a10;8 ¼ �idc2k
ð�Þ
4 g4 cos hð�Þ4 þ ð1� dÞKyg4

h i
exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ; a10;9 ¼ 0; a10;10 ¼ 0

The explicit expressions of matrix BP are

b1 ¼�kI
P sinhI

P; b2 ¼�kI
P coshI

P; b3 ¼ ðk1 þ 2l1 cos2hI
PÞðkI

PÞ
2; b4 ¼ 2l1 sinhI

P coshI
PðkI

PÞ
2; b5 ¼ b6 ¼ b7 ¼ b8 ¼ b9 ¼ b10 ¼ 0

In the case of incident SH wave, the explicit expressions of matrix AS are

a1;1 ¼ �1; a1;2 ¼ 0; a1;3 ¼ 1; a1;4 ¼ 1; a1;5 ¼ 0; a1;6 ¼ 1; a1;7 ¼ 1; a1;8 ¼ 0; a2;1 ¼ l1kR
SH cos hR

SH;

a2;2 ¼ j2k
ðþÞ
2 sin hðþÞ2 ; a2;3 ¼ ðl2 þ j2 � j2C3ÞkðþÞ3 cos hðþÞ3 ; a2;4 ¼ ðl2 þ j2 � j2C4ÞkðþÞ4 cos hðþÞ4 ;

a2;5 ¼ j2k
ð�Þ
2 sin hð�Þ2 ; a2;6 ¼ �ðl2 þ j2 � j2C3Þkð�Þ3 cos hð�Þ3 ; a2;7 ¼ �ðl2 þ j2 � j2C4Þkð�Þ4 cos hð�Þ4 ;

a2;8 ¼ 0; a3;1 ¼ 0; a3;2 ¼ �dðbþ cÞðkðþÞ2 Þ
2

sin hðþÞ2 cos hðþÞ2 þ ið1� dÞKxk
ðþÞ
2 sin hðþÞ2 ;

a3;3 ¼ dC3ðkðþÞ3 Þ
2ðc cos2hðþÞ3 � b sin2hðþÞ3 Þ � ið1� dÞKxC3k

ðþÞ
3 cos hðþÞ3 ;

a3;4 ¼ dC4ðkðþÞ4 Þ
2ðc cos2hðþÞ4 � b sin2hðþÞ4 Þ � ið1� dÞKxC4k

ðþÞ
4 cos hðþÞ4 ;

a3;5 ¼ dðbþ cÞðkð�Þ2 Þ
2

sin hð�Þ2 cos hð�Þ2 þ ið1� dÞKxk
ð�Þ
2 sin hð�Þ2 ;

a3;6 ¼ dC3ðkð�Þ3 Þ
2ðc cos2hð�Þ3 � b sin2hð�Þ3 Þ þ ið1� dÞKxC3k

ð�Þ
3 cos hð�Þ3 ;

a3;7 ¼ dC4ðkð�Þ4 Þ
2ðc cos2hð�Þ4 � b sin2hð�Þ4 Þ þ ið1� dÞKxC4k

ð�Þ
4 cos hð�Þ4 ;

a3;8 ¼ 0; a4;1 ¼ 0; a4;2 ¼ �d aþ ðbþ cÞ cos2hðþÞ2

h i
ðkðþÞ2 Þ

2 þ ið1� dÞKzk
ðþÞ
2 cos hðþÞ2 ;

a4;3 ¼ �dðbþ cÞC3ðkðþÞ3 Þ
2

sin hðþÞ3 cos hðþÞ3 þ ið1� dÞKzC3k
ðþÞ
3 sin hðþÞ3 ;

a4;4 ¼ �dðbþ cÞC4ðkðþÞ4 Þ
2

sin hðþÞ4 cos hðþÞ4 þ ið1� dÞKzC4k
ðþÞ
4 sin hðþÞ4 ;

a4;5 ¼ �d aþ ðbþ cÞ cos2hð�Þ2

h i
ðkð�Þ2 Þ

2 � ið1� dÞKzk
ð�Þ
2 cos hð�Þ2 ;

a4;6 ¼ dðbþ cÞC3ðkð�Þ3 Þ
2

sin hð�Þ3 cos hð�Þ3 þ ið1� dÞKzC3k
ð�Þ
3 sin hð�Þ3 ;

a4;7 ¼ dðbþ cÞC4ðkð�Þ4 Þ
2

sin hð�Þ4 cos hð�Þ4 þ ið1� dÞKzC4k
ð�Þ
4 sin hð�Þ4 ;

a4;8 ¼ 0; a5;1 ¼ 0; a5;2 ¼ 0; a5;3 ¼ exp ðikðþÞ3 cos hðþÞ3 hÞ; a5;4 ¼ exp ðikðþÞ4 cos hðþÞ4 hÞ;
a5;5 ¼ 0; a5;6 ¼ exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ; a5;7 ¼ exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ; a5;8 ¼ �exp ðikT

SH cos hT
SHhÞ;

a6;1 ¼ 0; a6;2 ¼ j2k
ðþÞ
2 sin hðþÞ2 exp ðikðþÞ2 cos hðþÞ2 hÞ; a6;3 ¼ ðl2 þ j2 � j2C3ÞkðþÞ3 cos hðþÞ3 exp ðikðþÞ3 cos hðþÞ3 hÞ;

a6;4 ¼ ðl2 þ j2 � j2C4ÞkðþÞ4 cos hðþÞ4 exp ðikðþÞ4 cos hðþÞ4 hÞ; a6;5 ¼ j2k
ð�Þ
2 sin hð�Þ2 exp ð�ik

ð�Þ
2 cos hð�Þ2 hÞ;

a6;6 ¼ �ðl2 þ j2 � j2C3Þkð�Þ3 cos hð�Þ3 exp ð�ik
ð�Þ
3 cos hð�Þ3 hÞ; a6;7 ¼ �ðl2 þ j2 � j2C4Þkð�Þ4 cos hð�Þ4 exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ;

a6;8 ¼ �l1kT
SH cos hT

SH exp ðikT
SH cos hT

SHhÞ; a7;1 ¼ 0;

a7;2 ¼ �dðbþ cÞk2
2 sin hðþÞ2 cos hðþÞ2 þ ið1� dÞKxk2 sin hðþÞ2

h i
exp ðikðþÞ2 cos hðþÞ2 hÞ;

a7;3 ¼ dC3ðkðþÞ3 Þ
2ðc cos2hðþÞ3 � b sin2hðþÞ3 Þ � ið1� dÞKxC3k

ðþÞ
3 cos hðþÞ3

h i
exp ðikðþÞ3 cos hðþÞ3 hÞ;
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a7;4 ¼ dC4ðkðþÞ4 Þ
2ðc cos2hðþÞ4 � b sin2hðþÞ4 Þ � ið1� dÞKxC4k

ðþÞ
4 cos hðþÞ4

h i
exp ðikðþÞ4 cos hðþÞ4 hÞ;

a7;5 ¼ dðbþ cÞðkð�Þ2 Þ
2

sin hð�Þ2 cos hð�Þ2 þ ið1� dÞKxk
ð�Þ
2 sin hð�Þ2

h i
exp ð�ik

ð�Þ
2 cos hð�Þ2 hÞ;

a7;6 ¼ dC3ðkð�Þ3 Þ
2ðc cos2hð�Þ3 � b sin2hð�Þ3 Þ þ ið1� dÞKxC3k

ð�Þ
3 cos hð�Þ3

h i
exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a7;7 ¼ dC4ðkð�Þ4 Þ
2ðc cos2hð�Þ4 � b sin2hð�Þ4 Þ þ ið1� dÞKxC4k

ð�Þ
4 cos hð�Þ4

h i
exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ;

a7;8 ¼ 0; a8;1 ¼ 0; a8;2 ¼ �d aþ ðbþ cÞ cos2hðþÞ2

h i
ðkðþÞ2 Þ

2 þ ið1� dÞKzk
ðþÞ
2 cos hðþÞ2

h i
exp ðikðþÞ2 cos hðþÞ2 hÞ;

a8;3 ¼ �dðbþ cÞC3ðkðþÞ3 Þ
2

sin hðþÞ3 cos hðþÞ3 þ ið1� dÞKzC3k
ðþÞ
3 sin hðþÞ3

h i
exp ðikðþÞ3 cos hðþÞ3 hÞ;

a8;4 ¼ �dðbþ cÞC4ðkðþÞ4 Þ
2

sin hðþÞ4 cos hðþÞ4 þ ið1� dÞKzC4k
ðþÞ
4 sin hðþÞ4

h i
exp ðikðþÞ4 cos hðþÞ4 hÞ;

a8;5 ¼ f�d aþ ðbþ cÞ cos2hð�Þ2

h i
ðkð�Þ2 Þ

2 � ið1� dÞKzk
ð�Þ
2 cos hð�Þ2 g exp ð�ik

ð�Þ
2 cos hð�Þ2 hÞ;

a8;6 ¼ dðbþ cÞC3ðkð�Þ3 Þ
2

sin hð�Þ3 cos hð�Þ3 þ ið1� dÞKzC3k
ð�Þ
3 sin hð�Þ3

h i
exp ð�ik

ð�Þ
3 cos hð�Þ3 hÞ;

a8;7 ¼ dðbþ cÞC4ðkð�Þ4 Þ
2

sin hð�Þ4 cos hð�Þ4 þ ið1� dÞKzC4k
ð�Þ
4 sin hð�Þ4

h i
exp ð�ik

ð�Þ
4 cos hð�Þ4 hÞ; b8;8 ¼ 0

The explicit expressions of matrix BS are

b1 ¼ 1; b2 ¼ l1kI
SH cos hI

SH; b3 ¼ b4 ¼ b5 ¼ b6 ¼ b7 ¼ b8 ¼ 0
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