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Abstract 

The maximum root mean square (RMS) of the displacement of a long tensioned mooring tether undergoing vortex-induced 
vibration (VIV) as the flow velocity varies was experimentally investigated, and an evaluation model was established to predict 
the maximum RMS value of the displacement by a dimensionless analysis. The results showed that the maximum RMS of the 
displacement linearly increased with the increasing of the flow velocity if only the low order modes were excited at the 
corresponding flow velocities. This kind of maximum RMS of displacement was evaluated by the proposed model, which is more 
reliable when it was used to predict the maximum RMS of the total displacement.  
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of SUFTUS-2016. 
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1. Introduction 

Long tensioned mooring tethers are important components of engineering structures in deep oceans, such as deep 
sea platforms and submerged floating tunnels (SFT) [1], since they are designed to restrain the displacement and 
internal forces of the main bodies of deep ocean structures. Their safety has a close relation to the safety of the main 
bodies. One of the events that influence the safety of long tensioned mooring tethers is the vortex shedding of ocean 
currents passing through, which makes the tethers undergo vortex-induced vibration (VIV). Dynamic responses of the 
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long tensioned tether subjected to VIV in recent investigations are stresses (strains) [2,3] and displacements induced 
in the process. For dynamic displacements, the focus was on the maximum root mean square (RMS) values, 
frequencies, dominant vibrations modes and wave types [4,5,6,7]. Wu et al.[8] summarized that the dynamic 
displacements of a long tensioned tether undergoing VIV were mainly characterized by multiple and high order modes, 
high harmonics and travelling waves in addition to standing waves. Dual resonance and non-resonance were studied 
as well [9]. However, the maximum RMS of the dynamic displacement of such tethers is not in-depth investigated. 

In uniform flows, one concerned issue in VIV for a long tensioned tether with cylindrical shape is the effect of flow 
velocity on the maximum RMS of the displacement. Research results [6,9,10,11] showed that, as the uniform flow 
velocity increases, the maximum RMS of the displacement in both CF and IL directions increases in a saw tooth or 
fluctuating pattern. Such maximum value could be obtained by numerically solving the governing equations of the 
tether and the fluid field with the consideration of fluid-structure interaction [12,13]. However, it is a complicated and 
time-consuming work for the governing equations to be numerically solved. Therefore, a simpler and more direct 
evaluation model for the maximum RMS of the displacement of a long tensioned tether undergoing VIV is expected. 
In this paper, the maximum RMS of the displacement with the uniform flow velocity was first studied by an experiment. 
Then, according to the experimental results, a simple evaluation model was established to calculate the maximum 
RMS of the displacement of a long tensioned mooring tether undergoing VIV.  

2. Experimental study 

2.1. Experimental set-up and data Analysis 

The experiment was carried out in a towing flume with the length of 29.0 m, the width of 4.5 m and the depth of 
4.0 m [Fig. 1. (a)]. As shown in Fig. 1. (b), the test model was mounted on a towing car by universal joints. The state 
of uniform flows was attained by the towing car moving forward or backward along the length direction of the flume 
at a controllable constant speed. One end of the test model was connected with a cable and through pulleys the cable 
was hung with a steel weight inside a weight sleeve. By this set-up, the test model was tensioned. 

An aluminum pipe with circular cross section was adopted as the experimental model, for which the length is 3.31 
m, the outer diameter is 6 mm and the inner diameter is 4 mm. The axial tension had the value of 10 N. The uniform 
flow velocity varied from 0.1 m/s to 1.5 m/s with an increment of 0.1 m/s and numbered as 1 to 15 from 0.1 m/s 
successively. Table 1 summarizes the main parameters of the test model.  

Fiber brag grating (FBG) strain sensors were stuck to the surface of the test model to measure the strains on the 
surface of the model. As illustrated in Fig. 1. (b), (c) and (d), 20 FBG sensors were installed at the CF direction and 
another 20 were at the IL direction with the sensor spacing of 160 mm. This arrangement implies that the test model 
is simplified as a 20-DOF damping system in each direction. 

Table 1. Main parameters of test model 

Experiment parameters Symbol Unit Value 

Length l  m 3.31 

Outer diameter 1d  mm 6.0 

Inner diameter 2d  mm 4.0 

Modulus of elasticity E  GPa 71.0 

Aspect ratio 1/l d  - 551 

Mass Ratio *m  - 1.5 

Reynolds number Re  - 600-9000 
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Fig. 1. Schematic of experimental set-up: (a) Towing flume with tested model being mounted on a towing car; (b) Front view of experimental set-
up and arrangement of fiber brag grating (FBG) strain sensors of in-line (IL) direction along axial direction of test model; (c) Top view of 
experimental set-up and arrangement of FBG strain sensors of cross-flow (CF) direction along axial direction of test model; (d) Cross section of 
test model and arrangement of FBG strain sensors on cross section of test model. 

The modal weight and displacement signals in CF and IL directions were extracted from the measured strain signals 
in the corresponding directions by the method employed in [6,14]. Moreover, the time series of the total displacement 
was calculated by Eq. (1): 

2 2
TOTAL, CF, IL, 1, 2, , 1, 2, , 20i i iu k u k u k k s i   (1) 

where TOTAL,iu k  is the total displacement, CF,iu k  the displacement in CF direction and IL,iu k  the displacement 
in IL direction at the discrete time k and the i-th sensor location. s is the total number of sample data. 

The relative ratio of the amplitude of the n-th modal weight at a tested flow velocity was defined as the amplitude 
of the n-th modal weight at a tested flow velocity to the maximum amplitude within the amplitudes of all modal 
weights at the same flow velocity. The relative ratio of the amplitude was employed to identify the excited modes of 
the test model at a tested flow velocity.  
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2.2. Results 

Fig. 2 (a) and (b) shows the maximum RMS of the displacement versus the flow velocity in CF direction and IL 
direction, respectively. The maximum RMS of the displacement was normalized by the outer diameter of the 
experimental model. In a general point of view, the maximum RMS values of the displacement in CF and IL directions 
increase with the increasing of flow velocity in a fluctuating pattern. This trend is in accordance with the result 
mentioned in Section 1. Fig. 2 (c) and (d) presents the relative ratio of the amplitude of the first eight modal weights 
versus the flow velocity and mode order in CF direction and IL direction, respectively. From these figures, the excited 
modes in CF and IL directions were found. In this paper, the excited mode is defined as the mode whose relative ratio 
of the amplitude is between the value of 0.1 and 1.0. 

Comparing Fig. 2 (a) and (c) in CF direction and Fig. 2 (b) and (d) in IL direction, we found that within the flow 
velocity range (e.g. 0.6  0.9 m/s) where the fourth and upper modes are excited, the maximum RMS values of the 
displacement in CF and IL directions constitute the concave section of the curve. Moreover, if we use the maximum 
RMS values of the displacement in CF and IL directions at the flow velocities of 0.2 m/s to 0.5 m/s and 1.0 m/s, where 
only the modes with the order lower than the fourth are excited, to carry out a curve fitting, we find that those 
maximum RMS values of the displacement are linearly related to the flow velocity. They linearly increase as the flow 
velocity increases, as shown in Fig. 3 (a) and (b). So are the corresponding maximum RMS values of the total 
displacement [Fig. 3 (c)]. 

 

 

Fig. 2. (a) The maximum RMS of the displacement normalized by outer diameter of test model versus flow velocity in CF direction; (b) The 
maximum RMS of the displacement normalized by outer diameter of test model versus flow velocity in IL direction; (c) Relative ratios of the 
amplitude of the first eight modal weights versus flow velocity and mode number in CF direction; (d) Relative ratio of the amplitude of the first 
eight modal weights versus flow velocity and mode number in IL direction. 
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Fig. 3. Linear fit of the maximum RMSs of the displacement with respect to flow velocities where only modes with order lower than the fourth  
are excited: (a) in CF direction; (b) in IL direction; (c) of total displacement. 

3. Modeling

3.1. Evaluation model 

The dimensionless value max 1u d of the maximum RMS for the displacement in total or component directions is 
universally expressed as the following function. 

2
*max

1 1

, , , ,
u l Tl

f m Re
d d EI

   (2) 

where  is the damping ratio and 2Tl EI  is a dimensionless parameter that indicates the type of the tether (string-
like or beam-like) [15] with EI  being the bending stiffness of the mooring tether. 

Since the experimental result shows that the maximum RMS of the displacement linearly depends on the flow 
velocity where only the low order modes are excited, Reynolds number Re, which represents the flow velocity for a 
given dynamic system and fluid field, was taken out from the brackets of Eq.(2). Then, the conditioned maximum 
RMS of the displacement max,cu  is expressed as: 

2
max,c *

1 1

, , ,
u l Tl

f m Re
d d EI

   (3) 
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The derived Eq. (4) shows the maximum displacement of a simple supported tensioned beam subjected to the static 
uniform force perpendicular to the spanwise direction of the beam. 

2 2
static
max 2 2=ql qEI l EI

u q
T TT T

   (4) 

where u x  is the static displacement along the spanwise axis of x. static
maxu  is the static maximum displacement, q  the 

static uniform force and ,  two constant coefficients. 
Eq. (4) indicates that the static maximum displacement is linearly dependent on the static uniform force. Their 

slope is the linear combination of 2l T and 2EI T . Analogously, we assumed that the slope of Eq. (3) also has such 
linear combination form. Then, the terms 2ql T  and 2qEI T of Eq. (4) were transformed into Eqs. (5) and (6) by the 
dimensional homogeneity theory, respectively. 

2 22
1 1NF 1NF 1NF1

1 12 2~
d Uf l f fd Uql

d Re d
T T T l T l

  (5) 

442
1NF1 1 1NF 1NF1

1 1 12 2 4 2 22 4 2 2
1

1 1~ ~NF
f EI l EId Uf EI f fd UqEI l

d Re d Re d
E dT T EI lT l EI Tl EI Tl EI

  (6) 

where  is the dynamic viscosity coefficient of the fluid. 1NFf  represents the first natural frequency of the long 
tensioned tether. From Eqs. (3), (5) and (6) and the linear combination assumption, the slope f  is written in the 
following form: 

4 22
1NF 1NF

1 2 1 1 2 22
1

=
f f l Tl

f c c c p c p
E d EIT l

  (7) 

where 1c  and 2c  are two constant coefficients supposed to have the values determined by the damping ratio. The 
influence of the mass ratio has already been considered in the first natural frequency. Substituting Eq. (7) into Eq. (3), 
we obtain the evaluation model of the conditioned maximum RMS of the displacement in a dimensionless form, which 
is presented by Eq. (8). 

4 22
max,c 1NF 1NF

1 22
1 1

u f f l Tl
c c Re

d E d EIT l
  (8) 

The values of 1c  and 2c  can be determined by an experiment, though their relationships with respect to the 
damping ratio are unclear. 

3.2. Values of  1c  and  2c

Eq. (7) indicates that, if two different fitting slops and the corresponding pairs of 1 2,p p  are given, 1c and 2c  are 
the solutions of the following system of linear equations. 

11 21 1 1

12 22 2 2

p p c f

p p c f
   (9) 
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Therefore, another two tests with tensions of 50 N and 75 N were conducted. The fitting slops for the cases with 
the tensions of 10 N and 50 N were used to evaluate 1c  and 2c . Results are listed in Table 2.  

 

Table 2. Values of  1c  and  2c  

Directions 
Fitting slop ( - 410 ) Values 

10 N 50 N 1c  2c ( 210 ) 

CF 4.846 4.028 0.501 -2.202 

IL 3.754 1.916 0.222 -0.434 

TOTAL 6.176 5.511 0.690 -3.205 

3.3. Model verification 

The experimental values of the conditioned maximum RMS of the displacement in the case with the tension of 75 
N were employed to verify those predicted by Eq. (8). Values of  1c  and 2c   in Table 2 were used. Note that the 
dominant vibration frequency in IL direction is twice that in CF direction [6]. The evaluation model of Eq. (8) did not 
reflect such frequency difference between the CF direction and the IL direction. Thus, we modified 1NFf   in Eq. (8) 
to  1NF2 f   for the IL direction. Fig. 4 shows that the predicted results are good. Table 3 gives the fitting and predicted 
values of the slop. The relative error in the total displacement direction is the smallest. This indicates that the proposed 
evaluation model is more reliable when it is employed to predict the conditioned maximum RMS of the total 
displacement for a long tensioned mooring tether undergoing VIV. 

 

 

Fig. 4. Comparing predicted values with experimental values: (a) in CF direction; (b) in IL direction; (c) of total displacement. 
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Table 3. Fitting and Prediction values of the slop 

Directions Fitting ( - 410 ) Prediction ( - 410 ) Relative error (%) 

CF 3.549 3.396 4.31 

IL 3.306 3.152 4.66 

TOTAL 4.761 4.658 2.16 

4. Conclusions 

An experiment was conducted in this paper to have an in-depth understanding on the variation of the maximum 
RMS of the displacement for a long tensioned tether undergoing VIV with the given flow velocity, and a model was 
established for the prediction of the maximum RMS of the displacement. Conclusions are as follows. 

The maximum RMS of the displacement for a long tensioned mooring tether subjected to VIV linearly increases 
as the flow velocity increases if only the low order modes are excited at the corresponding flow velocities. This kind 
of maximum RMS of displacement is named conditioned maximum RMS of displacement in this paper. The 
magnitude of the conditioned maximum RMS of the displacement is evaluated by the proposed model. However, it is 
worth noticing that the model is more reliable when it is applied to the prediction of the conditioned maximum RMS 
of the total displacement.  
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