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ABSTRACT This paper proposes a new method to investigate the effect of specimen size on fatigue
life of metallic materials in high-cycle fatigue and very-high-cycle fatigue regimes in
the light of statistical analysis. The performance of large specimen is correlated with that
of small specimen via control volume (a high stress domain where potential fatigue crack
initiation sites are located). The simulation results are in good agreement with a series of
experimental data in high-cycle fatigue and very-high-cycle fatigue regimes from litera-
ture. The method is helpful for a quantitative estimation of fatigue life of large specimens
from the experimental data of small specimens.
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NOMENCLATURE N, Nk, N ′
k fatigue life

NL fatigue life of large specimen
NS

i fatigue life of small specimen
a parameter

σ, σ′, σk stress level

INTRODUCT ION

The effect of specimen size on fatigue behaviour of mate-
rials is a topic of great importance in both scientific and
engineering aspects.1–6 It is known that the fatigue
strength of materials decreases with the increase of speci-
men size. Many investigations have indicated that the
decrease in fatigue strength of large specimen is related
to the high possibility of ineluctable presence of material
defects and microstructure inhomogeneities.7–9 For
example, Beretta et al.10 studied the scale effect in fatigue
limit and crack growth rate for a high-strength steel used
for high-speed railway axles and found that the average fa-
tigue strength (for 90% survival probability) of full-scale
specimens of railway axles is 25% lower than that of stan-
dard specimens (with diameter of 7.52mm) from several
steel batches. Furuya11,12 investigated the effect of speci-
men size on very-high-cycle fatigue (VHCF) properties
of high-strength steels via ultrasonic fatigue testing. In
his results, the effect of specimen size was observed and
large specimens showed lower fatigue strength due to
the appearance of large inclusions in the fracture origin.

The effect of specimen size on fatigue strength is
classically taken into account by using the notch fatigue
factor Kf, which is not always fully active in reducing
the fatigue strength of components.2 Carpinteri et al.13

applied a fractal approach to explain the decrease of
fatigue strength with the increase of specimen size by
considering the fractal nature of the reacting cross-
sections of structures. Baz˘ant and Novák14 developed a
probabilistic non-local theory for quasibrittle fracture
initiation and size effect, in which the failure probability
at a material point was assumed to be a power function
(characterized by the Weibull modulus and scaling
parameter) of the average stress in the neighbourhood.
Shirani and Härkegård15 used the weakest-link method
to evaluate the effect of specimen size on high-cycle
fatigue (HCF) properties of EN-GJS-400-18-LT ductile
cast iron and showed that the volume formulation of the
weakest-link method yielded a better extrapolation than
the surface formulation to obtain the P–S–N curve for large
specimens. However, the results on EN-GJS-400-18 ductile
cast iron by using the weakest-link approach indicated that
the method worked well only in the case of specimens with
different lengths.16 For high-strength steels, the fatigue
failure usually initiates from the interior inclusions in theCorrespondence: Y. Hong. E-mail: hongys@imech.ac.cn
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VHCF regime. Murakami et al.7 proposed the concept of
control volume to interpret the decrease in fatigue strength
under axial loading than that under rotating bending through
themaximum inclusion within the control volume. The con-
trol volume is a high stress domain of a specimen, where
fatigue crack initiation sites might be included.17 It is evident
that the specimen under axial loading is more likely to have
an inclusion as fracture origin than the specimen under rotat-
ing bending due to the larger control volume contained in
the former case. However, the factors affecting the fatigue
behaviour of materials are complicated, and the fatigue
failure of materials may not be just induced by inclusions.

Fatigue tests usually consume plenty of time and expenses
especially for large specimens and for the fatigue test in a
large number of cycles. So, it is essential to develop a feasible
method to estimate the effect of specimen size on fatigue
behaviour of materials.

In this paper, a new method is developed for the effect
of specimen size on fatigue life in view of statistical anal-
ysis. First, a procedure with limited number of fatigue
test data is introduced for the P–S–N (probabilistic
stress-life) curve prediction, which is applicable for the
experimental data from different stress levels. Then, a
second procedure is proposed for estimating the effect
of specimen size on fatigue life. The predicted results
are comparable with experimental data in HCF and
VHCF regimes available in literature.

A PROCEDURE FOR P–S–N CURVE PRED ICT ION

Formulation

Considering that the S–N curve is usually described as
the form of N =Aσa in low-cycle fatigue and HCF
regimes and that the fatigue strength of metallic materials
continues to decrease with the increase of fatigue life in

VHCF regime,18–23 the fatigue life in relation to stress
level is expressed as

N ¼ Aiσa (1)

where Ai denotes the effect of other factors (such as the
difference of specimens) except stress level.

From Eq. 1, the fatigue life Nk under stress levels
σk (k=1, 2, …, n) is transformed to the fatigue life under
an arbitrary given stress level σ ′, that is

N ′
k ¼

σ′a

σak
Nk or log10N

′
k ¼ alog10

σ′

σk
þ log10

Nk k ¼ 1; 2;…; nð Þ

(2)

where the parameter a is obtained by the least square
regression for log10Nk associated with log10σk.

Distribution form of fatigue life

The distribution form of fatigue life in VHCF for several
high-strength steels is examined first. Figure 1 shows the
fitting results of fatigue life for a high-carbon chromium
steel from our previous experiment24 by normal distribu-
tion andWeibull distribution, respectively. Figure 2 shows
the fitting results of fatigue life for a high-strength steel
GCr15 by electroslag remelting from Ref. 25 by normal
distribution and Weibull distribution, respectively. The
fitting results of both figures are derived via MATLAB
(version 7.8.0) (MathWorks, Natick, MA, United States).
For the fitting results by normal distribution, the coeffi-
cients of determination are 0.922 for Fig. 1a and 0.958
for Fig. 2a. While for the Weibull distribution, the coeffi-
cients of determination are 0.990 for Fig. 1b and 0.923 for
Fig. 2b. It is seen that the fatigue life in logarithm of base
10 in the VHCF regime approximately conforms to both
normal and Weibull distributions.

Fig. 1 Fitting results of fatigue life in logarithm of base 10 for a high-carbon chromium steel at σa =860MPa from our previous experiment24

by (a) normal distribution and (b) Weibull distribution, respectively.
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P–S–N curve prediction

Figures 3–6 show the comparison of predicted P–S–N
curves with experimental results for high-strength steels,
aluminium alloys and titanium alloys. Here, the Weibull
distribution is used for the fatigue life in logarithm of
base 10, where the scale parameter and the shape param-
eter are obtained by the maximum likelihood estimation
via MATLAB (version7.8.0). In Fig. 4, the parameters
are determined only by the experimental data (solid
squares in Fig. 4) from Refs. 19 and 26. The fitting param-
eters for the Weibull distribution corresponding to dif-
ferent stress levels, that is, the parameters with which
the fatigue life are calculated to obtain the P–S–N curves,
are listed in Tables A1–A8 in the Appendix. It is seen in
Figs 3–6 that almost all the experimental data are within
the predicted P–S–N curves for 95% survival probability.
This implies that the present method is capable of
obtaining the P–S–N curve for both HCF and VHCF

regimes. The predicted P–S–N curves by using the nor-
mal distribution for the fatigue life in logarithm of base
10 are also attempted and carried out with regard to the
experimental data used in Figs 3–6. The comparisons
indicate that the predicted P–S–N curves by Weibull
distribution (Figs 3–6) are more conservative than those
by normal distribution.

It is noted that for high-strength steels, the shape of
the S–N curve for VHCF often presents a duplex pattern
corresponding to surface-initiated fracture mode and
interior-initiated fracture mode.20,26,27 Here, only the
interior-initiated fracture mode is considered in Fig. 4.

Comparison with conventional method

For a further validation of the present method, Fig. 7
shows the comparison of predicted P–S–N curves by
the present method with the experimental data tested
by conventional testing method for a medium carbon

Fig. 2 Fitting results of fatigue life in logarithm of base 10 for a high-strength steel GCr15 by electroslag remelting at σa =800MPa from
literature25 by (a) normal distribution and (b) Weibull distribution, respectively.

Fig. 3 Comparison of predicted P–S–N curves with experimental results for high-strength steels. (a) Specimens of GCr15 under rotating
bending test (52.5Hz, R =�1)23and (b) specimens of JIS-SUP7 with ɸ 3mm of Heat B under ultrasonic fatigue test (20 kHz, R =�1).12
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Fig. 5 Comparison of predicted P–S–N curves with experimental results for aluminium alloys AA2024–T3 and AA6061–T6 by ultrasonic
fatigue test (20 kHz, R =�1).22

Fig. 4 Comparison of predicted P–S–N curves with experimental results for high-strength steels (JIS SUJ2).8,19,20,26 (a) Axial loading test
under conventional frequency, R =�1 and (b) rotating bending test under conventional frequency, R =�1.

Fig. 6 Comparison of predicted P–S–N curves with experimental results for Ti-6Al-4 V titanium alloy by ultrasonic fatigue test (20 kHz,
R =�1).21 (a) Bimodal microstructure and (b) basketweave microstructure.
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steel (#45 steel) in low cycle and HCF regimes.28 The
value of parameter a is determined only by a part of
experimental data (solid circles in Fig. 7) with the
maximum likelihood method28 except for the data
under 372.78MPa, and the fitting parameters for
Weibull distribution corresponding to different stress
levels are listed in Table A9 in the Appendix. It is seen
in Fig. 7 that the predicted P–S–N curves in the pres-
ent method are in good agreement with the experi-
mental data.

A PROCEDURE FOR PRED ICT ING THE EFFECT OF
SPEC IMEN S IZE ON FAT IGUE L I FE

Formulation

Many investigations have reported that the decrease of
fatigue strength of large specimen is related to the high

possibility of ineluctable presence of material defects
and microstructure inhomogeneities.7,8,10–12 Thus, it is
assumed that a large specimen is composed of a number
of small specimens (with the same production procedure)
in view of control volume and that the fatigue life for the
large specimen under a certain stress level is the mini-
mum fatigue life among n small specimens under the
same stress level similar to the concept of the weakest link
in a chain,14,29 where n is an integer presenting the ratio
of the control volume for a large specimen to that for a
small specimen.

Further, it is assumed that the fatigue life data for the
small specimensNS

i (i = 1, 2,…, n) in logarithm of base 10
under a certain stress level are independent random
variables from the same Weibull distribution with
the scale parameter λ and the shape parameter k, that

is, F xð Þ ¼ 1� e� x=λð Þk x≥0
0 x < 0

(
, then the cumulative

distribution function of fatigue life in logarithm of
base 10 for the large specimen NL under the same
stress level is

FNL xð Þ ¼ P NL≤x
� �

¼ P min NS
1 ;N

S
2 ;⋯;NS

n

n o
≤x

n o
¼ 1� P NS

1 > x
n o

P NS
2 > x

n o
⋯P NS

n > x
n o

¼ 1� 1� F xð Þ½ �n

¼ 1� e� xn1=k=λð Þk x≥0

0 x < 0

8<
:

(3)

Equation 3 indicates that the fatigue life in logarithm
of base 10 for the large specimen under a certain stress
level conforms to a pattern of Weibull distribution with

Fig. 7 Comparison of predicted P–S–N curves with experimental
data by conventional testing method.28

Fig. 8Comparison of predicted P–S–N curves from small specimens (ɸ 3mm) with experimental data for a spring steel (JIS-SUP7).12 (a) Spec-
imens with ɸ 7 × 20mm of Heat B and (b) specimens with ɸ 7 × 20mm of Heat C.
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the scale parameter λ/n1/k and the shape parameter k. It
also indicates that the fatigue life of a large specimen
has the same distribution form as that of a small speci-
men; that is, the distribution form of fatigue life is irre-
spective of specimen size.

Comparison with experimental results

Figure 8 shows the comparison of predicted P–S–N
curves from small specimens (ɸ 3mm) with experi-
mental data for a spring steel (JIS-SUP7) under ul-
trasonic fatigue test (20 kHz, R =�1), and Fig. 9
shows the comparison for a low-alloy steel JIS-
SCM440 (AISI-4140). In Figs 8 and 9, V0 denotes
the control volume determined by the region sub-
jected to larger than 90% of the maximum stress.12

For the specimen with ɸ 7 × 20mm (cylindrical type
specimen with 7mm in diameter and 20mm in length
for the gauge section), the value of V0 is about 28
times of that for the specimen with ɸ 3mm (hour-
glass-type specimen with 3mm in diameter for the
minimum gauge section). For the specimen with ɸ
7mm (hourglass-type specimen) and for the speci-
men with ɸ 8 × 10mm (cylindrical-type specimen),
the value of V0 is about eight times and 24 times of
that for the specimen with ɸ 3 mm, respectively.
The fitting parameters for the Weibull distribution
corresponding to different stress levels in Figs 8 and
9 are listed in Tables A10–A13 in the Appendix.
Additionally, in Fig. 8, Heat B denotes the steel that
tends to contain only oxide-type inclusions at the
internal fracture origin of specimen and Heat C
denotes the one that tends to contain TiN inclusions
and matrix as well as the oxide-type inclusions.12

It is seen that the present method reflects the effect of
specimen size on fatigue life. For example, for specimens
with ɸ 7 × 20mm in Fig. 8a, the estimated values of

fatigue strength for 50% and 95% survival probability
at 107 cycles are about 14% and 12% lower than those
of small specimens with ɸ 3mm, respectively. The pres-
ent method provides an estimation of the fatigue life for a
large specimen through the experimental data tested with
a small specimen.

Estimation of fatigue life for full-scale specimens of
railway axles

For a further discussion of the present method in
potential application, the fatigue life of full-scale
specimens of railway axles (EA4T railway axle steel) is
estimated by using the fatigue data tested with the
small specimens cut from the real railway axles. The
main chemical compositions of this steel are 0.25C,
0.95Cr, 0.65 Mn, 0.30 Si, 0.20 Mo, 0.012 P and
0.010 S in mass percentage (Fe balance). The average
tensile strength is 674MPa, and the average yield
strength is 519MPa from the tensile test of three cylin-
drical specimens with the diameter of 6mm by an MTS
810 testing machine. The shape of small specimens is
shown in Fig. 10, which is tested via a rotating bending
method. Before fatigue testing, the round notch sur-
face was ground and polished to eliminate machine
scratches. The shape of full-scale railway axle is shown
in Fig. 11.

For bending loading, crack initiation sites are likely to
be at the surface and in the vicinity of the surface of the
specimen. For the present small specimens tested via
rotating bending, they all failed from the surface. So,
the critical part of the specimen surface with a certain
thickness h, for which σ ≥ 0.9σ0 in Ref. 17 (σ0 is the max-
imum stress at the smallest cross-section of the specimen)
is considered as the control volume, that is

Fig. 9Comparison of predicted P–S–N curves from small specimens (ɸ 3mm) with experimental data for a low-alloy steel JIS-SCM440 (AISI-
4140).11 (a) Specimens with ɸ 7mm and (b) specimens with ɸ 8 × 10mm.
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VS ¼ ∫
b

a
πy2 � π y� hð Þ2
h i

dx

¼ ∫
b

a
2πyh� πh2
� �

dx

¼ 2πh∫
b

a
Rþ d

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � x2

p� �
dx� π b� að Þh2

¼ 2πh Rþ d
2

� �
b� að Þ � πh b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � b2

p
� a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � a2

p	 


�πhR2 arcsin
b
R
� arcsin

a
R

� �
� π b� að Þh2

(4)

where R is the radius of specimen notch, d is the diameter
of the smallest section and a and b denote the position of
the cross-section where σ = 0.9σ0 as shown in Fig. 10.

For the present small specimens shown in Fig. 10,
R = 7mm, d = 4mm, a = -0.891mm, b = 1.115mm and h is
taken as 0.05mm (for the crack initiation sites at the
surface and in the vicinity of the surface of the specimen,
the value of h is quite small and has little influence on
the final calculated fatigue life of large specimens); thus,
the control volume is calculated as VS =1.260mm3.

For the full-scale railway axle, the body of the axle is
subjected to the largest bending load. The value of h is
also taken as 0.05mm, and the control volume for the
full-scale railway axle is VL =3.14 × 176 × 1322 × 0.05=
36529.5mm3.

Figure 12 shows the estimated P–S–N curves for the
full-scale railway axle from experimental data of small
specimens under rotating bending test, and the fitting
parameters for Weibull distribution corresponding to
different stress levels are listed in Tables A14 and A15
in the Appendix. It is seen that the fatigue strength of
the full-scale railway axles is substantially decreased

because of the large control volume compared with that
of the small specimens. For example, at the fatigue life
of 106 cycles, the estimated fatigue strength for 50% and
90% survival probability of full-scale railway axles is
34% and 33% lower than that of the small specimens
(with the minimum diameter of 4mm). This is in reason-
able agreement with the experimental data that the fatigue
limit of full-scale railway axles (EA4T) is 30% lower than
that of specimens with a diameter of 10mm in Ref. 30 and
that the average fatigue strength (for 90% survival
probability) of full-scale railway axles (30NiCrMoV12)
is 25% lower than that of standard specimens (with a
diameter of 7.52mm) of several batches under four-point
bending test in Ref. 10.

Fig. 10 Geometry of small specimen, dimensions in millimetre.

Fig. 11 Geometry of full-scale specimen, dimensions in millimetre.

Fig. 12 Predicted P–S–N curves for full-scale railway axle
(VL = 36529.5mm3) from the experimental data of small specimen
(VS = 1.260mm3) under rotating bending test (52.5Hz, R =�1).

776 C. SUN ET AL.

© 2016 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2016, 39, 770–779



It should be noted that for the cases in this paper, the
Weibull distribution is suitable for the fitting of the
fatigue life data for small specimens in logarithm of base
10 and that such type of distribution is used for describ-
ing the fatigue life data, for which an explicit distribution
can be derived for the fatigue life of relevant large speci-
mens. However, for other cases that another distribution,
for example, normal distribution is more suitable for the
fitting and is chosen for describing the fatigue life of
small specimens, an explicit distribution may not be
obtained for the fatigue life of relevant large specimens.
For such latter cases, the P–S–N curves for large speci-
mens can be produced via the statistics analysis of the
fatigue life calculated by Monte Carlo method.

CONCLUS IONS

In this paper, a new method is developed for studying the
effect of specimen size on fatigue life by the approach of
statistical analysis, which is combined with the control
volume concept with respect to large and small speci-
mens. The method reflects the effect of specimen size
on fatigue life and is capable of estimating the fatigue life
of large specimen with limited number of experimental
data from small specimens. For the case of a spring steel
JIS-SUP7 and a low-alloy steel JIS-SCM440 (AISI-
4140), the experimental data for the large specimens are
almost within the estimated P–S–N curve for 99% sur-
vival probability from small specimens. For the case of
railway axles, at the fatigue life of 106 cycles, the esti-
mated fatigue strength for 90% survival probability of
full-scale railway axles is 33% lower than that of the small
specimens with the minimum diameter of 4mm, which is
comparable with the experimental result that the fatigue
limit of full-scale railway axles is 30% lower than that of
the small specimens with the diameter of 10mm.
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900 9.17 26.13
800 10.16 28.98

Table A2 Fitting parameters of Weibull distribution in Fig. 3b

Stress amplitude (MPa) Scale parameter Shape parameter

900 4.94 7.62
800 6.49 9.95
678 8.67 13.21
618 9.88 15.03
558 11.22 17.03
500 12.66 19.18

Table A3 Fitting parameters of Weibull distribution in Fig. 4a

Stress amplitude (MPa) Scale parameter Shape parameter

1800 2.99 6.60
1500 4.15 9.36
1400 4.59 10.40
1200 5.57 12.72
1000 6.72 15.45
900 7.39 17.02
800 8.13 18.78
700 8.97 20.78
600 9.95 23.08

Table A4 Fitting parameters of Weibull distribution in Fig. 4b

Stress amplitude (MPa) Scale parameter Shape parameter

1700 4.99 16.96
1500 5.86 19.95
1400 6.34 21.60
1300 6.85 23.38
1200 7.41 25.29
1100 8.01 27.37
1000 8.68 29.65
900 9.41 32.16
800 10.23 34.98
700 11.15 38.17
600 12.23 41.85

Table A5 Fitting parameters of Weibull distribution in Fig. 5a

Stress amplitude (MPa) Scale parameter Shape parameter

325 4.11 5.81
285 4.94 7.11
245 5.90 8.59
205 7.03 10.32
165 8.39 12.41
125 10.14 15.09
85 12.57 18.80
45 16.56 24.90

Appendix

Table A6 Fitting parameters of Weibull distribution in Fig. 5b

Stress amplitude (MPa) Scale parameter Shape parameter

230 4.05 11.13
190 5.25 14.46
150 6.72 18.58
110 8.65 23.98
90 9.90 27.47
72 11.29 31.35
50 13.56 37.70

778 C. SUN ET AL.

© 2016 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2016, 39, 770–779



Table A8 Fitting parameters of Weibull distribution in Fig. 6b

Stress amplitude (MPa) Scale parameter Shape parameter

670 4.02 6.72
600 5.15 8.63
550 6.04 10.14
500 7.01 11.78
450 8.09 13.59
400 9.28 15.61

Table A9 Fitting parameters of Weibull distribution in Fig. 7

Stress amplitude (MPa) Scale parameter Shape parameter

600 3.62 30.92
550 3.85 32.89
500 4.09 35.04
450 4.37 37.42
400 4.67 40.08
350 5.01 43.09
300 5.41 46.57

Table A7 Fitting parameters of Weibull distribution in Fig. 6a

Stress amplitude (MPa) Scale parameter Shape parameter

650 3.7 4.85
600 5.11 6.63
550 6.62 8.55
500 8.27 10.63
450 10.1 12.94
400 12.1 15.51

Table A10 Fitting parameters of Weibull distribution in Fig. 8a

Stress amplitude (MPa) Scale parameter Shape parameter

900 3.19 7.62
800 4.64 9.95
678 6.74 13.21
618 7.92 15.03
558 9.23 17.03
500 10.64 19.18

Table A11 Fitting parameters of Weibull distribution in Fig. 8b

Stress amplitude (MPa) Scale parameter Shape parameter

1120 2.86 5.65
1000 4.39 7.65
900 5.85 9.49
860 6.49 10.28
800 7.50 11.53
740 8.59 12.88
680 9.78 14.35
600 11.56 16.51

Table A12 Fitting parameters of Weibull distribution in Fig. 9a

Stress amplitude (MPa) Scale parameter Shape parameter

1100 4.40 13.09
1000 5.30 15.44
920 6.09 17.49
860 6.73 19.14
800 7.42 20.92
740 8.15 22.83
680 8.95 24.90
620 9.83 27.17

Table A13 Fitting parameters of Weibull distribution in Fig. 9b

Stress amplitude (MPa) Scale parameter Shape parameter

1100 4.04 13.09
1000 4.94 15.44
920 5.72 17.49
860 6.35 19.14
800 7.04 20.92
740 7.77 22.83
680 8.56 24.90
620 9.44 27.17

Table A14 Fitting parameters of Weibull distribution for small
specimens in Fig. 12

Stress amplitude (MPa) Scale parameter Shape parameter

450 5.06 22.16
400 5.62 24.62
350 6.27 27.41
300 7.01 30.64
250 7.89 34.45
200 8.97 39.11

Table A15 Fitting parameters of Weibull distribution for full-scale
specimens in Fig. 12

Stress amplitude (MPa) Scale parameter Shape parameter

450 3.18 22.16
400 3.71 24.62
350 4.31 27.41
300 5.02 30.64
250 5.86 34.45
200 6.90 39.11
175 7.52 41.91
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