
Computers and Fluids 167 (2018) 341–358 

Contents lists available at ScienceDirect 

Computers and Fluids 

journal homepage: www.elsevier.com/locate/compfluid 

Lattice-Boltzmann lattice-spring simulations of two flexible fibers 

settling in moderate Reynolds number flows 

Ahmed Abdulkareem Alhasan 

a , Ye Luo 

a , Tai-Hsien Wu 

a , Guowei He 

b , Dewei Qi a , ∗

a Department of Chemical and Paper Engineering, Western Michigan University, Michigan, USA 
b State-Key Lab for Nonlinear Mechanics, Institute of Mechanics, Chinese Academy of Sciences, China 

a r t i c l e i n f o 

Article history: 

Received 17 September 2017 

Revised 7 February 2018 

Accepted 10 March 2018 

Available online 12 March 2018 

Keywords: 

Lattice Boltzmann method 

Lattice spring model 

Hemodynamics 

Elastic vessel 

Blockage 

a b s t r a c t 

Dynamic motion of two flexible fibers settling in an infinitely long fluid column at moderate Reynolds 

numbers is numerically simulated in a three-dimensional space by using a lattice-Boltzmann lattice- 

spring method. In the simulations, rectangular and cylindrical flexible fibers are used. The fiber rigidity, 

density, shape, initial distance, and aspect ratio are varied at different levels and their effects on drafting, 

kissing, and tumbling (DKT) behavior are studied. It is demonstrated that the fiber rigidity has a profound 

impact on settling velocity, fluid structures, and DKT phenomenon. 

© 2018 Elsevier Ltd. All rights reserved. 

1

 

i  

e  

p  

m  

w  

s  

t  

T  

w  

s  

t  

a  

o  

m  

w

 

t  

t  

l  

p  

i  

e  

e  

i  

d  

c  

t  

s  

n  

e  

r  

t  

u  

w  

1  

a

 

t  

n  

b  

i

9  

i  

a  

t  

T  

l  

h

0

. Introduction 

Liquid-solid particle handling systems, such as fluidized beds

n reactors, screening, filtration, and sedimentation, are commonly

ncountered in chemical, pharmaceutical, petroleum, food process,

aper, and biological engineering [1] . For example, in water treat-

ent sedimentation is used to remove precipitants coagulated in

ater softeners [2] . In the paper engineering, since fines have huge

urface areas, receive larger drag forces, and settle much slower

han long fibers, the fines can be separated from the long fibers.

he sedimentation is also used as a primary stage in modern

aste water treatment plants to reduce the content of suspended

olids and the pollutants embedded. Due to importance to indus-

ries, many experimental, theoretical, and computational studies

re conducted to understand the mechanisms of dynamic motion

f solid particles in fluid [3] , either coagulation or dispersion. This

ay help engineers to design a fluid-solid particle handling system

ith a high operation efficiency. 

In 1987, Fortes et. al. [4] observed experimentally that when

wo particles sediment vertically in a channel filled with a New-

onian fluid, the trailing particle may accelerate and approach the

eading particle, called drafting, due to the suction effect of the low

ressure in the wakes behind the leading particle. When the trail-

ng particle attaches the leading particle, called kissing, the suction

ffect is reduced and the two particles become unstable, and they
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xchange their positions. The trailing particle may pass the lead-

ng particle and become the leading particle, called tumbling. This

rafting, kissing, and tumbling (DKT) phenomenon, closely asso-

iated with inertial effects, may repeatedly take place during set-

ling process. Late, Feng et. al. [5] used finite element method to

imulate the motion of particles settling in a vertical channel and

umerically confirmed the DKT phenomenon. Further, many oth-

rs [6] used different methods to simulate the particle motion and

evealed that particle density, initial vertical distance, and diame-

er ratio have a profound influence on the DTK behavior. Recently

sing lattice Boltzmann simulations, Wang et. al. [6] reported that

hen the diameter ratio of two circular particles is smaller than

.21, DKT phenomena are repeated many times and when the di-

meter ratio is larger than 1.22, DKT occurs only once. 

A recent literature search reveals that most studies concen-

rated on either rigid particles or flexible particles at zero Reynolds

umber flows and very limited results were reported on flexi-

le or deformable particles at moderate Reynolds numbers, where

nertia cannot be ignored, although sedimentation of fibers [7–

] at the Stokes fluid were extensively studied. The work for flex-

ble fibers at moderate Reynolds numbers was reported by Wu et.

l. [10] , who employed a flexible particle method, based on lat-

ice Boltzmann method, to simulate single and multi-flexible fibers.

hey demonstrated that a flexible fiber has a larger settling ve-

ocity than a stiff fiber and multi-flexible fibers have significantly

arger settling velocity than the corresponding isolated single fiber.

owever, they did not explore the DKT behavior of two flexible

bers. Therefore, the present work will employ a lattice-Boltzmann

https://doi.org/10.1016/j.compfluid.2018.03.040
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Fig. 1. The settling velocity as a function of time for the same case at three differ- 

ent resolutions. 

Fig. 2. The velocity fields and tip vortices around the area of the two ends of the 

single fiber at EI = 0 . 048 . 
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Fig. 3. Comparison of the fiber settling velocity as a function of time among three 

different levels of rigidity. The vertical velocity V z is normalized by the Stokes ve- 

locity V 0 z and the time t is normalized by t 0 = L/V 0 z . The same applies to other 

figures. 

Fig. 4. Comparison of the vorticity in the X-direction in the cross section of x = 30 

among three different levels of the rigidity at two different time instants a) t/t 0 = 

0 . 01 (top) b) t/t 0 = 5 (bottom). 
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lattice-spring method to mimic DKT phenomenon of two flexible

fibers settling down in an infinitely long rectangular fluid chan-

nel at moderate Reynolds numbers. In the simulations, flexibility,

fiber shape, Reynolds number, shape, and, aspect ratio are varied

at different levels and their effects on the DKT behavior and fluid

structures are investigated. 

In next section, the LBLS method is briefly introduced and a

non-dimensional elasto-gravitation number is defined and used to

analyze possible deformation. The simulation results of single and

two flexible fibers are reported in Section 3 . Effects of rigidity, as-

pect ratio, initial distance, fiber shape, and Reynolds number on

DKT are studied. Conclusions are made in the last section. 

2. Simulation methods 

2.1. Non-dimensionalization 

Dynamic motion of fluids follows the Navier–Stokes equations

while fiber motion and deformation can be approximated by a

beam motion equation. The sedimentation behavior of a fiber in

fluids is mainly determined by hydrodynamic force, fiber elastic-

ity, and gravity. These equations can be non-dimensionalized if the

length, velocity, time, and force are re-scaled by the fiber length L ,
eference velocity V 0 , time L / V 0 , and μV 0 L , respectively, where μ
s the viscosity. The non-dimensional Navier–Stokes equations for

uids can be written by 

 · u = 0 , (1)

e ( 
∂u 

∂t 
+ u · � u ) = − � p + � 

2 u , (2)

here Re = V 0 L/ν is the particle Reynolds number, p is the pres-

ure, and the non-dimensional beam equation can be written by

I 
∂ 4 w 

∂ l 4 
+ 

ρs 

ρ f 

∂w 

2 

∂t 2 
= 

L 2 F f 

DBR sd 

+ 

(
ρs 

ρ f 

− 1 

)
F r −1 , (3)
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Fig. 5. Comparison of the fiber curl index as a function of time among three differ- 

ent levels of the rigidity. 
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Fig. 6. Comparison of the settling velocity of a single fiber as a function of time 

among different Reynolds numbers for the case with the same rigidity of EI = 0 . 971 

. 

Fig. 7. Comparison of the vorticity in the X-direction of the single fiber at the cross section of x = 30 among different Reynolds numbers for the case of the same rigidity of 

EI = 0 . 971 at (a) t/t 0 = 0 . 01 ; (b) at t/t 0 = 5 . 
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Fig. 8. Comparison of the fiber curl index as a function of time among different Reynold numbers. 
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Fig. 9. Comparison of the settling velocity as a function of time between the rect- 

angular and cylindrical fibers. The two fibers have the same length and cross sec- 

tion area (same volume) but with different shapes. 
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Fig. 10. Comparison of the curl index between the rectangular and cylindrical 

fibers. The two fibers have the same length and cross section area (same volume) 

but with different shapes. 

Fig. 11. The DKT scenarios are shown at the different time instants for the two 

fibers with EI = 0 . 029 . 
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here l is the coordinate variable along the fiber length direction;

 is the displacement, due to bending, perpendicular to the fiber

ength and width directions; F f is the non-dimensional hydrody-

amic force distributed on the fiber per unit length; D is the thick-

ess of the fiber; B is its width; the normalized E I = E I l / (ρ f V 
2 
0 LH) ;

 is the volume of the fiber; EI l is the rigidity; F r = V 2 
0 

/ (Lg) is the

roude number, which is the ratio of the fluid inertia to the grav-

ty; g is the gravity acceleration. It is seen that the first term of the
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Fig. 12. Comparison of the position (X, Y, Z) of the mass centers of two fibers as a function of time between two cases of EI = 0 . 029 and EI = 0 . 972 . 
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eft side of Eq. (3) is related to fiber rigidity and the second term

s a fiber inertial term while the first term of the right side is as-

ociated with the hydrodynamic force and the second term comes

rom the gravity or buoyancy force. The fiber deformation and mo-

ion can be determined by a normalized rigidity EI , the fiber and

uid inertia, hydrodynamic force, and the gravity force. The gravity

orce drives fibers to settle down vertically and the fibers may be

eformed due to their elasticity while the fiber rigidity and fluid

orces may resist the deformation. 
o
A non-dimensional elasto-gravitation number β is defined by a

atio of the rigidity EI to the buoyancy force as 

= 

EI 

(ρs /ρ f − 1) /F r 
. (4) 

 larger elasto-gravitation number may result in a smaller defor-

ation and vice verse. This number is useful for analysis of effects

f the rigidity and gravity on the deformation. 



346 A .A . Alhasan et al. / Computers and Fluids 167 (2018) 341–358 

Fig. 13. Comparison of the settling velocities of two fibers as a function of time between the two cases of a) EI = 0 . 029 and b) EI = 0 . 972 . 
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2.2. Lattice-Boltzmann lattice-spring model 

The Navier–Stokes equations describe the motion of viscous flu-

ids. The equations could be solved by many computational fluid

dynamics methods [11] . In particular, the lattice Boltzmann (LB)

method has been proven to be especially effective for solving the

fluid flows interacting with complex solid boundaries when the

March number is smaller than 0.3 [12–21,21,22] . 

A group of lattice nodes is used to represent fluid. Each node

has distribution functions f σ and discrete micro-velocity e σ , where

σ depends on the chosen lattice model. The Boltzmann equation

with BGK [23] single relaxation time model is 

f σ (r l + e σ , t + δt) = f σ (r l , t) 

− 1 

τ
[ f σ (r l , t) − f eq 

σ (r l , t)] + δtF σ (r l , t) , (5)

where τ is the relaxation time; F σ ( r l , t ) is a body force; f 
eq 
σ (r l , t) is

the equilibrium distribution function at node position r l and time

t as 

f eq 
σ = ω σ ρ f 

{ 

1 + 3(e σ · u ) + 

9 

2 

(e σ · u ) 2 − 3 

2 

(u · u ) 
} 

, (6)

where u is the fluid velocity. In this simulation, the D3Q15 lattice

model is applied, the discrete velocities are given by 

e σ = 

{ 

(0 , 0 , 0) , σ = 0 

(±1 , 0 , 0) , (0 , ±1 , 0) , (0 , 0 , ±1) , σ = 1 

(±1 , ±1 , ±1) , σ = 2 , 

(7)

and the weight coefficients are 

ω σ = 

{ 2 
9 
, σ = 0 

1 
9 
, σ = 1 

1 
72 

, σ = 2 . 

(8)

According to Guo et al. [24] , 

F σ = 

(
1 − 1 

2 τ

)
ω σ

(
e σ − u 

c 2 s 

+ 

e σ · u 

c 4 s 

e σ

)
· F , (9)

where F is the body force and its component in the σ direction is

F σ ; c 2 s = 1 / 3 where c s is the sound speed; the fluid density ρ f and

momentum density ρ f u are given by 

ρ f = 

∑ 

σ

f σ , (10)

ρ f u = 

∑ 

σ

f σ e σ + 

1 

2 

δtF . (11)
he kinematic viscosity ν is related to the relaxation time τ and

iven by 

= 

1 

3 

(
τ − 1 

2 

)
δt. (12)

A flexible fiber is modeled by a lattice spring (LS) method. In

he method, the fiber is discretized as individual particles with a

ass of m . The particles are connected by bonding harmonic elas-

ic springs and angular elastic springs to ensure that three body

orces are added into the model so that it can handle the bending

eformation [25] . The spring energy U 

s acted on the i th node is

iven by 

 

s 
i = 

1 

2 

k s 
∑ 

j 

(r i j − r 0 i j ) 
2 (13)

here k s is the spring coefficient; r 0 ij is the equilibrium length

f the spring between two neighboring particles i and j; j is the

eighboring solid particle of the i th solid particle; r i j = r i − r j . The

ngular energy U 

a is given by 

 

a 
i = 

1 

2 

k a 
∑ 

j 

∑ 

k,k � = j 
(θi jk − θ0 i jk ) 

2 (14)

here k a is the angular bonding coefficient; j and k are the near-

st neighboring solid particles of i th solid particle; θ ijk is the angle

etween the bonding vectors r ij and r ik ; θ0 ijk is the corresponding

quilibrium angle. The elastic force F e 
i 

on the i th solid particle can

e computed from the gradient of the total energy by 

 

e 
i = −∇ (U 

s 
i + U 

a 
i ) . (15)

he elastic modulus of the solid body can be related to the spring

nd angular coefficients. The relationship between elastic modulus

 and shear modulus depends on the lattice structure. For a cubic

attice structure without diagonal bonds, we have 

 = 

k s 

r 0 
, (16)

here r 0 is the constant unit length of spring lattice [25] if the

olid material is isotropic. 

In order to force the fluid velocity to be equal to the solid

oundary velocity at the fluid-solid interface, a direct forcing term

 should be added to the un-forced fluid velocity u 

∗( r b , t ) at the

olid boundary position r b and make the momentum summation

qual to the solid boundary particle momentum U 

b ( r b , t ) accord-

ng to the Newton’s second law. This is 

f u (r b , t) = ρ f u 

∗(r b , t) + δtF = ρ f U 

b (r b , t) , (17)
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Fig. 14. Comparison of the contours of the vorticity in the X-direction on the YZ-plan between the two-fiber cases of EI = 0 . 029 and 0.972 at three different time instants. 
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here u ( r b , t ) is the forced fluid velocity at r b . The un-forced ve-

ocity is calculated by 

f u 

∗ = 

∑ 

σ

f σ e σ . (18) 

herefore, the direct force on fluid can be calculated by 

 (r b , t) = 

ρ f (U 

b (r b , t) − u 

∗(r b , t)) 

δt 
. (19)

he force acting on the solid boundary node by fluid is −F (r b , t) .

he un-forced fluid velocity u 

∗ at the position of the solid bound-

ry node r b is presented by 

 

∗(r b , t) = 

∫ 
�

u 

∗(r l , t) D (r l − r b ) dr l , (20)
here r l is a variable. 

Since the fluid node position may not be coincided with the

olid particle position, the fluid velocity on the boundary solid

ode can be approximately interpolated from the fluid velocities

f the surrounding solid boundary nodes by using a discrete Dirac

elta function [26] 

 (r ) = 

{
1 

64 h 3 
(1 + cos πx 

2 h 
)(1 + cos πy 

2 h 
)(1 + cos πz 

2 h 
) | r | ≤ 2 h 

0 otherwise , 

(21) 

here h is the one unit length of fluid lattice. The fluid nodes are

ithin a spherical volume � with a radius of 2 h , centered at a

iven solid node r b . After the fluid forcing term is calculated by
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Fig. 15. Comparison of the contours of the vorticity in the Z-direction in the XY-plan between the two-fiber cases of EI = 0 . 029 and EI = 0 . 972 at three different time 

instants. 
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using Eq. (19) and the fluid velocity is computed by using Eq. (11) ,

the forcing term components δt F σ are added into fluid following

Eq. (5) . Next, the discrete Dirac delta function is utilized again to

distribute the reaction force to the surrounding fluid nodes 

F (r l , t) = 

∫ 


F (r b , t) D (r l − r b ) dr b , (22)

where F ( r l , t ) is the distributed force and  is a sphere with a ra-

dius of 2 h , located at r l . 

In addition, to avoid two fibers overlap during simulations, the

repulsive portion of the Lennard–Jones potential is employed be-
ween the solid particles in different fibers. 

 LJ = ε

(
�

r i j 

)12 

, (23)

here � is a force interaction diameter and ε is the parameter of

he intensity of the repulsion. The total force on a discretized solid

article i is 

 

T 
i = −F i (r b ) + F e i + F iLJ , (24)

here F iLJ is the force on the i th particle due to the repulsive

ennard–Jones potential. Last, a leap frog algorithm is taken to up-

ate the position and velocity of each solid particle at each time
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Table 1 

Variation of fiber and simulation box sizes for resolution tests. 

Fiber size ( B, D, L ) Simulation box size ( N x .N y , N z ) Time step unit (s) Length unit (cm) 

(7, 7, 41) (60, 160, 650) 0.0 0 0130 0.00806 

(5, 5, 29) (43, 114, 464) 0.0 0 0182 0.0113 

(4, 4, 23) (34, 91, 371) 0.0 0 0229 0.0141 

Table 2 

Variation of three different rigidity. 

EI Elasto-gravitation number ( β) Terminal velocity 

0.048 0.0036 0.0575 

0.50 0.0072 0.056 

1.166 0.086 0.055 

Fig. 16. A comparison of the curl indexes as a function of time between the two 

cases of EI = 0 . 029 and 0.972. 
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Table 4 

Variation of rigidity of a two-fiber system. 

Density Rigidity Elasto-gravitation numbers Settling velocity 

1.2 0.029 0.0043 0.038 

1.2 0.972 0.144 0.032 
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tep. The details about the leap frog algorithm is referred to Chap-

er 3 of the book by Allen and Tildesley [27] . 

. Simulation 

The LBLS method has been extensively validated by compar-

ng simulation results with existing theoretical and experimen-

al results in our previous publications [28–30] . The Forgacs and

asons experimental results [31,32] such as springy, snake C and

 shapes, coiled rotation without entanglement, helix rotation

rojects, coiled rotation with entanglement in a shear flow were

ecovered in our simulations [30] . Our simulation results were well

ompared with those from a flexible particle method [33] , with Jef-

ery’s theory of fiber rotation in a shear flow [34] , and with fiber

apping theory of Wiggins, Riveline, and Goldstein [35] . With a

reat confidence, the method is employed again for the present

ork. 
Table 3 

Variation of fiber density or Reynolds numbers. 

Reynolds number Fiber density ρ = ρs /ρ f El

34 1.1 0.2

56 1.2 0.0

74 1.3 0.0

90 1.4 0.0

104 1.6 0.0
.1. Simulation setup 

An infinitely long rectangular simulation box of (N x , N y , N z ) =
(60 , 160 , 650) is used. a fiber with zero velocity is initial located at

he center of the simulation box, then released, and settles down

n the vertical or Z-direction by the gravity. Whenever the fiber

oves down one grid distance, the fluid layer at the top grids is re-

oved and another fluid layer is added in the bottom grids so that

he distance between the fiber mass center and the top/bottom of

he simulation box is always kept at 7.9 L during the simulation.

eanwhile, to ensure the free surface for the top fluid flow, the

radient of the fluid velocity in the vertical direction is satisfied by
∂V z 
∂z 

= 0 at the top fluid layer. The bottom fluid velocity is set as

ero. Two walls are set at the ends of the simulation box in the

-direction and periodic boundary conditions are imposed in the

-direction. 

To select appropriate grids, three different sizes of the fiber and

imulation box are used to test simulation resolution for the same

ase of EI = 0 . 048 , β = 0 . 0036 , ρ = ρs /ρ f = 1 . 4 , and Re = 58 . 94 .

he sizes of the fibers are (B, D, L ) = (7 , 7 , 41) , (5, 5, 29), and (4, 4,

3) and their corresponding simulation box sizes are (N x , N y , N Z ) =
(8 . 57 B, 22 . 86 B, 15 . 85 L ) as shown in Table 1 . The simulation length

nit is 1.75 times and the time step unit is 1.76 times smaller for

he fine grid case than for the coarse grid case. The results of the

edimentation velocity of the mass center as a function of time are

ompared in Fig. 1 among the fine, middle, and coarse grid cases.

o significant difference is observed, indicating the resolution is

nough even using coarse grids. However, to guarantee accuracy,

he fine grids of the fiber size of (B, D, L ) = (7 , 7 , 41) and its corre-

ponding simulation box size of (60, 160, 650) is used in this work.

.2. Single fiber 

.2.1. Effects of flexibility 

To investigate the effect of flexibility on sedimentation of a sin-

le fiber, the simulations are conducted in the same conditions ex-

ept that the rigidity is varied at three different levels, collected in

able 2 . 

In these cases, three levels of the rigidity EI = 0 . 048 , 0.50, and

.166 are used, respectively. The aspect ratio of the fiber is kept at

= L/D = 5 . 857 and the density ratio of the solid to fluid is fixed
asto-gravitation nembers Settling velocity 

4 0.0216 

72 0.055 

48 0.073 

36 0.088 

29 0.102 



350 A .A . Alhasan et al. / Computers and Fluids 167 (2018) 341–358 

Fig. 17. The results of the coordinates ( X, Y, Z ) of the mass center of two fibers as a function of time are compared among the cases of three different the Reynolds numbers. 
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Fig. 18. A comparison of settling velocity of two fibers among cases of Re = 1 . 9 , 35, and 103 where the rigidity is fixed at EI = 0 . 486 . 

Fig. 19. The simulation results of the coordinates ( X, Y, Z ) of the mass centers of two fibers as a function of time are compared among three cases of aspect ratio κ = 3 , 

5.857, and 7.286. The rigidity is fixed at EI = 0 . 029 . 
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Fig. 20. A comparison of the settling velocity as a function of time among the three cases with different fiber aspect ratios. 

Fig. 21. A comparison of the contours of the vorticity in the X-direction among the 

three cases with different fiber aspect ratio. 
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Table 5 

Variation of fiber density for a two-fiber system. 

Fiber density Elasto-gravitation numbers Settling velocity 

1.1 2.88 0.0019 

1.2 0.072 0.034 

1.4 0.014 0.1 
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c  
at ρ = ρs /ρ f = 1 . 4 . The results of the settling velocity of the mass

center of the fiber as a function of time are plotted and compared

in Fig. 3 . In the figure, the settling velocity is normalized by the

settling velocity V 0 z in a Stokes flow. The Stokes velocity is ob-

tained by a simulation where the second order term of the veloc-

ity in Eq. (6) and (9) are set as zero. The time is normalized by

 0 = L/V 0 z . 

When a fiber settles, it pushes the fluid in the front area and

creates a higher pressure in the front of the fiber and a lower pres-

sure in the back of the fiber. The pressure difference will try to

move the fluid from the high pressure area to the low pressure
Fig. 22. A comparison of the curl index among different
rea. However, the fluid in the fiber center is not easy to flow to

he back side due to the resistant of the solid body. Only the fluid

round the fiber tip area can flow easily to the back side of the

ber and form a circular back flow so that tip vortices are formed

s show in Fig. 2 . The contours of vortices are compared among

he three different levels of rigidity in Fig. 4 . It seems that the most

exible fiber has the largest vorticity. 

A flexible body can be deformed more easily and fitted more

onformably with the streamlines than a rigid fiber. Therefore, the

ettling velocity increases as the fiber flexibility increases as shown

n Fig. 3 . It is noted that the flexibility can be defined by F b = L/EI l .

Fig. 5 shows the results of curl index C as a function of time.

he curl index is defined by C = L/L 0 − 1 , where L 0 is the end-to-

nd distance of the curved fiber. The results clearly show that the

ber with EI = 0 . 048 has largest deformation and is the most flex-

ble fiber while the fiber with EI = 1 . 166 has the little deformation

nd is the most rigid fiber. 

.2.2. Effect of Reynolds number 

To study the effect of Reynolds number on sedimentation of

ingle particle, five cases have been run in the same conditions ex-

ept that the large Reynolds numbers are obtained by an increase
 fiber aspect ratio a) κ = 3 , b) 5.857, and c) 7.286. 
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Fig. 23. The simulation results of the coordinates ( X, Y, Z ) of the mass centers of two fibers as a function of time are compared among two cases of d = 20 and 60. The 

rigidity is fixed at EI = 0 . 029 . 
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d  
n the density of the fiber. The elasto-gravitation numbers are cal-

ulated and shown in Table 3 . The aspect ratio of the fiber is al-

ays fixed at κ = 5 . 58 . 

The results of the sedimentation velocity as a function of time

s displayed and compared in Fig. 6 among different Reynolds

umbers. As expected, the settling velocity increases as the

eynolds number increases. The corresponding fluid structures are

hown in Fig. 7 . There are two vortices with opposite sign in the

ip area behind the fiber. The intensity and size of the vortex pair

i  
ue to back flows increase as the Reynolds number increases. The

url index C increases as shown in Fig. 8 , demonstrating that the

eformation increases as the elasto-gravitation number decreases

see Table 3 ). In these cases, the gravitational force increases due to

n increase in fiber density while the rigidity is fixed at EI = 0 . 971 .

.2.3. Effect of fiber shape 

To understand the effect of fibers shape on sedimentation, two

ifferent shape fibers are prepared. One is cylindrical and the other

s rectangular. They have the same length L = 41 and the same
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Fig. 24. The simulation results of the settling velocity of each fiber (top row) and the mass centers of the two fibers (bottom column) as a function of time are compared 

between the cases with the two different initial distances d = 20 and 60. 

Fig. 25. A comparison of the contours of vorticity of two fibers settling between the two cases with different initial distances of a) d = 20 b) 60. 
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cross section area with different shapes. The simulations of the

sedimentation of rectangular and cylindrical fibers, respectively,

are conducted under the same conditions. The results as a func-

tion of time are plotted and compared in figure 9 for settling ve-

locity and in Fig. 10 . for the curl index It is shown that the cylin-

drical fiber settles slightly faster than the rectangular fiber since
he elasto-gravitational number is β = 0 . 00423 slightly smaller for

he cylindrical fiber than β = 0 . 00432 for the rectangular fiber. It is

nferred that the elasto-gravitational number can be used to assess

he deformation with different shapes. 
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Fig. 26. A comparison of the settling velocity as a function of time among between the cases with different EI = 0 . 026 and 0.642 while ρ = 1 . 4 . 

Table 6 

Variation of fiber aspect ratio. 

Fiber size Aspect ratio Elasto-gravitation numbers Reynolds number Settling velocity 

(7, 7, 21) 3.0 0.032 16.275 0.031 

(7, 7, 41) 5.857 0.0043 35.875 0.035 

(7, 7, 51) 7.286 0.0022 45.9 0.036 

Table 7 

Effects of initial distance between two fibers. 

Initial distance Reynolds number Elasto-gravitation number Settling velocity 

20 37.9 0.0043 0.038 

60 33.8 0.0043 0.033 

3

 

r  

s  

u  

T  

t  

b  

t  

a  

7  

n  

d

3

 

t  

c  

o  

s  

r  

l  

a  

b  

t  

p  

p  

 

p  

f  

w  

c  

t  

fi  

t  

0  

i  

c  

r  

fl  

a  

s  

c  

w  

w  

w  

V  

c  

r  

a  

p  

s

 

a  

c  

t  

i  

i  

T  

u

.3. Sedimentation of two fibers 

A series of simulations of dynamic motion of two fibers, either

ectangular or cylindrical, are conducted in a three dimensional

pace by using lattice-Boltzmann lattice-spring method. The sim-

lation boundary conditions are the same as the single fiber case.

he two fibers with an initial separating distance settle down by

he gravity at the middle of the simulation box. Both the distances

etween the top of the simulation box and the mass centers of

he trailing fiber and between the bottom of the simulation box

nd the mass center of the leading fiber are kept at a constant of

.9 L during settling. The fiber flexibility, initial distance, Reynolds

umbers, and fiber aspect ratios are varied and their effects on the

ynamic behavior are investigated. 

.3.1. Effects of flexibility on two fiber sedimentation. 

In order to study the effects of flexibility on sedimentation of

wo rectangular fibers, two simulations are conducted in the same

onditions except that the rigidity is varied at two different levels

f EI = 0 . 029 and 0.97 (see Table 4 ). Each fiber has the same den-

ity ρ = 1 . 2 and the same size of (B, D, L ) = (7 , 7 , 41) . The aspect

atio of the fiber is fixed at κ = 5 . 857 . The two fibers are initially

ocated in the center of the simulation box and the fiber axes are

ligned along the horizontal direction initially. The initial distance

etween the two fibers is 20 lattices. Our results show that similar

o spherical particles, after releasing, two fibers go through a DKT

rocess as shown in Fig. 11 for the case of EI = 0 . 029 . This DKT

henomenon can take place repeatedly during the settling process.

To illustrate effects of rigidity on DKT scenarios, the results of

osition coordinates ( X, Y, Z ) of the mass centers of two fibers as a

unction of time are plotted and compared between the two cases
ith different rigidity EI = 0 . 029 and 0.972 in Fig. 12 , and their

orresponding settling velocities are compared in Fig. 13 . It is clear

hat one crossing on the Z-curves, in Fig. 12 c and f, between two

bers P 1 and P 2 corresponds to a DKT process. There are more

han one crossing on the Z-curves for both cases of EI = 0 . 029 and

.972, signifying that the DKT scenarios takes place repeatedly dur-

ng settling. Markedly, there are more numbers of crossings for the

ase of EI = 0 . 029 than for the case of EI = 0 . 972 in the same pe-

iod of time, illustrating that that a stronger DKT interaction with

uid occurs for more flexible fibers. The coordinates of X and Y

s a function of time are also plotted in the same figure, which

hows that the distance between the two fibers decreases, then in-

reases in cycles as the DKT scenario is repeated. The leading fiber

ith smaller value of the rigidity settles faster, creates a stronger

ake, and cause a faster DKT due to a large suction effect of the

ake, as compared with the more rigid fibers. The vertical velocity

 z of the two flexible fibers as a function of time is plotted and

ompared in Fig. 13 between the two cases with different levels of

igidity. It shows that the fibers with smaller rigidity settle faster

nd have more numbers of the DKT, suggesting that the rigidity

lays an important role in two fiber interactions with fluid during

edimentation. 

The contours of vorticity in the X-direction on the YZ-plan

t three different instants are shown and compared between the

ases of EI = 0 . 029 (left) and 0.972 (right) in Fig. 14 while the con-

ours of the vorticity in the Z-direction on the XY-plane are shown

n Fig. 15 . The vorticity is larger for the case with smaller rigid-

ty of EI = 0 . 029 than for the case with a larger rigidity EI = 0 . 972 .

he fluid structures are consistent with the fibers with smaller val-

es of the rigidity having a stronger wake and faster DKT. 
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Fig. 27. A comparison of the position ( X, Y, Z ) of the mass centers of two cylinder fibers as a function of time between two cases of EI = 0 . 026 and EI = 0 . 642 . 
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Table 8 

variation of EI for two cylindrical fibers. 

Density Reynolds number Rigidity Elasto-gravitation numbers Settling velocity 

1.4 53.3 0.026 0.002 0.052 

1.4 50 0.642 0.047 0.046 

Fig. 28. A comparison of the curl indexes as a function of time between the two 

cases of EI = 0 . 026 and EI = 0 . 642 . 
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The results of the curl index as functions of time at the two

ifferent levels of the rigidity are exhibited in Fig. 16 . It is shown

hat the deformation is larger for the fibers with a smaller rigidity.

s expected, deformation increases as the rigidity decreases. 

.3.2. Effects of Reynolds numbers 

To assess the effects of the Reynolds number on the sedimen-

ation of two fibers, additional simulations are conducted. Three

ases are run in the same conditions and the fibers have the same

igidity of EI = 0 . 48 except different Reynolds numbers. The large

eynolds numbers are obtained by an increase in the fiber density.

he final Reynolds numbers are Re = 1 . 9 , 35, and 103. The simula-

ion parameters for the three cases are collected in Table 5 . 

The results of the coordinates ( X, Y, Z ) of each fiber as a func-

ion of time are plotted and compared among the cases with three

ifferent Reynolds numbers Re = 1 . 9 , 35, and 103 in Fig. 17 . 

The corresponding settling velocities as a function of time are

lotted in Fig. 18 . 

These figures show that when the Reynolds number is small at

e = 1 . 9 , the DKT phenomenon occurs once only. As the Reynolds

umber increases, the number of the DKT increases. The tip vor-

ices interacting with two fibers become stronger as the Reynolds

umber increases. 

.3.3. Effects of fiber aspect ratio 

To assess the impact of aspect ratio on the dynamical behavior

f fibers simulations are conducted at the same conditions except

hat the fiber length is varied at three different levels of L = 51 , 41,

nd 21 so that the aspect ratio is varied at κ = 3 . 0 , 5.85, and 7.28

see Table 6 ). 

The simulation results of coordinates ( X, Y, Z ) as a function of

ime are compared among the three cases in Fig. 19 and the cor-

esponding settling velocity is compared in Fig. 20 . These figures

how that all the cases go through the DKT process and the num-

er of the DKT increases dramatically as the aspect ratio increases
ince the elasto-gravitational number decreases as the aspect ra-

io increases, resulting in a larger Reynolds number and stronger

ip vortex interactions as shown in Fig. 21 . The deformation also

ncreases as the aspect ratio increases as shown in Fig. 22 . 

.3.4. Effects of initial distance 

To evaluate the effect of initial distance between two fibers on

heir motion, two simulations are conducted in the same rigidity

I = 0 . 029 and the same conditions except that the initial distance

s varied at d = 20 and 60 lattice length (see Table 7 ). 

The simulation results as a function of time are displayed and

ompared between the two cases in Fig. 23 for the coordinates ( X,

, Z ) of the mass center of each fiber and in Fig. 24 for the settling

elocity of each fiber. 

It is shown that the settling velocity and number of the DKT

ecreases as the initial distance between the two fibers increases

nd that the Reynolds number in term of the velocity of the mass

enters of two fibers decreases as the initial distance increases. It

s understood that it takes a longer time for the trailing fiber to

atch the leading fiber if the initial distance is larger. The larger

nitial distance may reduce the intensity of the tip vortex which

as a suction effect on the trailing fiber, as shown in Fig. 25 . 

.4. Cylindrical fibers 

The LBLS method is also applied to the case of the sedimenta-

ion of two cylindrical fibers. The simulation parameters are col-

ected in Table 8 . The simulation results show that the dynamic

ehavior is similar to the rectangular fibers. For example, the com-

arison between the cases with EI = 0 . 026 and 0.642 at fixed ρ =
 . 4 is shown in Fig. 26 for the settling velocity, in Fig. 27 for the

oordinates ( X, Y, Z ), and in Fig. 28 for the curl index. Again, the

exible fibers have more number of the DKT and have a larger set-

ling velocity. 

. Conclusion 

The sedimentation behavior of two flexible fibers in an in-

nitely long channel is simulated at moderate Reynolds numbers

y using the LBLS method. In the method, the lattice Boltzmann

ethod is employed to mimic the fluid behavior of Navier–Stokes

quation and the lattice spring model is used to handle the defor-

ation of flexible fibers, which are discretized as individual parti-

les connected each other by harmonic bond and angular springs.

he immersed boundary method is utilized to deal with the in-

erfaces between the fluid and solid particles. In the simulations,

he rigidity, fiber density, shape, initial vertical distance, and as-

ect ratio are varied at different levels and their effects on the

KT behavior are investigated. It is revealed that the DKT domi-

ates the interaction between fluid and two flexible fibers and that

he number of the DKT increases as the rigidity reduces, indicating

 smaller rigidity induces stronger tip vortices, behind the fiber,

hich encourage a larger suction effect due to lower pressure and

ead to a quicker DKT. It is also demonstrated that a larger aspect

atio with the same cross section area and shape results in more

umbers of the DKT within the same time period and that the

umber of the DKT increases as the Reynolds number increases. In

rief, the flexibility and gravity encourage a stronger tip vortices

nd a quick DKT. It is shown that the elasto-gravitational number
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can be used to consider the combinational effect of both rigidity

and gravity on fiber deformation and motion. 
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