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A B S T R A C T

Instantaneous liquefaction can be induced by the upward seepage force generated in a sandy seabed under wave
troughs. The wave-induced pore-pressure distribution in the non-cohesive seabed with an instantaneously-
liquefied layer is investigated analytically. Based on the analytical solution to Biot's consolidation equations for
the response of a poro-elastic bed to water waves, the expressions of liquefied soil depth are derived with
modifying the criterion for instantaneous liquefaction, which is verified with existing offshore field observations
and multi-scale numerical simulations. Analytical investigation indicates that, in the instantaneously-liquefied soil
layer, the buoyant weight of soil is essentially balanced by upward seepage force into a quasi-static state. Un-
derneath the fully liquefied layer, the effective stress can be remarkably reduced. An excess pore-pressure ratio is
then proposed to quantitatively evaluate the instantaneous liquefaction degree and its corresponding influential
depth. Parametric studies indicate that, for a certain excess pore-pressure ratio, the influential depth decreases
with increasing saturation degree, permeability of soil or water depth, but increases with increasing wave height.
The influential depth of a non-cohesive seabed under waves increases significantly with reducing the threshold
value of excess pore-pressure ratio, which may have much influence on the stability design for submarine
structures.
1. Introduction

In the wave-dominated coastal locations or the surf zones, seabed
liquefaction can take place during severe storms. Wave-induced excess
pore-pressure and the resulting loss of soil strength could produce cata-
strophic consequences to marine structures, e.g., the sinking or floatation
of pipelines (Sumer et al., 1999; Qi et al., 2017), the instability of
breakwaters (Groot et al., 2006), and the local scour around pile foun-
dations (Qi and Gao, 2014). Liquefied soil depth should be well evaluated
in the foundation design for marine structures.

As for the pore-pressure responses to waves, two primary mecha-
nisms, including oscillatory and residual pore-pressure, have been
observed in flume experiments and offshore in-situ measurements (see
Zen and Yamazaki, 1990a). The residual pore-pressure, i.e. the buildup of
excess pore-pressure, is mainly induced by the compression tendency of
soil skeleton while the cyclic wave loading is being exerted. It has been
well recognized that residual liquefaction may be initiated once the
effective stress of soil is reduced to zero while the residual pore-pressure
is being increased, which corresponds to a complete loss of shear strength
(see Sumer, 2014).

In contrast to the residual liquefaction, the instantaneous liquefaction
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(also termed as “momentary liquefaction”) is induced essentially by the
upward seepage force in the upper layer of the seabed under wave
troughs. Similar to the quicksand phenomenon, the instantaneous
liquefaction is particularly prone to occur in a sandy or non-plastic silty
seabed. In the state of instantaneous liquefaction, the buoyant weight of
soil is totally balanced by the seepage force and the confining stress
would vanish consequently.

In the past a few decades, several analytical solutions have been ob-
tained for wave-induced oscillatory pore-pressure responses. Under the
assumption of a permeable rigid seabed with incompressible pore-water,
Putnam (1949) presented an analytical solution for wave-induced oscil-
latory pore-pressure in an isotropic seabed with finite thickness, which
was described by Laplace's equation as a potential flow. Diffusion equa-
tion was later employed for describing compressible pore-water in a
hydraulically isotropic rigid seabed (Moshagen and Torum, 1975). On
the basis of Biot's theory framework for porous elastic media, a few
porous models for wave-seabed interactions have been established under
various assumptions (see Sumer, 2014). Among them, the analytical so-
lution by Yamamoto et al. (1978) took into account of compressible
pore-water in a compressible isotropic porous seabed with infinite
thickness. Madsen (1978) presented general analytical methods for pore
itute of Mechanics, Chinese Academy of Sciences, Beijing, 100190, China.
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pressures and effective stresses in a homogeneous porous seabed of
arbitrary thickness as well as in a horizontally layered seabed. Hsu and
Jeng (1994) later derived the analytical solution to Biot's equations for
the case of finite soil thickness, which can converge to the above solution
by Yamamoto et al. (1978) while the soil thickness gets large enough.
Besides analytical analyses, numerical modeling was also employed to
investigate wave-induced oscillatory pore-pressure under complex
boundary and wave conditions, e.g. Mase et al. (1994), Cheng et al.
(2001), Higuera et al. (2014), Sui et al. (2016, 2017) and Zhang et al.
(2016). It was indicated that the numerical results (e.g. Cheng et al.,
2001) by solving Biot's equations are in good agreement with the above
analytical solutions (see Sumer, 2014).

Accurate evaluation of instantaneously-liquefied soil depth is crucial
for the design of submarine foundations. Sakai et al. (1992) analytically
investigated (revised later by Law (1993)) the liquefied soil depth of a
sandy seabed under waves, adopting the boundary-layer approximation
by Mei and Foda (1981). The liquefied soil depth was evaluated with
“iteration calculation method”: if the vertical effective stress at a certain
tentative depth becomes negative, the tentative depth is further
increased and the calculation is repeated until the vertical effective stress
approaches zero to finally determine the liquefaction depth (see Sakai
et al., 1992). In such an iteration calculation, the force balance at the soil
element-scale could not be strictly satisfied, which will be detailed in
Section 2.

The analytical results by Sakai et al. (1992) indicated that it would be
difficult to reproduce instantaneous liquefaction in a small-size wave
flume using a normal sand bed (e.g. silica sand). As such, offshore in-situ
tests play a vital role for understanding the phenomenon of instantaneous
liquefaction. The wave-induced instantaneous liquefaction was observed
in the offshore field by Mory et al. (2007). In their field observations, the
pore-pressure responses at different depths of the sandy seabed were
continuously measured. High pore-pressure gradients were generated in
the seabed, resulting in a number of instantaneous liquefaction events.
The instantaneous liquefaction was found to be quite sensitive to the
presence of gas content in the sands, which enhances the compressibility
of the porous seabed (Gratiot and Mory, 2000). Following the field ob-
servations by Mory et al. (2007), Michallet et al. (2009) further analyzed
the same field data to examine the effects of saturation degree (approx-
imately ranging from 0.950 to 0.995) on the pore-pressure responses
under waves. For such high saturation degree, it would be reasonable to
consider the entrapped gas content as the constituent part of the
pore-water (Groot et al., 2006), and thereby to assume the sandy seabed
as a two-phase media with variable pore-water compressibility to reflect
the effect of saturation degree. In addition, the cylindrical-shaped ap-
paratuses were ever employed (Zen and Yamazaki, 1990b; Chowdhury
et al., 2006; Liu et al., 2015) for one-dimensional simulations of the
wave-seabed interaction to understand the upward seepage induced
liquefaction as a kind of quicksand.

There exist two typical criteria to evaluate the critical state for wave-
induced instantaneous liquefaction:

(1) The criterion (denoted as “criterion-I”) firstly proposed by Bear
(1972) was from the perspective of soil-element scale. The vertical
gradient of excess pore-pressure jz (¼ dp=dz), inducing the upward
seepage force in the instantaneously-liquefied soil layer under
wave troughs, must locally overcome the buoyant unit weight of
soil (γ0), i.e.

jz � γ0 � 0 (1)

where γ0 ¼ ðGs � 1Þð1� nÞγw (in kN/m3), which can be obtained ac-
cording to the phase relationships between soil particles and pore water
(see Craig (2004)), Gs is the specific gravity of sand particles, n is the
porosity of the sand (n ¼ e=ð1þ eÞ, in which e is the void ratio of the
sand, i.e. the ratio of the volume of voids to the volume of solid particles),
γw is the unit weight of water (in kN/m3). Note that the positive value of
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“jz” indicates that the seepage force is upward (z-axis is downward).

(2) The other criterion for instantaneous liquefaction (denoted as
“criterion-II”) was later deduced by Zen and Yamazaki (1990a)
from the force analysis on the vertical soil-column rather than the
above analysis on soil-element in the criterion-I. The criterion-II
can be expressed with the following inequality:

pðzÞ � Pb � σ0
z0 (2)

where p(z) is the wave-induced transient pore-pressure at the depth (z) in
the seabed; Pb is the wave-induced pressure (negative under wave
troughs) at the seabed surface (z¼ 0); σ0z0ð¼ γ0zÞ is the initial vertical
effective stress for a homogenous sandy seabed. The criterion-II implies
that instantaneous liquefaction may occur when the excess pore-pressure
difference between a certain depth and the soil surface becomes greater
than the overburden soil pressure.

Note that, if adopting the existing criteria for instantaneous lique-
faction, an upward resultant force would be induced unreasonably in a
sandy (non-cohesive) seabed, which will be detailed in Section 2.

In this study, the vertical distribution of wave-induced pore-pressure
in a non-cohesive seabed with instantaneously-liquefied layer will be
investigated analytically. Based on the classical solution to Biot's
consolidation equations for porous media, the expressions for liquefied
soil depth are derived with modifying the liquefaction criterion. Para-
metric study is further made to investigate the influential factors for
liquefied soil depth.

2. Wave-induced excess pore-pressure and instantaneous
liquefaction: analytical investigation

2.1. Re-examination of excess pore-pressure distribution by using existing
liquefaction criteria: A case study

To examine the excess pore-pressure distribution in an
instantaneously-liquefied sandy seabed, a case study is made for the
given values of wave parameters and soil properties as follows: The water
depth h¼ 10.0m, the wave height H¼ 3.0m, the wave period T¼ 8.0 s
and the wave length L�70.9m; the coefficient of permeability of the sand
ks¼ 1.0� 10�4 m/s, the soil elasticity modulus E¼ 30.0MPa, γ0 ¼
8.82 kN/m3, the saturation degree Sr¼ 0.98, n¼ 0.45, and the Poisson
ratio of the sand ν ¼ 0.3.

As mentioned in Section 1, the liquefied soil depth used to be eval-
uated with the “iteration calculation method”, once the distribution of
excess pore-pressure under wave troughs are obtained, and at the same
time the liquefaction criterion is chosen as the criterion-I (Eq. (1)) or the
criterion-II (Eq. (2)). The analytical solution by Yamamoto et al. (1978)
(referred as “Yamamoto solution” later, see Appendix A) is employed for
calculating the wave-induced excess pore-pressure in a poro-elastic
seabed.

Fig. 1 gives the vertical distribution of the excess pore-pressure dif-
ference (p-Pb) under wave troughs calculated with the solution by
Yamamoto et al. (1978). The vertical distribution of the initial vertical
effective stress σ0z0ð¼ γ0zÞ in the homogeneous sandy seabed is also
provided in this figure. When adopting the different criterion for
instantaneous liquefaction (criterion-I or criterion-II), the calculated
values of liquefaction depth are different, denoted as “zs” for the
criterion-I, and “zp” for the criterion-II, respectively (see Fig. 1). As
indicated in the expressions for the existing liquefaction criteria (Eqs. (1)
and (2)), the liquefaction depth zs (¼0.45m; under the given wave and
soil conditions in this case study) is obtained according to the effective
stress analysis on soil-element, i.e. Eq. (1) for the criterion-I; whereas zp
(¼0.93m) was derived from the force balance of the “soil-column AB”
see Fig. 1, i.e. Eq. (2) for the criterion-II.

As shown in Fig. 1, for the selected three typical elements (i.e. the
element-1, -2 and -3) at various depths, only the elememt-2 (where



Fig. 1. The vertical distributions of (p-Pb), σ0z0, and the corresponding instantaneously-liquefied soil depths evaluated with the existing two liquefaction criteria,
i.e. Eq. (1) and Eq. (2), respectively.

W.-G. Qi, F.-P. Gao Ocean Engineering 153 (2018) 412–423
jzð¼ dp=dzÞ ¼ γ') is satisfied locally for the balance between the upward
seepage force and the downward buoyant unit weight of the soil element
(jz � γ0 ¼ 0). The arbitrary soil elements located between z¼ zs and zp
(e.g., the element-3) are partially-liquefied, where a downward resultant
force exists (jz � γ0 < 0). In contrast, for an arbitrary soil element located
between z¼ 0 and zs (e.g., the element-1), an upward resultant force
would be generated (jz � γ0 > 0) and thereby the upper layer of soil mass
would be sucked away, which is however fallacious in physics. Therefore,
the existing expressions for wave-induced pore-pressure in an
instantaneously-liquefied sandy seabed need to be modified.
2.2. Excess pore-pressure distribution in the instantaneously-liquefied
sandy seabed

2.2.1. Instantaneously-liquefied soil depth: derivation
As the cyclic loading on the porous seabed, storm waves are generally

characterized by low frequencies (~0.1 Hz) and many cycles (~103 or
more). Ulker et al. (2009) ever made a systematic study of the inertia
effect on wave-induced seabed responses by developing three formula-
tions, termed as fully dynamic, partly dynamic, and quasi-static formu-
lation, respectively. It has been indicated that the inertia effect from the
accelerations of soil skeleton and pore water can be increased to a certain
extent with increasing soil permeability. But the difference between the
fully dynamic solution and that for the quasi-static appears to be less than
5% at most (Ulker et al., 2009). These analytical results were in accord
with the points of Cheng and Liu (1986) that the inertia effect can be
ignored for most wave-induced seabed responses, particularly for those
involving fine sediments relevant to liquefaction processes (see Sumer,
2014). So, in the instantaneously-liquefied seabed, the buoyant unit
weight of the soil (γ0 ) can be assumed to be totally balanced by the
vertical gradient of excess pore-pressure (jz):

jz � γ0 ffi 0 (3a)

This criterion (Eq. (3a,b)) for instantaneous liquefaction will be
verified by the comparative studies in Section 3. Submitting the equa-
tions of jz ¼ dp=dz and γ0 ¼ ðGs � 1Þð1� nÞγw into Eq. (3a,b), the excess
pore-pressure gradient in the instantaneously-liquefied layer can be
expressed as

dp
dz

¼ ðGs � 1Þð1� nÞγw (3b)

At arbitrary locations in the instantaneously-liquefied layer (0 � z <
zl, zl is the liquefaction depth), the resultant effective overburden stress
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would vanish consequently: σ0zðzÞ ¼ ∫ z
0ðγ0 � jzÞ dz ¼ 0. The wave-

induced pore-pressure in the instantaneously-liquefied layer pðzÞ can
then be obtained:

pðzÞ ¼ Pb þ γ0z ð0 � z < zl Þ (4)

where Pb is the wave-induced pore pressure at the seabed surface. Thus,
the previous criterion-I (Eq. (1)) and criterion-II (Eq. (2)) are identical,
when the present criterion (Eq. (3a,b)) is adopted. Based on the linear
approximation of wave theory, Pb can be calculated with

Pb ¼ p0 cosðλxþ ωtÞ (5)

in which p0(¼0:5γwH=coshðλhÞ) is the amplitude of the excess pressure at
the seabed surface (z¼ 0), γw is the unit weight of water, λ(¼2π=L) is the
wave number, ω(¼ 2π=T) is the angular frequency of waves and t is the
time. From Eq. (4), the wave-induced pore pressure at the interface be-
tween the instantaneously-liquefied layer and the underlying soil (z¼ zl)
can then be obtained as

P0
b ¼ pðzÞjz¼zl

¼ Pb þ γ0zl (6)

As demonstrated in the case study in Section 2.1, the evaluated
instantaneously-liquefied soil depth (zp ¼ 0.93m) is much smaller than
the wave length (L�70.9m), i.e., zp=L≪1:0, so the interface between the
instantaneously-liquefied layer and the underlying sand is approximately
horizontal. Adopting Eq. (6) as the pressure boundary condition at z ¼ zl,
the wave-induced pore-pressure in the unliquefied sand (z � zl) can then
be described with Yamamoto solution (see Appendix A). That is, the
wave-induced pore-pressure in the unliquefied sand layer can be calcu-
lated with Eq. (A5) in Appendix A:

pðzÞ ¼ Pb½ð1� αÞexpð � λzÞ þ α expð � λ'zÞ� (7)

Replacing “Pb” and “z” in Eq. (7) with “P0
b” and “z � zl”, respectively,

the vertical distribution of wave-induced pore-pressure in the seabed
with an instantaneously-liquefied layer can be described with the
following piecewise function:

pðzÞ ¼
�
Pb þ γ0z ð0� z< zlÞ ðaÞ
P0

bfð1�αÞexp½ � λðz� zlÞ� þα exp½ � λ'ðz� zlÞ�g ðz� zlÞ ðbÞ
(8)

where α and λ0 are the coefficients related to the properties of the soil and
waves, which are detailed in Appendix A.

The instantaneous liquefaction is in nature a quasi-static response of
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the porous seabed, where the effective stress is periodically reduced to nil
by the upward seepage force under wave troughs. In such a quasi-static
process, the permeability coefficient of the sandy seabed can be regar-
ded as remaining unchanged, although the upward seepage may loosen
the sand layer to a certain extent, especially near the seabed surface. It
has been realized that the permeability coefficient (ks) of the sand is
mainly relevant to the effective diameter of sand particles d10(in mm)
and can be evaluated with Hazen's equation, i.e. ks ¼10�2d210(in m/s2)
(see Craig, 2004). Meanwhile, at the interface between the
instantaneously-liquefied layer and the underlying unliquefied soil
(z ¼ zl), both the wave-induced pore-pressure and the upward seepage
velocity (uz ¼ �ksdpdz, i.e. Darcy's law) should be continuous. As such, both
the continuity and the derivability in mathematics for the excess
pore-pressure pðzÞ should be satisfied accordingly at the junction point of
the piecewise function (Eqs. (8a)~(8b)).

(1) The continuity of excess pore-pressure: submitting z ¼ zl into
Eqs (8a) and (8b), then

ðPb þ γ0zÞjz¼zl
¼ P0

bfð1� αÞexp½ � λðz� zlÞ� þ α exp½ � λ'ðz� zlÞ�gjz¼zl

(9a)

i.e. Pb þ γ0zl ¼ P0b (see Eq. (6)), which is actually the expression for the
wave-induced pressure at the interface between the instantaneously-
liquefied and the underlying unliquefied layers.

(2) The continuity of the derivative of excess pore-pressure:
performing differentiation to the right terms of Eqs. (8a) and (8b),
respectively, then

γ0 ¼ ð � Pb � γ0zlÞ½λð1� αÞ þ λ'α� (9b)

The excess pore-pressure is derivable at z ¼ zl, indicating the seepage
flow velocity is continuous herein. Submitting Eq. (5) into Eq. (9b), the
liquefied soil depth (zl) can thereby be obtained as

zl ¼ �p0 cosðλxþ ωtÞ
γ0

� 1
Re½λð1� αÞ þ λ'α� (10)

in which the operator “Re{ }” means to take the real-part of the complex
variable. Note: both “α” and “λ'” in Eq. (10) are complex numbers in the
2-D solutions for wave-induced pore-pressure in the seabed (see
Fig. 2. The revised vertical distributions of (p-Pb), σ0z0, and the corresponding
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Appendix A). Referring to Eq. (10), the maximum value of the liquefied
soil depth under wave troughs, i.e. ðλx þ ωtÞ ¼ Nπ ðN ¼ 1;3; 5;⋯Þ can
be expressed as

zL ¼ p0
γ0

� 1
Re½λð1� αÞ þ λ0α� (11)

With the above revision on the liquefaction criterion (Eq. (3a,b)) and
the corresponding modification on the wave-induced pore-pressure dis-
tribution (Eqs. (8a) and (8b)), the vertical distribution of the excess pore-
pressure difference (p� Pb) in the seabed with instantaneously-liquefied
layer under wave troughs can be determined (see Fig. 2).

For the comparison purpose, the vertical distribution of initial over-
burden effective stress σ0z0ð¼ γ0zÞ in the homogeneous sandy seabed is
also presented in Fig. 2. The analytical results are based on the same
waves and soil conditions as in the aforementioned case study (Section
2.1). For the two typical elements (i.e. element-2' and 3' in Fig. 2, in
comparison with element-2 and 3 in Fig. 1) at the same depths, the ele-
memt-20 is satisfied locally by the force balance (jz � γ0 ¼ 0). After such
modification on pore-pressure distribution, the force balance in the
element scale can be satisfied for arbitrary locations between the seabed
surface and the maximum liquefied soil depth (0 � z � zL). At the same
time, for an arbitrary location underneath the instantaneously-liquefied
layer, i.e. z > zL(e.g., element-3ʹ), a downward resultant force exists
(�jz þ γ0 > 0) and thus the soil is in the unliquefied state.

The liquefied soil depth can be determined uniquely by Eq. (11) (e.g.,
zL ¼ 0.54m in the case study, see Fig. 2), which is in between the two
values evaluated by the iteration calculation method with the existing
two criteria (zs ¼ 0.45m,zp ¼ 0.93m, respectively, see Fig. 1).

The present two-dimensional (2-D) solution for the instantaneously-
liquefied soil depth is compared with the previous one-dimensional (1-
D) approximation by Qi and Gao (2015). Fig. 3 gives the comparison of
the variations of zL with L/h between the 1-D and the present 2-D solu-
tions. It is indicated that, the values of zL evaluated with the present 2-D
approximation are always smaller than those with the 1-D approxima-
tion. With the increase of the non-dimensional wave length L=h
(normalized by water depth h), the relative divergence δ (the difference
between 1-D and 2-D results divided by the 2-D result) decreases grad-
ually from 0.17 to 0.08, indicating the 2-D effect should be taken into
account, especially for the cases of short wave length (e.g., L=h < 6.0, see
Fig. 3).
liquefied soil depth under wave troughs according to Eqs. (8a) and (8b).



Fig. 3. Comparison of the variations of zL with L/h between the present 2-D
solution and the 1-D approximation.
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2.2.2. Excess pore-pressure ratio
Based on the analytical solutions in Section 2.2.1, the transient excess

pore-pressure and the corresponding effective stress can be evaluated.
Fig. 4 illustrates the vertical distributions of the 2-D wave induced pore-
pressure (p), the excess pore-pressure difference (p� Pb), the excess pore-
pressure gradient (dp=dz), the initial overburden effective stress (σ0z0)
and the transient vertical effective stress (σ0z) under wave troughs. Note
that the wave parameters and soil properties are the same as those in the
case study in Section 2.1. The transient vertical effective stress σ0z has the
following relationship with σ0z0 and (p� Pb):

σ0
z ¼ σ0z0 � ðp� PbÞ (12)

As shown in Fig. 4, the value of σ0
z keeps as nil in the instantaneously-

liquefied layer (0 � z � zL). With further increase of soil location into the
underlying unliquefied sand, the seepage force decreases gradually to
zero (e.g., at zλ ¼ 0.15, dp=dz→0 ); at the same time, σ0

z increases from
zero and gradually approaches to σ0z0 þ Pb in deeper locations (e.g. at zλ
¼ 0.5, σ0

z=σ
0
z0 � 0:83, see Fig. 4). It should be noticed that, underneath the

liquefied layer, there exists a remarkably deep layer (comparable to the
value of zL) in the state of very low overburden effective stress.

To quantitatively evaluate the instantaneous liquefaction degree, an
excess pore-pressure ratio R is proposed for the given influential depth zR:

R ¼ pðzÞ � Pb

σ0z0ðzÞ
ðat z ¼ zRÞ (13)
Fig. 4. Vertical distributions of ðp� PbÞ, dp=dz, σ0z0 and σ0z under
wave troughs.
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in which, the wave-induced pore-pressure pðzÞ can be calculated with
Eqs. (8a) and (8b); σ0z0ðzÞ ¼ γ'z is the initial overburden effective stress in
a homogenous sandy seabed. For each given value of R, the corre-
sponding influential depth zR can be obtained. In the fully liquefied layer
(0 � z � zL), R¼ 1.0 and zR ¼ zL; and below fully liquefied layer (z¼zR >

zL), the influential depth zR would be in the range of 0 < R < 1:0. The
excess pore-pressure ratio and its influential depth will be investigated in
the parametric study (see Section 4).

3. Comparisons with existing offshore field trials and numerical
simulations: verifications

3.1. Comparison with the field observations by Mory et al. (2007)

To substantially advance the design of foundations for coastal struc-
tures with regards to soil liquefaction, the European Union supported a
three-year (2001–2004) research project on “Liquefaction aroundMarine
Structures (LIMAS)” (Sumer, 2006). In the LIMAS project, a series of field
trials on wave-induced instantaneous liquefaction were carried out at
Capbreton on the Atlantic coast in southwest France in the year 2003
(Mory et al., 2007). In this section, their results of field trials will be
compared with the present analytical solution for the purpose of
verification.

As described by Mory et al. (2007), the sand on the beach is homo-
geneous, possessing mean particle size d50¼ 0.35mm (with
d10¼ 0.22mm and d90¼ 0.50mm). The main soil parameters are as
follow: coefficient of permeability ks¼ 2� 10�4 m/s, shear modulus
G¼ 20.0MPa, Poisson ratio ν ¼ 0.33 and saturation degree Sr¼ 0.98.
The lower value of the density of soil particles was estimated as ρs ¼
2.60�103 kg/m3 (Gs¼2.60) and the porosity n¼ 0.5, whereas higher
value of ρs ¼ 2.75�103 kg/m3 and n¼ 0.4. Thus, the buoyant unit weight
of the sand would be in the range of γ0ð¼ ðGs � 1Þð1� nÞγwÞ¼ (8.0–10.5)
kN/m3.

In their offshore field experiments, five Druck PDCR 4030 pressure
sensors (full range of 70 kPa with a precision of 0.08%) were used for the
measurement of pressure or excess pore-pressure induced by waves. As
illustrated in Fig. 5(a), the sensor p2 was located at the seabed mudline;
the three lower sensorsp3,p4 and p5 were inside the soil; the top sensor p1
was in the water layer. The distance between the two neighboring sensors
is Δz ¼ 0.3m. For the three instantaneous liquefaction events, at the
record time 5506 s, 5516 s, and 5526 s (when the wave troughs passing
over the sensors), the values of the maximum excess pore-pressure dif-
ference Δpm are 2.8 kPa, 3.5 kPa and 3.5 kPa, respectively (see Fig. 5(a)).
Note that the original data of pressure difference between p2 and p3 in the
Figs. 11 and 12 of Mory et al. (2007) were the absolute pore-pressure
difference (denoted as “Δp3:2”), which is the sum of the maximum
excess pore-pressure difference Δpm and the hydrostatic pressure differ-
ence of Δz ¼ 0.3m (i.e. Δp3:2 ¼ Δpm þ 3.0 kPa).

During the 2.5 h of a tidal cycle, 47 instantaneous liquefaction events
were observed successively (see Fig. 5(b) and (c)). As shown in Fig. 5(b),
even though the values of wave height (H) preceding each of 47 lique-
faction events seem quite scattering (but beyond the critical wave height
inducing liquefaction), the maximum excess pore-pressure difference
Δpm approaches a threshold value (see Δpm � 3.0 kPa, the circle dots in
Fig. 5(b)). Such observations clearly indicate that, after occurrence of
instantaneous liquefaction, a further increase of wave height could not
induce higher excess pore-pressure difference in the liquefied soil layer.

Based on the above field trialsʹ results for maximum excess pore-
pressure difference Δpm (see Fig. 5(b)), the vertical gradients (Δpm=Δz)
measured by the two sensors p2 and p3 (with Δz ¼ 0.3m) in the liquefied
layer can be further obtained, as shown in Fig. 6. The evaluated values of
buoyant unit weight of the in-situ sand are also provided in this figure:
maximum value γ'max ¼ 10.5 kN/m3, minimum value γ'min ¼ 8.0 kN/m3,
and averaged value γ'average ¼ 9.25 kN/m3. It is found that the values of
Δpm=Δz precisely fall into the evaluated range of buoyant unit weight of



Fig. 5. (a) A typical time series of Δp recorded by the two sensors p2 and p3;
(b) the recorded Δpm, h and H preceding each of 47 instantaneous liquefaction
events; and (c) variations of T during 2.5 h of a tidal cycle (Reproduced from
Mory et al. (2007)).

Fig. 6. Comparison between γ0 and Δpm=Δz for 47 instantaneous liquefaction
events observed by Mory et al. (2007).
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the in-situ sand γ0 ¼ 9:25	 1:25 kN/m3, i.e. Δpm=Δz � γ', which well
coincides with the present criterion for instantaneous liquefaction of the
non-cohesive seabed (Eq. (3a,b)). That is, the buoyant unit weight of the
soil (γ0 ) would be balanced by the upward seepage force (�Δpm=Δz) in
the liquefied layer (also see Fig. 3).
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Given the soil properties of the in-situ sands, i.e. ks¼ 2� 10�4 m/s,
G¼ 20.0MPa, ν ¼ 0.33, Sr¼ 0.98, n¼ 0.45 (averaged), γ0 ¼ 9.25 kN/m3

(averaged), and the wave parameters of the aforementioned 47 instan-
taneous liquefaction events (time variations of h, T and H are shown in
Fig. 5(b) and (c)), the maximum liquefaction depth zL can be calculated
with the present analytical solution (see Section 2.2), as shown in Fig. 7.
The calculated results of both zL(R¼ 1.0) and zR for R¼ 0.97 are given in
Fig. 7(a). The parameters R and zR are the transient excess pore-pressure
ratio (liquefaction degree) and the corresponding influential depth,
respectively; and their definitions are detailed in Section 4.

Note that in the above liquefaction events of offshore field trials, the
values of Δpm were measured with the two sensors (p2 and p3) with Δz ¼
0.3m from the mudline. As such, the measured values of liquefaction
depth in the field observations would be larger than the location of the
sensor p3, i.e. zL � 0:3 m. Fig. 7(a) indicates that the predictions of zL
with the present analytical solution match well with the results for the
observed 47 liquefaction events. As stated in Section 2.2, underneath the
fully liquefied layer, there exists a remarkably deep layer in the state of
very low overburden effective stress (R~1.0). Fig. 7(b) gives the vertical
distributions of dp=dz, ðp� PbÞ, σ0z and σ0z0 for the selected liquefaction
event (h¼ 1.4m, T¼ 7.5 s and H¼ 0.75m; marked with solid triangle/
circle in Fig. 7(a)). So, if choosing R¼ 0.97, the predicted depth zR (red
circles in Fig. 7(a)) would be totally larger than 0.3 m.

3.2. Verification with multi-scale DEM–PFV simulations by Scholt�es et al.
(2015)

Another evidence for the discrepancy of existing criteria on instan-
taneous liquefaction was presented by Scholt�es et al. (2015), using the
discrete element method (DEM) coupled with a pore-scale finite volume
(PFV) scheme capable of describing compressible seepage flow at the
pore-scale (or particles scale). The multi-scale DEM–PFV model consists
of a column of soil particles resting on a rigid impermeable bottom and
subjected to a pressure variation on its surface, and meanwhile the pe-
riodic boundary conditions were used (see Fig. 8(a)), for simulating
macroscopic mechanical behaviors of one-dimensional (1-D)
wave-seabed interaction.

Typical numerical results for variations of vertical effective stress
ratio σ0z=σ

0
z0 with time at different dimensionless depths inside the seabed

z=hs are given in Fig. 8(b) (hs denotes the height of simulated soil col-
umn), under the conditions of 1-D wave parameters (T¼ 1.0 s,
p0¼ 5 kPa) and soil properties (ks¼ 1.5� 10�3 m/s, E¼ 3.2MPa,
n¼ 0.42, ν ¼ 0.215, Sr¼ 0.98). As stated by Scholt�es et al. (2015), the
effective stress computed in their numerical model remains always
strictly positive although it approaches zero, e.g., t¼ 0.5–0.8s (under



Fig. 7. Predictions with the present solution for the observed 47 liquefaction
events: (a) maximum liquefied soil depth; (b) vertical distributions of dp=dz,
ðp� PbÞ, σ0z and σ0z0 for the selected liquefaction event (marked with solid
triangle/circle in Fig. 7(a)).

Fig. 8. (a) Illustration of numerical geometry for the DEM–PFV model
(adapted from Scholt�es et al., 2015); (b) variations of σ0z=σ

0
z0 with time at

different values of z=hs. Dashed lines: DEM–PFV model predictions; Solid lines:
1-D solutions from Nago and Maeno (1987).
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troughs) at z=hs ¼ 0.1, 0.3, see Fig. 8(b)). That is, no tensile effective
stress can be generated in an instantaneously-liquefied granular medium
(sandy seabed). The analytical solution from Nago and Maeno (1987),
which is one-dimensional approximation of the Yamamoto solution, was
also shown in Fig. 8(b). As opposed to the DEM–PFV simulations, the
existing analytical solution (without pore-pressure modification after
occurrence of liquefaction) for the effective stress distribution had to be
arbitrarily dammed up at σ0z=σ

0
z0 ¼ 0 (see the bold dashed line in grey

color in Fig. 8(b)), which could not properly reflect the wave-induced
pore-pressure transmission where sand particles are suspended in the
liquefied layer (Scholt�es et al., 2015). It was therefore motivated to
further revise existing criteria on instantaneous liquefaction and the
corresponding wave-induced pore-pressure distribution in the seabed
with instantaneously-liquefied layer, which is described in Section 2.2.

4. Parametric study

In the following parametric study on the influential depth, three
typical values of excess pore-pressure ratio are chosen, i.e. R¼ 1.0, 0.9
and 0.5. The effects of soil properties (including degree of saturation
and coefficient of permeability) and wave parameters (including wave
height and water depth) on the corresponding influential depth zR will
be examined, respectively. The input data for the seabed and waves
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are listed in Table 1.
4.1. Effects of seabed properties

The degree of saturation (Sr) and the coefficient of permeability (ks)
for the sand are key influencing factors for the transmission of pore-
pressure inside the seabed. As indicated in previous studies (Tørum,
2007; Michallet et al., 2009), the air content of up to 3–5%
(Sr¼ 0.97–0.95) may typically be entrapped in the pores of the sandy
seabed, which would change the apparent bulk modulus of pore-fluid K0

and further affect the pore-pressure transmission behavior. The apparent
bulk modulus of pore-fluid K0 is calculated by 1

K0 ¼ 1
K þ 1�Sr

P0
, in which K is

the true bulk modulus of pure water (K¼ 1.9� 109 Pa) and P0 is the
absolute hydrostatic pressure at the location in the seabed. With a small
fraction of air in the water, say Sr¼ 0.99, the apparent bulk modulus of
pore-fluid decreases by almost two orders of magnitude, i.e.
K0 ¼ 2� 107 N=m2.

As indicated by Eq. (A5) in Appendix A, the shape of the vertical
distribution of wave-induced pore-pressure is mainly related to the two
parameters (α and λ0) for the soil and the wave number (λ). Based on the
expressions for α and ðλ0Þ2 by Eqs. (A6) and (A7), respectively, and by
using dimensional analysis, two dimensionless forms for the soil



Table 1
Input data for parametric study.

Parameters Values

Seabed properties Degree of saturation Sr 0.98 (various in Section 4.1)
Coefficient of permeability ks (m/s) 1� 10�4 (various in Section 4.1)
Elastic modulus E (MPa) 30.0
Porosity of soil n 0.45
Poisson ratio of soil ν 0.30
Submerged unit weight of soil γ0 (kN/m3) 8.0

Wave parameters Water depth h (m) 10.0 (various in Section 4.2)
Wave height H (m) 3.0 (various in Section 4.2)
Wave period T (s) 8.0
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parameters K0 and ks can be deduced as G=K0 and ksG=γwg2T3, respec-
tively. Note that the non-dimensional parameters n and ν are kept un-
changed in this parametric study. G=K0 is the ratio of shear modulus of
soil G to the apparent bulk modulus of pore-fluid K0, which essentially
reflects the influence of saturation degree Sr.

Fig. 9 gives the variations of the influential depth zR and its non-
dimensional form zR=H with G=K0. As shown in Fig. 9, for a fixed value
of R, the influential depth increases with increasing G=K0. When G=K0 �
3:0 (i.e. Sr � 0:971), the influential depth decreases dramatically with
decreasing G=K0. Note that when G=K0 � 0:71 (Sr � 0:993), the instan-
taneous liquefaction will not happen, indicating the downward attenu-
ation of the wave-induced pore-pressure is effectively alleviated with
increasing the bulk modulus of pore-fluid. Meanwhile, the decrease of R
would bring the corresponding influential depth zR increase significantly.
For a fixed value of G=K0 (e.g.G=K0 ¼ 10), if the excess pore-pressure
ratio decreases from R¼ 1.0 to 0.5, the influential depth would be
increased by approximately 2.5 times.

The variation of influential depth zR with the permeability coefficient
ks is shown in Fig. 10. Meanwhile, their corresponding non-dimensional
parameters zR=H and ksG=γwg2T3 are also given in the right and the top
axis for reference, respectively. As indicated in Fig. 10, the examined
range of ks covers three types of sands, i.e. fine, medium and coarse sands
(see Das, 2008). It can be seen that zR generally keeps decreasing with
decreasing ks. For the case of R¼ 0.9, the decrease of zR mainly emerges
in the range of ks>10�4 m/s (coarse sand). For the case of R¼ 0.5, the
decrease of zR is mild for the whole examined range of ks. With
decreasing value of R, the corresponding influential depth zR increases
significantly. The influential depth for R¼ 0.5 is generally over twice of
that for R¼ 1.0 (zL).
4.2. Effects of wave parameters

In order to investigate the effects of wave parameters on the influ-
ential depth, the values of wave height the water depth are varied indi-
Fig. 9. Effects of saturation degree of soil: Variations of zR with G=K0.
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vidually, while the other parameters remaining as constants (see
Table 1). Fig. 11(a) and (b) show the variations of influential depth zR
with wave height H, and those of non-dimensional zR=H with H=h,
respectively. Fig. 11(a) and (b) indicate that only when the wave height is
larger than a threshold value (e.g., H/h� 0.15), the sandy seabed can be
fully instantaneously-liquefied. The liquefied soil depth zR seems
increasing approximately linearly with the increase of wave heightH (see
Fig. 11(a)); Nevertheless, the non-dimensional relationships in Fig. 11(b)
further indicate that zR=H increases gradually with the increase of H/h
initially, but approaches to a constant value (e.g., zR=H� 0.32, at H/
h¼0.6) under the examined soil conditions. Note that, in the examination
for wave height effects, the wave breaking criterion should be taken into
account, which can be described by Hb

Lb
� 0:142 tanh 2πhb

Lb
(see Liu et al.,

2011), where Hb, Lb and hb denote wave height, wave length and water
depth as wave breaking occurs, respectively.

Fig. 12 gives the variation of influential depth zR with water depth h.
The scales of non-dimensional influential depth zR=H and non-
dimensional water depth h=gT2 are also shown in the right and the top
axis, respectively. The non-dimensional parameter h=gT2 reflects the
relative quantity of water depth to wave length. As shown in Fig. 12, the
influential depth decreases with increasing water depth for a certain
value of R. The influential depth can be nearly tripled while the value of R
decreases from 1.0 to 0.5.

In addition, as shown in Fig. 9–12 of the parametric study, the values
of maximum liquefied soil depth under the examined conditions are
generally less than half of the wave height, i.e. zL=H < 0:5; but the values
of influential depth for R¼ 0.5 can be up to the magnitude of the loading
wave height, i.e. zRðR¼0:5Þ=H 
 1:0. Even under some conditions without
Fig. 10. Effects of permeability coefficient of soil: variations of zR with ks
or ksG=γwg2T3.



Fig. 11. Effects of wave height: (a) variations of zR with H; (b) variations of
zR=Hwith H/h.

Fig. 12. Effects of water depth: variations of influential depth with
water depth.
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fully liquefied layer (zL ¼ 0), the influential depth for R¼ 0.5 could be
over half of the wave height (zR=H > 0:5). That is, the influential depth
of a non-cohesive seabed under waves increases significantly with
reducing the level of excess pore-pressure ratio, which may have much
influence on the stability design for submarine structures.

5. Conclusions

In the wave-dominated coastal locations or the surf zones, instanta-
neous liquefaction of a sandy seabed can occur under severe storms. The
wave-induced pore-pressure distribution in the non-cohesive seabed with
an instantaneously-liquefied layer is investigated analytically.

Based on the solution to Biot's consolidation equations for porous
media and the assumption that the excess pore-pressure cannot exceed
the initial vertical effective stress, the expressions of instantaneously-
liquefied soil depth are derived and verified with the existing offshore
field observations and multi-scale numerical simulations.

Analytical investigation indicates that in the instantaneously-
liquefied layer, the buoyant weight of soil is essentially balanced
locally by upward seepage force in a quasi-static state. Underneath the
fully liquefied layer, the effective stress can even be reduced remarkably
into deeper locations due to the slow decrease of vertical pore-pressure
gradients in the vicinity of the liquefaction layer. An excess pore-
pressure ratio (R) is thereby proposed to quantitatively evaluate the
instantaneous liquefaction degree and its corresponding influential
depth.

Parametric studies indicate that, for a certain excess pore-pressure
ratio, the influential depth decreases with increasing saturation degree,
permeability of the sand, but increases with increasing wave height. The
influential depth increases significantly with reducing the excess pore-
pressure ratio. The maximum value of the instantaneously-liquefied
soil depth is generally smaller than half wave height. Nevertheless, the
influential depth could increase significantly with reducing the threshold
value of excess pore-pressure ratio. The reduction of effective stress in the
seabed underneath the fully liquefied soil layer should also be taken into
account when evaluating the stability of submarine structures.
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Appendix A. Analytical solution for the pore-pressure response of
a poro-elastic bed to water waves

An analytical solution for the pore-pressure response in a poro-elastic
seabed with infinite thickness was obtained by Yamamoto et al. (1978),
on the basis of three-dimensional consolidation theory of Biot (1940).
The Yamamoto solution has been widely used for evaluating
wave-seabed interactions. The derivation is briefly presented as follows.

The governing equations include the following three partial differ-
ential equations with three unknown variables, p, u and w:

ks
γw
r2p ¼ n

K 0
∂p
∂t þ

∂ε
∂t (A1.1)

Gr2uþ G
1� 2ν

∂ε
∂x ¼

∂p
∂x (A1.2)

Gr2wþ G
1� 2ν

∂ε
∂z ¼

∂p
∂z (A1.3)

Eq. (A1.1) is derived by combining the continuity equation and
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Darcy's law, while Eqs. (A1.2) and (A1.3) are deduced from the equations of equilibrium incorporating the effective stress concept and Hooke's law. In
Eqs. (A1.1), (A1.2) and (A1.3), u is the x component of soil displacement, w is the z component of soil displacement. ε is the volume strain of the porous
medium, under 2-D condition which can be expressed as ε ¼ ∂u

∂x þ ∂w
∂z . The effective stresses are related to the strains by Hooke's law as

σ0x ¼ 2G
�
∂u
∂x þ

ν
1� 2ν

ε
�

(A2.1)

σ0z ¼ 2G
�
∂w
∂x þ ν

1� 2ν
ε
�

(A2.2)

τxz ¼ G
�
∂u
∂z þ

∂w
∂x

�
(A2.3)

where σ0x is the effective normal stress in the x direction, σ0z is the effective normal stress in the z direction, and τxz is the shear stress in the z direction on
the plane perpendicular to the x axis.

Three independent conditions per boundary are needed to solve the three simultaneous partial differential equations Eqs. (A1.1), (A1.2) and (A1.3).
At the seabed surface, the boundary conditions are that vertical effective stress is zero, that the shear stress is negligibly small, and that the sinusoidal
pressure fluctuation exists, i.e. at z¼ 0:

σ0
z ¼ 2G

�
∂w
∂z þ

ν
1� 2ν

�
∂u
∂x þ

∂w
∂z

��
¼ 0 (A3.1)

τxz ¼ G
�
∂u
∂z þ

∂w
∂x

�
¼ 0 (A3.2)

pb � pjz¼0 ¼ p0 cosðλxþ ωtÞ (A3.3)

The boundary conditions for a semi-infinite half plane may be given as

u;w; p→0; as z→∞ (A4)

Harmonic solutions of p can be derived by combining the three governing equations (Eqs. (A1.1) (A1.2) and (A1.3)), and the boundary conditions
(Eqs. (A3) and (A4)), as follow

p ¼ Pbfð1� αÞexpð � λzÞ þ α expð � λ'zÞg (A5)

where

α ¼ imω"
�λ"þ ið1þ mÞω" (A6)

ðλ0Þ2 ¼ λ2 þ i
γw
ks

ω
�
n
K 0 þ

1� 2ν
2ð1� νÞG

�
(A7)

m ¼ n
K0

G
1�2ν, ω" ¼ βðω0=λ2Þ, β ¼ 1�ν

1�2ν, λ
00 ¼ ðλ0 � λÞ=λ, ω0 ¼ ω=c, c ¼ ks

γw
=

�
n
K0 þ 1�2ν

2ð1�νÞG

�
, and i is the imaginary number.

For the soil is completely saturated and the pore-water does not contain gases, the value of G/K0 approaches zero. As G/Kʹ→0, then m→0. For the
limit, the following approximation for the pore-pressure distribution can be obtained from Eq. (A5):

p ¼ Pb expð � λzÞ (A8)

When the stiffness of the soil becomes much larger than that of the pore-fluid, i.e. G/Kʹ→∞, then Eq. (A5) becomes

p ¼ Pb expð � λ0zÞ (A9)

Since jλ0j > λ for this case, the pressure attenuates rapidly compared with Eq. (A8).
The actual pore-pressure response lies between the two aforementioned extreme cases and must be determined by the exact solution of Eq. (A5)

based on the stiffness, permeability and the degree of saturation of the soil.

Notation

The following symbols are used in this paper:
c coefficient in Eq. (A5)
d10 effective diameter of sands
E soil elasticity modulus
g gravitational acceleration
421
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G shear modulus of the soil
Gs specific gravity of soil particles
H wave height
Hb wave height as wave breaking occurs
h water depth
hb water depth as wave breaking occurs
hs height of simulated soil column
i imaginary number
jz seepage force acting on the soil skeleton
K true bulk modulus of water
K0 apparent bulk modulus of pore-fluid
ks coefficient of permeability
L wave length
Lb wave length as wave breaking occurs
m coefficient in Eq. (A5)
n soil porosity
P0 absolute hydrostatic pressure
Pb wave pressure at the seabed surface
P0b wave-induced pressure at the interface between the liquefied and unliquefied soil layers
p wave-induced oscillatory pore-pressure in the soil
p0 amplitude of wave-induced pressure at the surface of the seabed
R excess pore-pressure ratio
Sr degree of saturation
T wave period
t time
z soil depth calculated from the mudline
z0 soil depth calculated from the interface between the liquefied and unliquefied soil layers
zl liquefaction depth based on the revised pore-pressure distribution
zL maximum liquefaction depth based on the revised pore-pressure distribution
zp liquefied soil depth based on criterion-II (Eq. (2)) by incorporating the conventional analytical solutions
zR influential depth corresponding to a certain value of the transient excess pore-pressure ratio
zs liquefied soil depth based on criterion-I (Eq. (1)) by incorporating the conventional analytical solutions
α coefficient in Eq. (A5)
β coefficient in Eq. (A5)
γ0 buoyant unit weight of soil
γw unit weight of water
λ wave number (¼ 2π=L)
λ0 coefficient in Eq. (A5)
λ00 coefficient in Eq. (A5)
ν Poisson ratio of soil
ρs density of soil particles
ρw density of the water
σ0z vertical effective stress
σ0z0 initial vertical effective stress
ω angular frequency of the wave
ω0 coefficient in Eq. (A5)
ω00 coefficient in Eq. (A5)
Δp pore-pressure difference between two pore-pressure sensors
Δpmax maximum pore-pressure difference between two pore-pressure sensors
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