Theoretical & Applied Mechanics Letters 8 (2018) 197-200

journal homepage: www.elsevier.com/locate/taml

Contents lists available at ScienceDirect

Theoretical & Applied Mechanics Letters

Letter

Triangular temporal-distribution law for disintegrating internal

solitons over a step

Dalin Tan®P, Jifu Zhou®*, Xu Wang®

@ CrossMark

2 Key Laboratory for Mechanics in Fluid Solid Coupling Systems, Institute of Mechanics, Chinese Academy of Sciences, Beijing 100190,

China

b School of Engineering Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

ARTICLE INFO ABSTRACT

Article history:

Received 8 March 2017

Received in revised form 30 March 2017
Accepted 4 April 2017

Available online 6 April 2017

*This article belongs to the Fluid Mechanics.

Keywords:

Internal solitary wave
Fission process
Triangular law

Internal solitary waves have been found to disintegrate into a series of solitons over variable
bathymetry, with important applications for offshore engineering. Considering realistic
background stratification in the South China Sea, internal solitary waves propagating over a step
are studied here. By assuming disintegrated solitons propagate independently, a theoretical
model, namely a triangular temporal-distribution law based on the Korteweg-de Vries theory, is
proposed to describe the fission process of internal solitary waves undergoing disintegration. A
parameter is then introduced to quantify the accuracy of the theoretical model. The results
indicate that the triangular law predicts the fission process better for a longer travelling distance
and a larger amplitude of internal solitary waves.

©2018 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and

Applied Mechanics. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Internal solitary waves (ISWs) are ubiquitous, and thus play
an important role in the transport and dissipation of energy in
the oceans. Because of the large amplitudes and strong shear
currents induced by ISWs, they have a significant influence on
offshore structures, biological activity and submarine navigation
[1]. The propagation over a variable bathymetry can result in the
dramatic deformation and disintegration of ISWs [2]. By examin-
ing the spatial characteristics of ISWs from satellite images in the
South China Sea (SCS), ISWs are often observed in the form of
wave packets composed of a group of rank-order ISWs on the
continental shelf [3]. In spite of the considerable research into
the interaction of a single ISW with offshore structures in the last
decade [4-5], the impact of internal wave packets on such struc-
tures is insufficiently understood, despite being a more likely
phenomenon in the oceans. This results from the fact that much
remains unknown about the fission process of ISWs, especially
the temporal distribution of solitons over a variable bathymetry.
Here, the temporal distribution of disintegrated solitons over a
step function is investigated using linear analysis and nonlinear
modeling.
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The Korteweg-de Vries (KdV) equation and its variants have
proven to be useful nonlinear models for describing the evolu-
tion and disintegration process of ISWs in the ocean [6-7]. The
disintegration of ISWs over a step is studied here in terms of a
variable-coefficient KdV equation expressed as

é Qxn =0, (1)
where 7 (x, t) is the vertical displacement of the pycnocline, x is
the horizontal coordinate, ¢ is time and subscripts with respect to
space and time represent partial differentiation. Here, the
coefficients ¢, o, 3, and Q are the linear speed of long waves, the
nonlinear, dispersion, and linear modification factor terms,
respectively, which are determined by the properties of the
specific sea state. The Boussinesq and rigid-lid approximations
are adopted here for simplicity. The wave speed ¢ can be
determined by [8]
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where z is the vertical coordinate with its origin at the still
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pycnocline, U(z) is a horizontal background shear current, N(z)
is the buoyancy frequency, and H is the water depth. Here, the
modal function ¢ (z) is normalized by its maximum value. The
nonlinear coefficient «, dispersive coefficient 3, and linear
modification factor Q are given by [9]
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respectively, where terms with subscript 0 are evaluated at the

initial position of an ISW here. To facilitate analysis, Eq. (1) is
transformed to a standard KdV equation,

o

Cx + 72Q Cgs + % Csss =0, (7)
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after introduction of the variables [6]
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where s is a temporal variable, and { (x, s) is the wave amplitude
function.

Equation (7) is first solved numerically in the transformed
space with the pseudo-spectral method in s and split-step meth-
od in x. The calculated results are then transformed to the phys-
ical space using Eq. (8).

The schematic diagram of bathymetry considered here is
shown in Fig. 1, where
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Djordjevic [10] studied an ISW travelling over a step, giving the
number of disintegrated solitons and their amplitudes
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Fig. 1. Schematic diagram of the step bathymetry.

theoretically as
P=IK], (10)
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where subscripts 1 and 2 denote the coefficients in Eq. (9) before
and after the step, P is the number of the total solitons, [...]
denotes rounding up to an integer, and ¢, is the amplitude of the
n-th soliton.

The typical density in the SCS is derived from the summer
climatological World Ocean Database 2013 [11]. Given H; =3000 m
and H, = 730 m, Fig. 2 illustrates the numerical fission process of
an initial ISW with amplitude of 60 m disintegrating into three
solitons with amplitudes of 89.9, 39.9, and 10 m. These results
are in good agreement with the theoretical predictions of 90, 40,
and 10 m solitons given by Egs. (10) and (12).
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Fig. 2. The evolution of an ISW over the step.

According to Djordjevic’s theory, an ISW with initial amp-
litude a, propagating over a step disintegrates into P solitons
with amplitudes (3, (2, - - -, (p. After the fission process is com-
pletely finished, the nonlinear interaction among solitons can be
neglected. Let us, however, neglect the nonlinear interaction,
even if the fission is not completely finished, so that the solitons
are assumed to propagate independently. The corresponding
phase speeds of these solitons, which are determined by their
amplitude and the background stratification condition, are
aQ QG aQép

3¢2 7 3¢2 7 7 3¢
formed space for the i-th and (i+1)-th solitons arriving at loca-
tion x can be expressed as

aQ

3¢2

[6]. The time interval in the trans-

Ati = ASi = (C, - <i+1) X. (13)

As shown in Fig. 3, the relation
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Fig. 3. Temporal distribution of solitons in a wave packet. The thick
solid lines indicate the disintegrated solitons with amplitudes
G, ¢, -+, Cp in the transformed space and n, 72, - - -, 7p in the
physical space at the location x.
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is always satisfied. Therefore, the relation 6, = 6; is satisfied for
any x, which means the temporal distribution of the amplitudes
of solitons is a triangle at any location. Based on Eq. (8), the
amplitude of solitons in the physical space can be expressed as

n=20Q(x). (16)

Therefore, the triangular temporal-distribution law is also
suitable for the solitons in physical space.
The following parameter may be additionally determined,
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where At, is the time interval for the n-th and (n+1)-th solitons
arriving at location x.

Since solitons are constantly interacting with each other dur-
ing the fission process, the temporal distribution of solitons is
not precisely triangular as in the above theoretical model. To in-
vestigate the nonlinear interaction of the solitons, the parameter

E M M1
po b i nin (18)
Ni — Ni+1
M — Mj+1

is introduced, where i and j indicate the sequence of numbers of
the studied solitons in a wave packet, and the parameter F can
be used to measure the degree to which the triangular law
deviates from the nonlinear fission process modeled according
to KdV theory. A larger F indicates stronger nonlinear interaction
of solitons, while F equals zero in the absence of any nonlinear

35%
30% —a—ay/H,=0.01
0
—e—ay/H, = 0.02
25% —a—ay/H, =0.03
20%
=
59
15%
10%
e \S\S\S\E“M
0% i i i i i
100 150 200 250 300
x/H,

Fig. 4. Variation of the parameter F along the bathymetry for differ-
ent wave amplitudes.

interaction among solitons.

The variation of parameter F fori=1andj=2is showninFig.4,
where the horizontal coordinate and initial amplitudes are nor-
malized by the water depth H;. On the one hand, the trend of the
three curves indicates that F approaches zero as x increases,
which implies that the proposed triangular law becomes more
accurate for larger x or a longer time interval between solitons in
the evolution process (see Eq. (13)). On the other hand, the
curve with a larger amplitude of a soliton is of a smaller F value,
which implies that the proposed triangular law holds more ac-
curately for larger ISWs, since the phase speed of ISWs are pro-
portional to their amplitudes, making solitary waves with larger
initial amplitude disintegrate faster. Therefore, the nonlinear in-
teraction of internal solitons during the fission process can be
quantitatively evaluated by consideration of the proposed para-
meter F.

In conclusion, a triangular temporal-distribution law for dis-
integrating solitons over a step is proposed to approximate the
fission process of ISWs governed by the nonlinear KdV equation,
with the accuracy of the law defined by the proposed parameter
F. Use of the law enables the prediction of soliton variation from
limited field measurements, and thus is of potential significance
in the research of the impact of ISWs on offshore structures.
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