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a b s t r a c t
Objectives: An accurate model of the dynamic contact angle hd is critical for the calculation of capillary
force in applications like enhanced oil recovery, where the capillary number Ca ranges from 1010 to
105 and the Bond number Bo is less than 104. The rate-dependence of the dynamic contact angle under
such conditions remains blurred, and is the main target of this study.
Experiments: Featuring with pressure control and interface tracking, the innovative experimental system
presented in this work achieves the desired ranges of Ca and Bo, and enables the direct optical measurement of dynamic contact angles in capillaries as tiny as 40  20 (width  height) lm and 80  20 lm.
The advancing and receding processes of wetting and nonwetting liquids were tested.
Findings: The dynamic contact angle was confirmed velocity-independent with 109 < Ca < 105 (contact
line velocity V = 0.135–490 lm/s) and it can be described by a two-angle model with desirable accuracy.
A modified two-angle model was developed and an empirical form was obtained from experiments. For
different liquids contacting the same surface, the advancing angle hadv approximately equals the static
contact angle ho . The receding angle hrec was found to be a linear function of hadv , in good agreement with
our and other experiments from the literature.
Ó 2018 Elsevier Inc. All rights reserved.
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The liquid-gas displacement takes place in extracting oil from
porous-type reservoirs by solution gas drive, water alternating
gas injection or other enhanced oil recovery (EOR) schemes [1–
4]. Understanding the mechanism of two-phase flow at pore scales
is decisive for optimizing the EOR process, thus has attracted many
theoretical and experimental researches during the past four dec-
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ades [5–9]. For most pore-level displacements, the capillary number Ca (Ca ¼ lV=c, where l is the viscosity of the liquid, V the
interface velocity and c the interfacial tension) in oil reservoirs

sented by hadv and hrec respectively for advancing and receding,
given by Eq. (3) [11],

ranges from 1010 to 105, and the Bond number Bo (qgh =c, where
q is the density of the liquid, g the gravitational constant and h the
characteristic length of the flow) is less than 104, implying the
capillarity dominates the movement of the liquid-gas interface
[3,10]. This paper focuses on the wetting process in the mentioned
scopes of Ca and Bo.
Precise prediction of capillarity-dominated multiphase flow in
porous systems relies on an accurate model of the contact angle
in dynamic conditions [11]. Possible models of the dynamic contact angle hd can be categorized into two types, velocitydependent and two-angle models, as depicted in Fig. 1. The hydrodynamic model (HD) and molecular kinetic theory (MKT) are typical velocity-dependent models.



2

1.1. Velocity-dependent models
A simplification of the HD for a liquid-gas system was made by
Voinov, given by Eq. (1) [12,13]:

8


>
< h3d ¼ h3adv ;min þ 9Caln L LH
Ca > 0
S;adv
 
>
: h3d ¼ h3rec;max þ 9Caln LLH
Ca < 0
S;rec

ð1Þ

where the sign of Ca represents the movement direction, positive Ca
being advancing and negative Ca being receding. hadv ;min and hrec;max
are the minimum contact angle during advancing and the maximum contact angle during receding, respectively. A slip length LS
and a characteristic length LH are introduced to characterize the
three-phase contact zone, where the no-slip boundary condition
fails [13,14].
Another model describing the effect of velocity is the MKT,
which assumes that energy dissipates at the contact line where liquid, gas and solid meet. And it is given by Eq. (2) [15,16]:

coshd ¼



coshadv ;max þ coshrec;min 2kB T
cCa
arsinh

2K 0 kl
2
ck2

ð2Þ

where T stands for the absolute temperature, kB the Boltzmann constant, k the average distance of molecular displacement and K 0 the
equilibrium frequency at which the molecules oscillates in the
three-phase zone. hadv ;max and hrec;min are respectively the maximum
and minimum angles for advancing and receding.
1.2. Two-angle model
When the velocity-dependence is negligible, the two angle
model assumes that the dynamic contact angle hd can be repre-

Fig. 1. Possible models of the dynamic contact angle.

hd ¼ hadv

Ca > 0

hd ¼ hrec

Ca < 0

ð3Þ

Whether or not the hd is velocity-dependent remains unclear and
none of the models have been confirmed to properly describe the
dynamic contact angle with 1010 < Ca < 105 and Bo < 104.
Despite a great deal of experiments have been reported, some of
them confirm the dependence of velocity [13,17–21], while another
portion reports the opposite conclusion [22–25]. Table 1 gives a
brief summary of dynamic wetting experiments. Among various
methods, the plate immersion method, also known as Wilhelmy
plate method, measures the force exerted on a plate when the plate
is vertically immersed in the liquid, and the contact angle can be
calculated from the force [22]. For filament immersion and sessile
drop method, the contact angle can be directly observed and measured [13,24]. In capillary flow method, the contact angle can either
be directly observed or calculated from pressure data. Capillary rise
experiments, however, measure the height of wetting liquids surface during imbibition and calculate the contact angle through flow
dynamics [26]. Moreover, the mentioned models have been used in
comparison with various wetting dynamics experiments rather
than prediction of wetting behaviors in specific systems [11]. The
reason is that large discrepancies lie in the HD and MKT parameters
found in the literature, and unreasonable values are frequently
obtained [13,27]. Simple as it may be, the two-angle model is not
a correlation with the static contact angle ho , thus has no prediction
capability either. Further development of the two-angle model is
required. In our work, the static contact angle is measured by the
sessile drop method with a droplet volume of 2–3 lL, when the droplet is under static condition.
On one hand, the Bond number directly indicates the gravity
effect. On the other hand, it implies the diameter of a capillary.
To achieve Bo < 104, the capillary diameter should be less than
0.03 mm (take water at room temperature as an example). Due
to the limitation of observation methods, most capillary flow
experiments were carried out in capillaries with a diameter near
1 mm [19,20,28]. Without direct measurement of the contact
angle, capillary rise experiments can utilize capillaries with a
diameter ranging from 0.6 to 0.2 mm, but the Ca cannot be controlled [23,26,29,30]. These shortcomings should be overcome to
achieve expected ranges of Ca and Bo.
This paper aims to clarify: 1. Is the dynamic contact angle
velocity-dependent under the condition of 1010 < Ca < 105 and
Bo < 104? 2. What’s the best model for the description of the
dynamic contact angle under low capillary numbers.
In this work, a system was designed to enable the microscopic
observation and tracking of a moving interface in a microscale capillary. Dynamic contact angles of a liquid/gas interface in channels
as tiny as 40  20 (width  height) lm and 80  20 lm were measured by optical method for the first time. The advancing and
receding processes of nonwetting and wetting liquids (deionized
water, glycerol, etc.) were tested under 1010  Ca < 103 and Bo
< 104. The system, experiment procedures and the error of measurement will be introduced in the first place. The dynamic contact
angle was confirmed to be velocity-independent by experiments,
and on this basis a modified two-angle model will be discussed
which correlates the advancing and receding angles to the static
angle. The model will be compared with our experiments along
with others performed in different methods. The two-angle model
could be a new solution to the calculation of capillary force in twophase flow in porous media.

93

D. Lei et al. / Journal of Colloid and Interface Science 520 (2018) 91–100
Table 1
Examples of dynamic contact angle experiment.

a

Reference

Test method

velocity (mm/min)

Caa

Boa

Capillary Diameter
(mm)

Circular tube

Velocity
dependence

Johnson et al. [22]
Morrow and Nguyen [23]
Kwok et al. [24]
Cain et al.[25]
Petrov et al. [13]
Schneemilch et al. [17]
Ström et al. [18]
Rose and Heins [19]
Hoffman and Richard [20]
Kim et al. [21]

Plate immersion
Capillary flow
Sessile drop
Sessile drop
Filament immersion
Filament immersion
Plate immersion
Capillary flow
Capillary flow
Plate immersion

0.5–2.5
0.012–12
0.01–1.2
0.5528
300–1200
300–1200
0.18–10
3–144
0.006–6
12–1200

2  108–5  107
7  108–7  105
2  109–3  107
1.3  107
105–6  103
6  105–3  103
107–102
7  105–7  103
4  105–36
105–0.3


>0.01





>0.01
0.6



0.3, 0.7





0.3, 0.5
1.96



U





U
U






U
U
U
U
U
U

Calculated by properties of water at room temperature if not provided in the reference

2. Experimental set-up
2.1. Facilities and materials
Microchannels fabricated in a polydimethylsiloxane (PDMS)
chip are all 20 lm in height, with widths of 40 and 80 lm, and
lengths of 10 and 20 mm. The PDMS chip is horizontally mounted
on a stage driven by a stepping motor. Receiving electrical signals
from Data Acquisition (DAQ) chip (National Instrument USB-6001),
the motorized stage moves accurately at speed ranging from 0.001
to 0.773 mm/s. To observe the contact angle at large magnifications while the contact line is moving and the microscope is static,
the motorized stage moves in the opposite direction of the displacement, as is shown in Fig. 2. The microscope (Beijing Cewei)
is configured with a fixed focus objective lens with magnification

of 20. Feeding back real-time images to the computer screen. A
1600 mega-pixel CMOS captures images in 24-bit RGB format
and its resolution is 0.135 lm/pixel.
The liquid is driven by a syringe pump (Longer Pump TS-1B)
and injected through the piping system, eventually into the horizontal microchannel. A pressure transducer is mounted in a Tconnector measuring the fluid pressure at the micro tube inlet
up to 20 kPa with an accuracy of 0.1% full scale. The combination
of a pressure transducer, a syringe pump and computer programs
are equivalent to a closed-loop control system, achieving a constant pressure injection with fluctuation less than 1% of the given
pressure.
PDMS is a transparent, viscoelastic material frequently used for
microfluidics experiments [31,32]. The PDMS chip was manufactured by the Micro-System Lab of CapitalBio Corporation, Beijing.

Signal wire
Computer

Rubber hose (flexible connection)

Digital microscope &
coaxial light

Data
chip

Displacement
direction

Syringe
pump

Pressure
transducer

PDMS
chip

Stage
direction

Storage
bottle
Motorized
stage

M

Motor
driver

Stepping
motor
Auxiliary
screw slide

Fig.2. The layout of experimental apparatus.
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The roof of the chamber tends to collapse and block the flow where
the ratio between the width and the height is large [33]. Therefore,
apart from the main body of a microchannel, pillars are designed to
support the inlet and outlet zone [32], as demonstrated in Fig. 3.
Details of fabrication of a PDMS chip can be found in an article
from Karadimitrou [32] and references therein.
Special attentions should be paid to the liquid selection because
some organic liquids may induce swelling in PDMS [32,34]. To
ensure that the test liquids possess no swelling effect, samples of
PDMS were immersed in liquids for more than 12 h, then cleaned
and dried. Next, dried samples were weighed and the surface free
energy was measured. Samples’ original surface free energy was
21.27 ± 0.56 mN/m, with disperse part 21.15 ± 0.47 mN/m and
polar part 0.12 ± 0.09 mN/m. The liquid is acceptable if the changes
in sample weight, surface free energy and its disperse part before
and after immersion are less than 5%. All liquids tested are listed
in Table 2. Interfacial tension, static contact angle and surface free
energy were measured with a drop shape analyzer (Krüss DSA100).
Viscosities were measured using a digital rotary viscometer. All
reagents were purchased from Sinopharm Chemical Reagent.
Experiments were conducted under 28 ± 1 °C room temperature.
2.2. Experiment procedures
The syringe pump pushes the liquid into the PDMS chip where
the liquid will firstly fill up the inlet zone and then enter the
microchannel. Next the liquid-gas interface will be stabilized near
the entrance to the tube. Note that to stabilize a nonwetting liquid,
the pressure in the inlet zone should be controlled at a suitable
positive value. To pull up a wetting liquid that tends to spontaneously enter the tube, negative pressure is needed in the inlet

zone. Quick adjustment of the pressure calls for utilization of the
fast-forward and fast-backward functions of the syringe pump,
along with close attention to the reading of the pressure sensor.
To initiate the advancing of the interface, the syringe pump can
start pushing in three ways: fast-forward, injecting at a given flow
rate or injecting at a given pressure. Hence, a wetting or nonwetting liquid will speed up from the entrance and pass through the
tube. After the advancing finishes, the syringe pump will start
extraction and initiate the receding process. As sketched in Fig. 2,
most components are mounted on the stage, and the syringe pump
is connected to the pipe system with a rubber hose. This flexible
connection ensures that the motorized stage does not interfere
with the injection or any measurement mentioned above.
2.3. Image-based measurement
Images obtained from liquid-air experiments are of high contrast, with dark area marking liquid and PDMS itself, bright area
marking air. They are firstly converted to a 256-level gray scale format. Then removing noise and threshold segmentation are
imposed on each image, and turned original images into binary
ones. Afterwards, boundaries are extracted from binary images
where tube walls and the meniscus are identified and distinguished. Finally, the extracted interface is fitted by cubic polynomial and contact angles are computed at the contact points. The
above process is briefly demonstrated in Fig. 4.
Normally, extracted contact points are precisely located at the
tube wall according to the methods mentioned above. But
strong-wetting liquids including paraffin oil and 1-propanol tend
to spontaneously advance (imbibe) in micro tubes and a precursor
film transport phenomenon was observed in advancing, as shown

Fig. 3. The structure of a PDMS chip.

Table 2
Properties of tested liquids.
Liquid (abbreviation)
Water
1-propanol
80%wt aqueous glycerol (80%AG)
90%wt aqueous glycerol (90%AG)
Glycerol
Diethylene glycol (DEG)
Triethylene glycol (TEG)
Polyethylene glycol 300 (PEG300)
Paraffin oil
Polyethylene glycol 200 (PEG200)
Polyethylene glycol 400 (PEG400)
Polyethylene glycol 600 (PEG600)
a
b

Liquid viscosity
0.8407
1.959b
39.1a
131.0b
771.6b
27
34
67
18
42
87
114

a

Interpolated at 28 °C by the data from ref. [35].
Measured at 25 °C, ref. [36].

l (mPas)

Surface tension c (mN/m)

Static contact angle ho (degree)

Densityq (kg/m3)

69.59 ± 0.78
23.09 ± 0.43
63.11 ± 0.55
62.79 ± 1.97
61.58 ± 0.55
44.00 ± 0.35
46.17 ± 0.16
44.35 ± 0.08
25.17 ± 0.63
50.82 ± 2.18
49.51 ± 1.41
51.72 ± 1.36

108.3 ± 3.0
37.8 ± 1.4
99.9 ± 1.6
99.0 ± 1.5
98.7 ± 0.9
80.6 ± 1.9
82.3 ± 2.8
76.5 ± 3.3
41.5 ± 2.1
78.5 ± 1.3
75.4 ± 1.5
73.1 ± 0.8

996.21
803.85
1193.0
1223.2
1255.0
1116.5
1122.5
1130
843.5
1124
1130
1130
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(a)

(b)

Intial position of
visual field

Current position
of visual field

Outlet

Inlet
air

(c)
Fig. 4. Image processing method: (a) original image, (b) blue lines—tube walls, green line—the interface, red square—contact points, red lines—tangents of the interface at
contact points, (c) variables measured during experiments, including contact angles h1 and h2 , distances between two contact points and the left side of the frame d1 and d2,
the displacement of motorized stage s, and the pressure at the inlet Pi. Because the outlet is directly connected to the atmosphere, the total pressure drop is DP ¼ P i .

in Fig. 5. When they recede, dewetting films was formed on the
tube walls.
A possible and related explanation for the liquid films is the MSP theory. For a n-sided tube, the theory concludes that the wetting
liquid will be left in the corner and form arc menisci during drainage (receding). And during imbibition (advancing), arc menisci
will enlarge and advance into the center of the tube, when the contact angle h<p=2  a, wherein a is the half angle of corners [37]. For
a retangular cross section, a ¼ p=4. The critical contact angle is p/4
for rectangular tube, and the static contact angle of 1-propanol and
paraffin oil are 0.66 and 0.72 rad, well below p/4. This indicates
that 1-propanol and paraffin oil have the tendency to occupy the
center of tube from the corners. Other wetting liquids whose static
contact angles are over p/4, do not have ‘‘liquid films”. However,
the MS-P theory only explain under what situation the equilibrium
of existed arc menisci will be broken. In our experiments, we
observed not only the ‘‘liquid films”, but also its motions. We
believe the wetting liquid firstly enters the corner and then
spreads in the cross section as predicted by the MS-P theory.
The existence of the liquid film causes contact angles to be measured at a distance from the tube walls. Average thicknesses of 1propanol and paraffin’s precursor film are respectively 6.2 lm and
7.0 lm. Neither the precursor film nor the dewetting film is the
subject of this research. However, they influence the contact
points’ location and contact angles measurement. More discussions about the liquid film can be found in references [37,38].
All variables that need recording are demonstrated in Fig. 4 (c).
The speed V m of the motorized stage is recorded every 25 ms. The
distance between the contact line and the left side of a frame is
calculated as d ¼ ðd1 þ d2 Þ=2. By integrating the speed V m and an
interval Dt = 25 ms, the displacement s that the motorized stage

Rt
P
travels within time t can be calculated as s ¼ 0 V m ðtÞdt 
i¼
0nV m ðiDtÞDt, wherein i = 1, 2, 3. . .n and t ¼ nDt. Starting from the
channel entrance, the contact line displacement x is calculated by
P
xðtÞ ¼ s þ d ¼
i ¼ 0n V m Dt þ ðd1 þ d2 Þ=2.
2.4. Error analysis
The interface velocity V is computed by dx
. xðt Þ is indeed an array
dt
of displacement data xj corresponding to an array of time tj , j =
1,2,3. . .m, in accordance to selected images. Therefore dx
is comdt
puted by the finite difference method,

V ðt Þ ¼

8
xjþ1  xj1
>
>
>
> t iþ1  t i1
>
>
<x  x

dxðt Þ
2
1
) Vj ¼
>
t2  t1
dt
>
>
>
>
> xm  xm1
:
t m  tm1

j ¼ 2; 3:::m  1
j¼1

ð4Þ

j¼m

Except for the head and tail of the data array, the majority of the
data is calculated using a central difference method, which has second order accuracy. Here we focus on the uncertainty transferred
by the velocity computation. The uncertainty of stage movement
is jDsj=s = 0.06%, obtained by mounting a micro calibration slide
on the stage and applying the image-based measurement. The
accuracy of the interface position is 0.135 lm/pixel which gives
jDdj = 0.135 lm. The uncertainty of V computed by central difference is given by Eq. (5),


 

 


 
DV j  ¼ Dxjþ1 þ Dxj1
t jþ1  t j1

ð5Þ
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Fig. 5. 1-propanol moves towards right side with precursor films and contact angles were measured at a distance from tube walls, (a) original image; (b) processed image.

wherein j = 2,3. . .m-1 and the minimum time interval is 1 s,
tjþ1  tj1 P 2 s. When the interface moves at extremely low speed,
i.e. the motorized stage do not need to operate and jDxj ¼ jDdj;
when the stage is motivated jDxj ¼ jDsj þ jDdj, we have
jDxj ¼ 0:06%s þ jDdj 6 0:06%x þ jDdj. According to this, an average
relative error of 4.94% in the range of 0.135–490 lm/s is given by
analyzing 50,896 measured points with Eq. (5).
The image-based measurement of contact angles is based on
that the polynomial fitting has an advantage in handling asymmetric interface, and its deviation can be less than 0.7° compared with
the axisymmetric drop shape analysis-profile method [39]. We
apply our image measurement method to sessile drop images analyzed by the drop shape analyzer Krüss DSA100. Good agreement is
obtained and errors are less than 0.6° and 0.5° respectively forh <
40° and 40° < h < 120°. The relative error of viscosities and surface
tensions measurement are 2.0% and 1.0% respectively. Capillary
flow experiments for a single liquid was repeated in 2–3 different
channels and 5–10 times in each channel to make sure the data
were reproducible. More than 50,000 images were finally acquired
and processed by our in-house source codes. Graphs with jh1  h2 j
< 3° were chosen for analysis. Moreover, the distance between two
contact points should be approximately the tube width, with a
maximum relative error of 10% in a selected graph. But for wetting
liquids, the error threshold rises due to the existence of liquid
films.
3. Results and discussion
3.1. Comparison with velocity-dependent models
The velocity-dependence of the dynamic contact angle will be
firstly discussed. Experiments were fitted by the HD and MKT to
see if they could adequately describe the dynamic contact angle
under low capillary number. Parameters that need discussion are
listed in Table 2. The fitting plots are demonstrated in Fig. 6 in part,
since all plots are similar. Complete information of data fitting and
plots of all liquids is given in Appendix A.
3.1.1. Hydrodynamic model
For a micro channel with a width of 80 lm, LH can be taken as
the hydraulic radius (wt ht =ð2wt þ 2ht Þ, tube width wt , tube height
ht ) of 8 lm. For low capillary numbers, like Ca  106, lnðLH =LS Þ
needs to be around 103 to bring about variation of 0.1 rad in hd

according to Eq. (1). ln LH =LS;adv > 100 and lnðLH =LS;rec Þ > 100 are
obtained for most liquids meaning LH =Ls  þ1 and LS  0. This
violates the ‘‘slip” boundary condition of the hydrodynamic model
[14]. LS < 1020 lm is marked as LS = 0 in Table 3. The uncertainty

(95% confidence bounds) is larger than the LS by several orders of
magnitude, indicating the value is unacceptable. In Petrov’s experiments, the fit of hydrodynamic model started from jCajmin  2.5 
103 and LS for different liquids ranges from 5.3  1021 to 1.3 
109 m with Ca > 2.0  103 [13]. The HD does not apply well to
the experiments presented here, with Ca < 103. The fitting results
of hadv ;min and hrec;max can be found in Appendix A.
3.1.2. Molecular kinetic theory
Fitting constraints for the MKT are k > 0, K 0 > 0. The fitted
uncertainties of k are well below 30% except for the k of 1propanol and paraffin, uncertainties of which are respectively
217% and 38%. In contrast, the K 0 presents tremendous uncertainty, indicating it is a weak parameter for data fitting. In Petrov’s
experiments, the k ranges from 4.2 nm to 5.9 nm with 105 < Ca <
102 [13]. The fitted k from our experiments varies from 4.55 
103 nm to 2.37 nm. The K 0 distributes from 1.79  108 to
3928 Hz while the oscillation frequency less than 1 Hz is rare in literature [13,27]. Sub-atomic values of the k are obtained except for
water and 1-propanol, demonstrating inconsistency with the
model assumption.
3.2. Independence of velocity
The velocity-dependence of dynamic contact angles is weak,
seen from Fig. 6, and the root mean square errors of two-angle fitting are less than 0.1 rad for all liquids. Similar results were
obtained by other experiments. Johnson et al. measured the
dynamic contact angles of different liquids on different surfaces
by plate method, and found ‘‘the effect of velocity is zero or small”
[22]. Morrow et al. also confirmed the velocity-independence of
contact angles in their capillary rise experiments [23]. Sessile drop
experiments also provide evidence of velocity-independence.
Kwok et al. in their sessile drop experiments measured advancing
contact angles of seven liquids at low rate (0.01–1.2 mm/min) and
obtained the same results that advancing angles are independent
of velocity [24]. The constancy of advancing angles in slow motion
can also be found in other sessile drop experiments carried out by
Cain (0.5528 mm/min in Cain’s) [25] .Our experiments are conducted under velocity ranges from 0.008 to 24 mm/min which covers the range of mentioned experiments, and 11 out of 12 liquids
were tested with Ca < 104 in our experiments.
However, large portions of experiments also observed obvious
effect of interface velocity [13,17–21], as listed in Table 1. It can
be noted that most experiments confirming velocity-dependence
are conducted with Ca > 105 or higher, while those supporting
velocity-independence are carried out with Ca < 105 or lower.
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2.50

2.50

TEG

2.00

contact angle (rad)

contact angle (rad)

water

1.50
1.00
0.50
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-6
-4.0x10

2.00
1.50
1.00
0.50
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-2.0x10

-6

0.0

2.0x10

-6

-2.0x10-4 -1.0x10-4
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2.50

PEG300

contact angle (rad)

contact angle (rad)

-4
-4
1.0x10 2.0x10

Ca

2.50
2.00

0.0

1.50
1.00
0.50
0.00
-4.0x10-4 -2.0x10-4

1-propanol
HD
MKT
Two-angle model

2.00
1.50
1.00
0.50
0.00

0.0

2.0x10

-4

4.0x10-4

-2.0x10-5 -1.0x10-5

Ca

0.0

1.0x10

-5

Ca

Fig. 6. Examples of fitting results, the advancing and receding branches are almost horizontal and fitting curves of three models overlap. Contact angles under Ca < 1010–
109 are regarded as meta-stable and taken away in data fitting. Plots of the rest liquids can be found in Appendix A.

Table 3
Fitted parameters of the HD and MKT with 95% confidence bounds.
Liquid

LS;adv (lm)

LS;rec (lm)

k (nm)

K 0 (Hz)

Water
1-propanol
80%AG
90%AG
Glycerol
DEG
TEG
PEG300
Paraffin oil
PEG200
PEG400
PEG600

8 ± 66520
0
0
0
(1.8 ± 18)  1015
8 ± 1880
0
0
0
0
0
0

8 ± 27063
8 ± 592
0
0
(2.7 ± 32)  103
0
0
0
(1.5 ± 81)  101
(2.2 ± 87)  109
1.1 ± 28
(1.5 ± 23)  1011

(7.70 ± 2.36)  103
0.88 ± 1.95
(4.68 ± 1.15)  103
(5.93 ± 2.34)  103
(7.46 ± 2.66)  103
(1.74 ± 0.50)  102
(6.49 ± 1.14)  103
(6.22 ± 0.92)  103
(7.07 ± 2.93)  102
1.27 ± 0.56  102
(1.20 ± 0.45)  102
(6.73 ± 1.48)  103

(8.89 ± 320)  105
(3.86 ± 416)  106
43 ± 123
35 ± 162
0.028 ± 0.195
(1.64 ± 15.30)  105
226 ± 116
1135 ± 1511
3928 ± 6710
1.69 ± 62  104
(2.4 ± 20)  103
25 ± 71

Contact line velocity or viscous effect may induce significant
changes in dynamic contact angles in high Ca regions, but its influence is subtle in low Ca regions. Thus, the two conclusions in literatures do not contradict each other and together they disclose in
what Ca regions the velocity-dependence of the dynamic contact
angle becomes significant. Here according to our experiments, a
conservative estimate is that the dynamic contact angle is
velocity-independent when Ca < 105. In low Ca and Bo regions,
it is interfacial interactions that control the shape of three-phase
line and the contact angle, not the viscous force nor gravity.

3.3. A modified two-angle model
Since the dynamic contact angle becomes less velocitydependent, a two-angle model is enough to describe the relationship of hd /Ca in low capillary numbers with desirable accuracy.
Based on our experimental observation and comparisons with

other experiments, a modification of the two-angle model is
proposed.
3.3.1. Assumptions
Based on Young’s theory, the static contact angle ho is a critical
parameter characterizing the wettability of a three-phase (liquidgas-solid or liquid-liquid-solid) system, which is commonly measured by sessile drop method, where a liquid droplet is at equilibrium upon a solid plate [27,40–42]. Usually, meta-stable static
contact angles are observed in experiments and vary from hrec to
hadv , wherein hrec 6 hadv . This phenomenon is known as contact
angle hysteresis and can be expressed as the difference between
the two boundaries:

Dhhys ¼ hadv  hrec

ð6Þ

The two-angle model can be further improved by linking to the
fundamental parameter ho . Here we propose that the Dhhys can be
expressed by functions of the ho and two assumptions are made:
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(i) the contact angle hysteresis vanishes when a liquid drop can
spread out (ho ¼ 0) on the solid surface; (ii) the Dhhys increases linearly with the ho . These assumptions are given in Eq. (7).

8
<

Dhhys jho ¼0

: @ðDhhys Þ
@ho

¼0

ð7Þ

¼k>0

The first assumption is based on the fundamental fact that, the
liquid drop becomes a liquid film adhering to the solid surface
when ho = 0. At such a static condition, the three-phase contact
point goes infinitely far, and the advancing or receding of the contact point will not happen. Surely the difference between the two
processes does not exist. The second assumption is based on experimental observations including the present and other experiments.
A simple form of the mentioned linear relationship between the
Dhhys and the ho is given by,

Dhhys ¼ kho ) hadv  hrec ¼ kho

ð8Þ

wherein k characterizes the solid surfaces and remains constant for
different liquid. Combining Eqs. (6) and (8), the two-angle model in
Eq. (3) can be rewritten as,



hd ¼ hadv

Ca > 0

hd ¼ hadv  kho

Ca < 0

ð9Þ

Considering the nature that the Dhhys will not be greater than
the ho , we have 0 < k 6 1. To validate the modified tow-anlge
model, Eq. (8) needs to be validated by our experiments and those
found in literatures.

θadv or θrec (rad)

2.00

advancing angle
receding angle
wetting

nonwetting

1.50

1.00

π

0.50
0.50

1.00

1.50

2.00

θo (rad)
Fig. 7. The fitted advancing and receding angles of the two-angle model. It’s
obvious that advancing angles are close to static contact angles but receding angles
deviate from static contact angles significantly.

Table 4
The deviation of the advancing and receding angles from the static contact angle.




hadv ho 
hrec ho 
Fluid
 ho  (%)
 ho  (%)
Water
1-propanol
80%AG
90%AG
Glycerol
DEG
TEG
PEG300
Paraffin
PEG200
PEG400
PEG600
a

0.2
2.8
3.6
5.1
7.3
3.6
1.1
0.1
3.7
7.4
8.3
13.0

40.7
1.1
29.3
18.1
31.4
38.7
41.8
38.6
8.1
43.0
43.9
41.7

Calculated by the hydraulic diameter of 8020 lm tube, which is 16 lm.

3.3.2. Advancing and receding angles
Advancing angles are close to the static contact angle ho for both
wetting and nonwetting liquids, but the receding angles differ significantly from the ho except for paraffin and 1-propanol, as shown
in Fig. 7.
The deviation of hadv from ho for all fluids are less than 15% but
the deviation of hrec reaches over 15% and peaks at 44.4% for 20%wt
aqueous glycerol, except for 1-propanol and paraffin. Relevant
results are listed in Table 4. Taking out PEG600, the deviations of
hadv are basically less than 10%.
We ascribe the coincidence between the hadv and ho to the sessile drop experiments, where a liquid drop is inevitably influenced
by gravitation and on the verge of spreading (advancing). Our static
contact angles are measured using sessile drop method (Krüss
DSA100 drop shape analyzer), with droplet volumes of 2–3 lL.
Normally the droplet volume is around milliliters and the height
is around 1 mm or more [24,42,43], leading to Bond numbers on
the order of 0.1–1. Hence the effect of gravity cannot be ignored.
Same phenomena are observed in other experiments where the
hadv are close to the ho while the deviation of hrec is significant
[44]. With the experimental observation hadv  ho , Eq. (8) can be
further reduced by replacing ho by hadv and ignoring the
approximation,

hrec ¼ ð1  kÞhadv

ð10Þ

We compare our hrec and hadv with those from literatures, except
for paraffin oil and 1-propanol that have liquid films. Other investigations directly measure advancing and receding angles using at
least two liquids upon different surfaces [23,40,43,45]. The data are
fitted by Eq. (10), as depicted in Fig. 8. Small values of k are found
in the experiments of Ramos and Tanguy [43], and Lam [40]. Solid
surfaces are coated in their experiments to obtain small surface
roughness. As listed in Table 5, the pristine surface in Ramos experiments has a root mean square roughness of 0.1 nm, and the hysteresis is extremely small. After the pristine surface is decorated
with hillocks, which is expected to raise the roughness, the coefficient k rises from 0.09 to 0.14. In Lam’s experiments, the advancing
and receding angles of different alkanes are measured on a silicon
wafer coated with fluorocarbons. The roughness is claimed to be of
nanometers. Morrow and Nguyen [23] claim to use roughened surface and their experiments are fitted with k = 0.78, but they do not
provide measured roughness. Meiron et al. [45] measure the
advancing and receding angles of water and ethylene glycol on different surfaces with roughness (mean deviation of the vertical profile) of 1.3, 9.3 and 11.2 lm. Correspondingly, k rises from 0.42 to
0.70 for the three surfaces.
Here we suppose that k is positively correlated with the surface
roughness. However, there are several parameters to quantify
roughness, like the absolute average deviation of the peaks and

RMSE (rad)

Bo (104)a

Ca range

0.05
0.02
0.07
0.06
0.08
0.08
0.08
0.06
0.02
0.05
0.06
0.05

0.36
0.29
0.43
0.44
0.45
0.40
0.40
0.40
0.30
0.40
0.40
0.40

8.1  109–3.5  106
1.1  108–2.1  105
1.3  106–5.6  105
2.1  106–1.4  104
1.6  106–2.5  103
9.5  108–1.3  104
4.8  107–1.9  104
4.3  107–3.0  104
2.2  107–3.4  105
1.2  107–1.7  104
2.7  107–4.2  104
3.1  107–5.1  104
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Presented expeiments, k=0.41, R2=0.74
Ramos and Tanguy[43] #1, k=0.09, R2=0.99
Ramos and Tanguy[43] #2, k=0.14, R2=0.99
Meiron et al.[45] #1, k=0.42, R2=0.77
Meiron et al.[45] #2, k=0.64, R2=0.59
Meiron et al.[45] #3, k=0.70, R2=0.91
Morrow and Nguyen[23], k=0.78, R2=0.88
Lam et al.[40], k=0.11, R2=0.87

θrec (rad)

1.50

0.50
0.00

0.00

0.50

1.00

1.50

2.00

2.50

θadv (rad)
Fig. 8. The receding angle is a linear function of the advancing angle. The linear
function hrec ¼ ð1  kÞhadv is in good agreement with different experiments.

Table 5
Specifications of experiments used in Fig. 8.

Presented
0.41
Ramos and
Tanguy
#1 [43]
Ramos and
Tanguy
#2 [43]

Meiron et al.
#1 [45]
Meiron et al.
#2 [45]
Meiron et al.
#3 [45]
Morrow and
Nguyen
[23]
Lam et al.
[40]
a
b

hd  ho
Ca > 0
hd  ð1  kÞho Ca < 0

ð11Þ

Noted that ho is approximately equal to the hadv . With this
model, the receding angle and hysteresis can be calculated for a
given ho and k, after k is fitted by several pairs of hadv and hrec measured on the same surface by techniques like Wilhelmy method or
tilting stage method [46].

1.00

Reference

3.3.3. An empirical form of the model
It is noteworthy for nonwetting and slight-wetting liquids that
the hd cannot be replaced by the ho , because the receding deviation
is significant, and the capillary force may also reverse its direction
when the interface moves backward. It is appropriate to treat the
hadv and ho as the same, since the differences for most liquids are
less than 10%. Then Eq. (9) can be further developed into an empirical form of,



θ rec = (1 − k )θ adv

2.00

99

Surface treatment

roughness

Fitting
results
k

None



Octadecyltrichlorosilane molecules
were grafted on the optical polished
surfaces of LiNbO3 single crystals
Hillocks of a mean height of 4.0 ± 1.0
nm and a mean diameter 17 ± 2 nm
were randomly distributed on the
processed surface. Hillocks
concentration was 20 cm2
Glass slide coated with beewax

0.1 nma

0.09



0.14

1.3 lmb

0.42

Abrasive paper #320 coated with
beewax
Abrasive paper #240 coated with
beewax
none

9.3 lmb

0.64

11.2 lmb

0.70



0.78

Silicon wafer coated with
fluorocarbons

nanometers

0.11

experiments

3.3.4. Capillary force in dynamic condition
In a capillary, the contact angle indicates the direction of the
capillary force. When hadv > 1.57 rad (90°), the capillary force is a
resistance for advancing, otherwise it helps the liquid enter the
capillary. When hrec < 1.57 rad, the capillary force is a resistance
for receding, otherwise it drives the liquid out of the capillary.
On the basis of hrec 6 hadv , the hadv (ho ) and hrec of a wetting liquid
both are less than 1.57 rad. Therefore, the capillary force of a wetting liquid assists the advancing but resists the receding. As for a
nonwetting liquid, the hadv (ho ) is larger than 1.57 rad, the capillary
force resists the advancing.
In our experiments, the hrec of nonwetting liquids are less than
1.57 rad, but on a superhydrophobic surface the advancing and
receding angles of water can be both larger than 1.57 rad [44].
Hence the capillary force could resist or drive the receding of nonwetting liquids. Calculation of the capillary force in dynamic condition using the static angle may induce errors or even predict a
wrong direction.
4. Conclusion

Root mean square roughness
Arithmetical mean deviation of the vertical profile

valleys, the root mean square deviation from the mean elevation,
etc. How to actually determine roughness based on these parameters and how other factors like defect concentration, defect spacing
can influence the hysteresis remains to be further studied
[27,43,44]. Contact angle hysteresis is still a unexplained phenomenon and more experiments are needed to quantify the relationship between k and surface roughness.
In Fig. 8, most experiments utilize sessile drop method or plate
immersion method. Although there is difference in test method,
their data support the assumption or observation in this work:
(i) the contact angle hysteresis vanishes when ho = 0; (ii) the linear
relationship between hrec and hadv exists.

With the excellence of pressure control and optical measurement, our experimental system overcomes the shortcomings of
traditional capillary flow experiments where the contact angles
can only be measured in capillaries with 1 mm diameter or above,
or the capillary number cannot be controlled [28,30].
It is confirmed by our experiments that the dynamic contact
angle becomes independent of velocity with 109 < Ca < 105.
Other types of experiments like sessile drop method, capillary rise
or plate method also provide evidence of velocity-independence of
the dynamic contact angle [22–25,47]. Though there are experiments coming to an opposite conclusion [13,17–21], two groups
of experiments are executed mostly in different Ca regions.
Together they disclose in what Ca regions the velocitydependence is significant or subtle. The viscous or velocity effect
is more obvious in large Ca conditions. The cutting point of the
independence is around Ca = 105–104, but a conservative estimate is Ca = 105. The HD and MKT do not properly describe the
hd in the mentioned range of Ca because unreasonable parameters
are obtained. This is in agreement with Petrov’s work, which
reports the HD best fits the range of Ca > 103, and the MKT fits
around Ca = 104 [13].
A velocity-independent model – the modified two-angle model
as in Eq. (9) and a more empirical form Eq. (11) are proposed to
replace the ho in dynamic conditions. The advancing angle was
found to approximate the static contact angle, which is in consistency with the results from ref. [44]. We ascribe the coincidence
to the measurement of ho by sessile drop method where a liquid
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drop has a tendency to spread (advance) due to gravity. Based on
the equality of hadv and ho , the model presumed that the hrec be a
linear function of the hadv . Our experiments along with others’ in
ref. [23,40,43,45] support the assumptions and follow the trend
of Eq. (10). Further experimental proofs and theoretical development are needed for the whole region of hadv 2 ½0; p.
Another finding is that the capillary force of a wetting liquid
assists the advancing but resists the receding, and that of a nonwetting liquid resists advancing. The capillary force of a receding
nonwetting liquid could possibly resist or assist the process
depending on the hrec . The modified two-angle model proposed in
this paper could be reliable for the precise prediction of the capillary force in dynamic conditions.
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