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This work involves systematical study of high-speed vibration cutting process of Ti6Al4V on numerical and theo- 

retical aspects for the first time. In numerical simulations, the one-tool and double-tool cutting models are estab- 

lished based on the coupling Eulerian-Lagrangian (CEL) finite element (FE) method, to simulate forced vibration 

(FV) and self-excited vibration (SEV) cutting phenomena respectively. In theoretical analysis, linear perturbation 

method is used to analyze the critical condition of shear localized instability of chip material in the FV cutting 

process, and stability limits analysis is performed to study the tool vibration stability in the SEV cutting process, 

which consider coupled effects of wavy cutting thickness and periodic instability of shear bands. Different from 

vibration assisted machining in low-speed cutting, it is found FV with attainable frequency in industry promotes 

the evolution of shear bands, increase the cutting force and reduce the machined quality, whereas high-frequency 

FV can help improve the cutting process. On the other hand, SEV with smooth cutting thickness is found an ef- 

fective strategy to weaken the evolution of shear bands and decrease cutting force in the high-speed cutting. 

The stability limit of SEV is related to the friction damping coefficient at the rack face, the penetration damping 

resistance, the ratio of the oscillation frequency of top wavy surface and the instability frequency of shear bands. 

These findings would help deepen the understanding towards the vibration effects in metal cutting and provide 

practical guidance to retrain and utilize vibration in the vibration assisted machining. 
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. Introduction 

The machining of metals is inevitably accompanied by the vibration

f machine tool-workpiece system. At the beginning of the 20th cen-

ury, F.W. Taylor [1] , a famous American mechanical engineer, pointed

ut that vibration is the “most obscure and delicate of all problems fac-

ng the machinist ”. From that time, both scientists and engineers have

een considering the vibration in cutting as one of the most important

achining challenges, and until now, it is still a popular research topic

n academic and engineering fields. 

Vibration in cutting results in a lot of detrimental effects, such as

oor machining quality, tool wear and damage increasing, high pro-

uction costs and so on, and thus it should be eliminated as much as

ossible. For this purpose, many studies on cutting vibration have been

erformed in the last century [2–4] . The early pioneering work on the

ibration cutting process should owe to Taylor [1] . He performed exten-

ive studies on metal machining and proposed the cutting force model

ith 3/4 power law. In addition, he observed the ductile work-material

racking ahead of the tool edge in the metal cutting. The other early

roundbreaking work belong to Arnold [5] who studied the causes in-

uencing the performance of machine tool and the mechanism of tool

ibration in the cutting of steel, and found that the cutting forces are
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 function of cutting speed. Usually, three types of mechanical vibra-

ions can be generated due to the insufficient dynamic rigidity of the

achining tool-workpiece system [6] . 

i) Free vibration occurs when the static equilibrium state of mechanical

system gets disturbed. The causes may be the collision between tool

and workpiece in cutting, poor anti-vibration measures of lathe and

so on. Presently, the mechanisms of the free vibration have been

sufficiently understood and can be effectively alleviated and even

eliminated. 

ii) Forced vibration (FV) occurs when external harmonic excitations ex-

ist. The inducing causes may be the artificially applied excitation

and poor matching between parts in machine tool assemblies. Sim-

ilarly, the disadvantageous effects of FV on cutting process can be

effectively alleviated. Moreover, engineers have made use of FV to

develop innovative processing, such as vibration assisted machining,

to improve the machining quality [2] . 

Different from the conventional cutting processing, vibration as-

isted cutting deliberately sets the machine tool to vibrate with pre-

cribed frequency, which has been extensively applied in the manufac-

uring industry [6] . Linear vibration cutting [7] and elliptical vibration

utting technologies [8] , for example, have been exhibiting the superior

achining performances over the convectional cutting. Applications of
a). 

ber 2018 
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ibration assisted machining show that the advantageous vibration can

vailably reduce cutting forces [9] , increase tool life [10] , enhance cut-

ing stability [11] , and improve surface finishing [12] . Especially, vibra-

ion assisted machining have been successfully applied to the precision

achining of various difficult-to-cut materials, such as Ti6Al4V [13] ,

nconel 718 [14] , tungsten carbide [15] , ceramics [16] and so on. In

he transverse vibration-assisted cutting [17] and the ultrasonic vibra-

ion cutting [18] , the cutting forces and feed forces can be evidently

educed and the surface finish is effectively improved. 

In the linear vibration cutting process, the tool edge unavoidably hits

he clearance face which results in the generation of tensile stress at the

ank face and the spalling of tool material. In the elliptical vibration

utting process, the vibration trajectory of tool tip is along an elliptical

ocus [19] . Thus, the lubrication condition between the tool and work-

iece can be improved and the friction phenomenon on the rake face

s reduced effectively. Moreover, the shear deformation of material in

he primary shear zone (PSZ) is easier to occur to improve the mate-

ial removal rate. Presently, this technology has been applied to ultra-

recision machining of various difficult-to-cut materials [20–23] . Based

n this technology, Suzuki et al. [24] proposed a unique micro/nano

culpturing method and further explored the possibilities of functional

urface machining. Zhang et al. [25] predicted the transient cutting force

heoretically and studied the influence of transient cut thickness and

hear angle as well as transition friction behavior at the rake face. In

ow-frequency vibration cutting tests, they measured the transient cut-

ing forces and demonstrated the validation of analytical results. 

An important progress in the elliptical vibration cutting technology

s the application of non-resonant elliptical vibrator. Since the trajectory

f tool tip can be precisely controlled by a piezoelectric actuator, fab-

icating the micro/nano structures becomes possible [26,27] . Shamoto

nd Moriwaki [20] further developed this technology by using the verti-

al stacked vibrator. In the elliptical vibration cutting process in micro-

copic scale, it can evidently decrease the cutting forces, suppress the

urr development and improve the machined surface integrity. Kim and

oh [28,29] and Brehl and Dow [30] developed parallel stacked piezo-

lectric vibrator for the micro/nano machining. Brehl et al. [31] and

rocato et al. [32] applied this technology to fabricate micro/nano struc-

ures with hard copper and stainless steel. 

ii) Self-excited vibration (SEV) results from internal harmonic excitations

of the tool-workpiece system, which generally include the friction

between tool-workpiece, thermo-mechanical effects or cyclic shear

banding instability and wavy cut thickness in metal cutting [3,4] .

The SEV in the cutting force direction induced by the friction be-

tween tool-workpiece on the clearance face is called as frictional chat-

ter [33] . In the high-speed cutting, the material in PSZ undergoes

severe shear deformation with sharply rising temperature and high

strain rate. Thus, the adiabatic shear banding instability takes place

in PSZ, which is named as thermo-mechanical chatter [34] . When the

mechanical vibrations in the directions of cutting force and plough-

ing force simultaneously exists and mutually correlates, mode cou-

pling chatter [35,36] emerge as a more intractable problem. 

Regenerative vibration, as a common form of SEV, can be caused

y the friction on the rake face and the clearance surface, wavy chip

hickness, shear angle oscillations and so on [37] . Particularly in the

urning of metals, the machined wavy surface results in the changing

hip thickness and cutting forces due to the phase difference of wavy

urfaces between two consecutive turning revolutions. The regenerative

ibration brings destructive effects to the machine tool and has become

he dominant vibration mechanism influencing the metal cutting pro-

ess [38–40] . Therefore, some pressing issues like how to effectively

ontrol and avoid the regenerative vibration occurrence, and how to fur-

her eliminate its effects on the metal cutting process, have been studied

idely. 

The regenerative vibration can induce unstable cutting process of

etals, obvious deterioration of machining quality and serious dam-
511 
ge of tool material. Tobias and Fishwick [41] and Tlusty and Polacek

42] studied the stability of tool system in vibration cutting. The wavy

ut thickness induces new fluctuations in cutting forces and in turn gives

ise to the regenerative vibration in cutting. The stability limit analysis

hows that, once the cut depth is larger than the stability limit, the am-

litude of dynamic cutting forces increases rapidly and the cutting pro-

ess becomes unstable. Meritt [43] presented stability conditions to pre-

ict cutting vibration stability in terms of the depth of cut and the chip

idth. Tlusty [44] showed that the chip width governs the cutting pro-

ess stability and the regenerative chatter in turning process. The critical

hip width depends on the dynamics of tool-workpiece system, cutting

onditions and tool geometry. Mahnama and Movahhedy [45] investi-

ated the effects of cutting conditions on the vibration cutting and rev-

led the variation of shear angle and stability limit with cutting speed.

he thermomechanical model proposed by Moufki et al. [46] predicted

he dynamic cutting forces and the stability limits of vibration cutting

rocess. Furthermore, the vibration signals, surface roughness and chip

orphology measured in turning experiments verified the validity of

heoretical prediction. Turkes et al. [47] performed the linear stability

nalysis of vibration cutting with a single degree of freedom model by

sing oriented transfer function and tau decomposition form to Nyquist

riteria. Kim and Lee [48] performed the stability analysis of tool sys-

em chatter with two degrees of freedom model and obtained the good

greement between the predicted stability limits in theory and results in

xperiments. The stability lobe curve obtained by Gao et al. [49] shows

hat the vibration effect on cutting stability presents in high-speed cut-

ing process and that the ultrasonic vibration of tool increases the sta-

ility of vibration cutting process. The analysis of Vela-Martínez et al.

50] showed that the structural stiffness cubic term gives a better de-

cription of the nonlinear behavior of vibration cutting process, which is

seful in restoring stability and further understanding the nonlinearity

f regenerative chatter. 

From the above reviews, we can see that the current studies focused

n the effect of vibration phenomenon on the continuous chip formation

n low-speed cutting process and rarely involved the serrated chip for-

ation in high-speed cutting process. It is well known that the periodic

hear banding instability not only results in poor machining quality but

lso in severe wear of machine tool. Moreover, the shear banding insta-

ility acting as an extra source inducing the tool system vibration, makes

he vibration cutting problem more complicated. Recently, a lot of re-

earches have shown that the vibration assisted machining technology

an effectively improve the machining quality [2,8,13,14] . However,

he existing studies rarely take into consideration the stability of chip

ow in vibration cutting process. For example, how does the tool vibra-

ion influence the chip formation mechanism in the FV cutting process?

ow do the periodic shear banding instability and machined wavy sur-

ace oscillation affect the SEV cutting process and the stability limit of

ool system? The solutions to these questions will be conductive to the

urther improvement of machining processing. Therefore, it is necessary

o carry out in-depth study on the vibration cutting process. 

From the viewpoint of numerical simulation, cutting process has

een a classical difficult problem for a long time. In the cutting process

f metals, work material first separates at the tool edge, and then the

hip and machined workpiece move along the tool rake face and the

utting direction respectively. The separation trajectory between chip

nd workpiece can be preset, which make it convenient to simulate the

utting process. Various numerical methods have been established to

odel the metal cutting process, e.g. the arbitrary Lagrangian-Eulerian

ethod, remeshing FE method, meshless FE method and material point

ethod and so on. Although these methods are very successful in sim-

lating conventional metal cutting process, some inextricable problems

rise in the vibration cutting due to unknown separation trajectory be-

ween chip and workpiece and the severe mesh distortion with the large

lastic deformation of work-material. To overcome these problems, Cou-

ling Eulerian-Lagrangian (CEL) FE model was proposed by Shuang

t al. [51] , and show more natural advantages than conventional FE
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Fig. 1. The chip shape of Ti6Al4V alloy obtained in orthogonal cutting process. 
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s  
ethods in the simulation of vibration cutting process, which constitutes

he foundation for the numerical analysis of vibration cutting mecha-

ism in this paper. 

The high-speed cutting mechanism of Ti6Al4V alloy has been stud-

ed in the orthogonal cutting experiments with a wide range of cut-

ing speeds by Ma et al. [52] and Ye et al [53] . The experimental re-

ults ( Fig. 1 ) demonstrate that the chip shape varies with the increasing

utting speed from the continuous to serrated and then to debris with

radually decreasing thickness. Recent simulations showed that the ser-

ated chip turns back to the continuous chip once the cutting speed ap-

roaches 300 m/s [54,55] , which means that suppressing the occurrence

f periodic shear banding instability is possible in the high-speed cut-

ing processing to improve the machining quality. However, the cutting

peed 300 m/s is unpractically high for tuning processing. The studies

n the vibration cutting process [2,9] showed that the tool vibration in

 specific frequency range can evidently improve the machining quality,

hereas the mechanism is not understood completely for now. The in-

erplay between periodic shear banding instability and different types of

ibration, therefore, is our interest in this paper. Specifically, the numer-

cal simulations of high-speed cutting of Ti6Al4V alloy with FV and SEV

re carried out for the first time. Then, the theoretical analysis on the

hip flow stability and the stability limit of tool vibration are performed.

he influence of FV on the transition of chip shape and the influence of

he shear banding instability on the stability limit of SEV in high-speed

utting process are investigated. 

The intention of this work is threefold: (i) to provide an effective

imulation method for studying the vibration cutting process of metals,

ii) to reveal the interplay between the periodic shear banding instability

nd the vibration cutting process, and (iii) to provide practical guidance

o retrain and utilize vibration in the high-speed cutting process. 
512 
. Numerical model 

.1. Coupling Eulerian-Lagrangian finite element model 

Fig. 2 a shows the CEL model for the numerical simulation of metal

rthogonal cutting process. In this model, Lagrangian mesh is attached

o the tool and Eulerian mesh is fixed in spatial. The latter is used to

escribe the motions and deformations of workpiece and chip mate-

ials. Moreover, the air mesh provides a sufficient large room for the

rowth of chips. In the simulation of metal cutting, the tool is fixed and

he workpiece is constrained to move in negative x -axial direction. The

oundary conditions with a constant horizontal cutting speed and zero

ertical speed are imposed on the outer surfaces of workpiece. The un-

ut work-material flows into the Eulerian mesh region from the right

oundary and the cut workpiece base flows out from the left boundary.

he generated chips enter into the air mesh area. The unconstrained

ow of chip on the free boundary is controlled by the volume approach

f solid [56] , which ensures chips to evolve as various shapes. Since

he CEL model has, to a large extent, eliminated the influence of the

esh distortion and the limitation of the preset separation line method

n Lagrangian FE method, it is convenient in the numerical simulation

f vibration cutting process of metals with the unknown separation tra-

ectory. In this model, the tool is idealized as rigid body with ideal sharp

dge and infinite elastic modulus. The cutting conditions are prescribed

y the cutting speed, cut thickness and the rake angle or the shear angle.

The Eulerian-Lagrangian contact algorithm is used [57] to describe

he interaction between the tool and chips, which has been implanted

nto ABAQUS package. In order to focus on the vibration effect on

utting process, the friction contact at tool-chip interface is simplified

o follow the Coulomb law with a constant friction coefficient even

hough the friction coefficient is related to the temperature and/or cut-

ing speed [58] . The dynamic coupled thermo-mechanical analysis is

erformed in the simulation of metal cutting. For each time step, the

eat and mass convection, heat conduction and stress are analyzed si-

ultaneously. The workpiece and air mesh areas use the 8-node cou-

ling thermo-mechanical linear Eulerian brick element EC3D8RT with

educed integration and hourglass control. The tool is described by the

agrangian element C3D8RT. The simulation is carried out with com-

ercial ABAQUS/Explicit package. For the detained description of the

EL model, readers can refer to the article [51] . 

.2. Material model 

The work-material of Ti6Al4V alloy is assumed to be isotropic and

hermo-viscoplastic. The Johnson-Cook (J-C) law was used to describe

he plastic flow of Ti6Al4V alloy in cutting [18] , which has the form 

𝑝 
𝑒𝑞 

= 

[
𝐴 0 + 𝐵 0 

(
𝜀 𝑝 
𝑒𝑞 

)𝑛 ]( 

1 + 𝐶 0 ln 
�̇� 
𝑝 
𝑒𝑞 

�̇� 0 

) [ 
1 − 

( 
𝑇 − 𝑇 0 
𝑇 𝑚 − 𝑇 0 

) 𝑚 ] 
(1)

here 𝜎
𝑝 
𝑒𝑞 is the equivalent stress, 𝜀 

𝑝 
𝑒𝑞 the equivalent plastic strain, �̇� 

𝑝 
𝑒𝑞 the

lastic strain rate, �̇� 0 the reference strain rate. T is the current tempera-

ure, T 0 the room temperature, T m 

the melting temperature. A 0 , B 0 , C 0 ,

 and n are J-C constitution parameters. This constitutive model consid-

rs the effects of strain hardening, rate sensitivity and thermal softening

n plastic flow of work-material. Material failure due to internal dam-

ge always has been incorporated in the simulations of chip formation

n terms of the J-C fracture mode. The plastic flow of work-material is

overned by J 2 flow-law. The material properties and constitutive pa-

ameters of Ti6Al4V alloy is given in Table 1 [59] . 

. Forced-vibration cutting process 

.1. Shear bands frequency in orthogonal cutting 

In the high-speed cutting of metals, the periodic shear banding in-

tability of chip materials not only reduces the lifetime of tool, but also



Z. Sun et al. International Journal of Mechanical Sciences 148 (2018) 510–530 

Fig. 2. ( a ) The CEL model for modeling the metal cutting process and ( b ) the FE mesh arrangement of this model. 

Fig. 3. Changes of chip morphology in convention cutting process with increasing cutting speeds. 

Table 1 

Material properties and constitutive parameter of Ti6Al4V and tool [59] . 

Properties symbol (Unit) Ti6Al4V alloy workpiece Tool 

Density 𝜌 (kg/m 

3 ) 4430 11,900 

Elastic modulus E (GPa) 114 630 

Poisson’s ratio 𝜈 0.342 0.26 

Specific heat c (J/kg·K) 520 334 

Thermal conductivity 𝜆 (W/m·K) 6.7 100 

Expansion coefficient 𝛼 (K − 1 ) 9.2 ×10 − 6 5.4 ×10 − 6 

Melting temperature T m (K) 1873 –

Fraction 0.9 –

Friction coefficient 𝜇 0.4 

Material parameters symbol (Unit) Values 

A 0 (MPa) 725 

B 0 (MPa) 683 

n 0.47 

C 0 0.035 

m 1 

�̇� 0 10 − 3 

d  

v  

T  

t  

p  

3  

m  

i  

e  

s  

b

𝑓

 

fl  

Fig. 4. The orthogonal cutting CEL FE model and the mesh arrangement. 
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eteriorates the machining quality of workpiece surface due to the tool

ibration. The simulation results on the conventional cutting process of

i6Al4V alloy ( Fig. 3 ) shows that, when the cutting speed equals 3 m/s,

he continuous chip turns into the serrated chip, which is close to the

redicted results of Miguélez et al. [13] . As the cutting speed exceeds

 m/s, the periodic shear banding instability occurs and leads to the for-

ation of serrated chip. The previous study of [60] showed that the

nstability frequency of periodic shear bands f SB is the important influ-

nce factor on the cutting process and can be determined through the FE

imulation. Based on the total cutting time t c and the number of shear

ands N SB ( Fig. 3 c and d), it can be defined as 

 𝑆𝐵 = 

𝑁 𝑆𝐵 

𝑡 𝑐 
(2) 

In the vibration cutting process, the tool vibration changes the plastic

ow stability of serrated chip, and conversely, the periodic shear band-
513 
ng instability affects the vibration motion of tool system. The former as

he FV cutting process will be considered in this section. The latter as

he SEV process of tool will be studied in the next section. 

.2. Forced-vibration cutting simulation 

For studying the FV cutting process, a single-free degree model is pro-

osed to simulate the orthogonal cutting process of Ti6Al4V alloy. Fig. 4

emonstrates the model and the FE mesh arrangement in which the tool

s modeled by the Lagrangian elements with material mesh whereas the

lastic flow of the chip and workpiece material is described by the Eu-

erian elements with spatial mesh. The size of Eulerian mesh is set as

 𝜇m and the inclination angle is 45° relative to the horizontal direc-

ion. The cutting conditions are given as the cut thickness 100 𝜇m, rake

ngle 0° and the cutting speeds 3 m/s, 20 m/s and 100 m/s. The tool vi-

ration with a prescribed frequency is set in y -axial direction according
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Fig. 5. The contours of equivalent strains obtained in the FV cutting processes with different FV frequencies of tool system and different cutting speeds ( V = 3, 20, 

100 m/s). 
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Fig. 6. The frequency of the shear banding instability f SB and the FV frequency 

of tool at the transition of chip shape f T vary with the cutting speeds. 

t  

c  

p  

p  

a  

f  

[  
o a definite sinusoidal function y ( t ) = A 0 sin f T t , where A 0 = 10 𝜇m is the

mplitude and f T is the FV frequency of tool. 

A wide range of frequencies are applied in simulations to study the

V cutting process, and the contours of equivalent strains are shown in

ig. 5 . Compared with the simulation results of the conventional cutting

rocess in Fig. 3 , in the cutting process of 3 m/s, the low-frequency vi-

ration of tool promotes the evolution of the shear bands, which make

he continuous chip in the conventional cutting ( Fig. 3 b) transform into

he serrated chip ( Fig. 5 a). However, as the FV frequency increases, the

ool vibration tends to hinder the evolution of shear bands and results in

he formation of continuous chip ( Fig. 5 b and 5 c). In the high-speed cut-

ing processes with 20 m/s and 100 m/s, the low-frequency FV promotes

he evolution of shear bands in the serrated chip. Especially, when the

V frequency of tool equals the instability frequency of multiple shear

ands, resonance occurs, which consumedly promotes the evolution of

hear bands in the serrated chip ( Fig. 5 d and g). However, when the FV

requency is sufficient high, FV can completely suppress the nucleation

nd evolution of shear bands and makes the serrated chips ( Fig. 3 c and

) turn back into the continuous chips ( Fig. 5 e, f, h and i). Therefore, in

he high-speed cutting process, there must exist a critical FV frequency

 Tc denoting the transition from the serrated chip to the continuous chip.

hus, as f T < f Tc , the periotic shear banding instability occurs in the ser-

ated chip and the chip plastic flow is unstable; otherwise, when f T > f Tc ,

he continuous chip develops and the plastic flow of chip material be-

omes stable. 

A serial of simulations are performed to calculate the transition FV

requencies under different cutting speeds and the results are illustrated

n Fig. 6 . The relation of instability frequency of the periodic shear bands

ith the cutting speed is also depicted in this figure. The two frequencies

ncrease with the cutting speed according to a linearly proportional re-

ationship. For the traditional cutting process, any point on the graphic

lane would correspond to a serrated chip formation as the cutting speed

xceeds the critical transition speed. However, in the FV cutting process,

m  

514 
hese points with the higher FV frequency than f Tc correspond to the

ontinuous chip formation. Therefore, in the metal cutting process, ap-

lying a high-frequency FV to the tool system can obviously increase the

lastic flow stability of chip material and improve the machining quality

nd processing efficiency. On the other hand, since the commonly used

requency in vibration assisted machining is usually less than 40 kHz

30] , at which FV may promote the evolution of shear bands and causes

ore damage on tool life and machining quality. If a sufficiently high
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Fig. 7. The dependence of the mean shear band spacing and the segmentation intensity on the tool FV frequency as the cutting speed V = 20 m/s. In the inset, the 

definitions of the shear banding spaces and the maximum and minimum chip thicknesses are shown. 
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requency in vibration assisted machining is out of reach, the formation

f shear bands should be avoided to assure that vibration takes positive

ffects. 

The morphology of serrated chip in the FV cutting process can be

epresented by two geometrical parameters: the mean shear band spac-

ng L s and the segmentation intensity I s [56] . They are defined as 

 𝑠 = 

𝐿 

+ + 𝐿 

− 

2 
, 𝐼 𝑠 = 

𝑡 + − 𝑡 − 

𝑡 + 
(3)

here L + and L − are two shear band spacing in different positions, and

he maximum and minimum chip thicknesses, t + and t − are introduced

see the inset of Fig. 7 ). 

In terms of (3) , the dependence of the serration intensity and the

hear band spacing on FV frequency are plotted in Fig. 7 . When FV

requency is much less than the instability frequency of shear bands

40 kHz, the segmentation intensity is nearly constant. When resonance

ccurs, i.e., the FV frequency equals 240 kHz, the segmentation inten-

ity reaches the peak value, implying that the evolution of shear bands

re promoted at the maximum degree. As the FV frequency exceeds

40 kHz, the segmentation intensity decreases rapidly, which represents

vident transition tendency of the chip shape from serrated to contin-

ous. The segmentation intensity approaching zero indicates complete

ransition into the continuous chip. In the low-frequency cutting pro-

ess, the values of the segmentation intensity are always greater than

he mean segmentation intensity without vibration, implying that the

ow-frequency FV promotes the evolution of shear bands. Moreover, the

ow-frequency FV has no obvious influence on the shear band spacing.

he mean spacing in the FV cutting process, approximately a constant

8 𝜇m, is less than the mean spacing without vibration. As the tool FV

requency increases, the shear band spacing decreases monotonously

ntil it approaches zero at the FV frequency of 7000 kHz, which means

hat serrated chip has turned into continuous chip completely due to the

trong suppression of vibration on instability of shear banding. 

Fig. 8 shows the simulation results of the cutting forces as the cut-

ing speed V = 20 m/s. It is well known that the oscillation frequency of

utting force is identical with the instability frequency of shear bands

54] ( Fig. 8 a). When the tool FV frequency is 120 kHz, the oscillation fre-

uency of cutting force increase evidently but the amplitude decreases

 Fig. 8 b). At the resonance frequency 240 kHz, at which the oscillation

f cutting force in amplitude reaches the greatest degree, meaning that

he strongest impacting of FV on the cutting force presents ( Fig. 8 c).

hen the tool vibration frequency is 480 kHz, the high frequency oscil-

ation of cutting force starts to appear over the low-frequency oscillation

omponent ( Fig. 8 d), which shows that the plastic flow behavior of ma-
515 
erial inside the shear bands stars to change in the sense of microscale.

s the tool frequency is about 6000 kHz, the low-frequency oscillation

f cutting force begins to disappear ( Fig. 8 e). When the tool frequency

quals 7000 kHz, it disappears completely ( Fig. 8 f). At this moment, the

errated chip fully changes into the continuous chip. 

Fig. 9 shows the Fourier transform results of cutting forces. The re-

ults in Fig. 9 a demonstrtes that the periodic shear banding instability

as the ability to generate the oscillatory cutting force with high ampli-

ude and low frequency. When the FV frequency is less than 6000 kHz

 Fig. 9 b and d), two high-amplitude integrant appear in the frequency

omain, which correspond to the tool vibration and the periodic shear

anding instability. Particularly, resonance leads to the greater ampli-

ude at f T = 240 kHz ( Fig. 9 c). In this case, the oscillation force com-

onent from the periodic shear banding instability has the ability to

roduce the larger amplitude vibration in cutting force due to the stor-

ge of vibrational energy, and cause the damage on machining surface

ntegrity and tool life. As the tool vibration frequency equals 6000 kHz,

he critical value when the chip shape starts to transform from serrated

o continuous again, the high-amplitude integrant of cutting forces dis-

ributes in both low- and high-frequency domains. The oscillation of

utting force is govern by the tool FV frequency and the multiple shear

anding frequency. As the frequency exceeds 7000 kHz, only a high-

mplitude integrant caused by tool vibration presents in high frequency

omain, whereas the high-amplitude integrant in low frequency van-

shes due to the formation of continuous chip. 

FV with different frequencies can produce evident influence on the

ean cutting forces. The curve in Fig. 10 shows the evolution the mean

utting force in FV with different frequencies based on the simulation

esults in Fig. 8 . The mean cutting force is about 189.5 N/mm without

ibration. For FV, the curve rises gradually in the low-frequency vibra-

ion domain and, after reaching the first peak value, decreases sharply to

he minimum at the resonance frequency. In the high-frequency domain,

t grows rapidly to the second peak value and then decreases gradually

nd finally shows a tendency towards the mean cutting force without

ibration. It is worth noting that the resonance condition results in the

inimum value of the mean cutting force, which doesn’t mean that we

an obtain the satisfactory surface integrity since the amplitude oscilla-

ion of cutting force reaches the maximum intensity at the same time.

owever, the evolution of the cutting force at the high-frequency vibra-

ion shows a good tendency, that is, the amplitude of the cutting force

ecreases linearly as the tool vibration frequency increases until the con-

inuous chip develops. In the continuous chip formation, the tool FV

akes the average cutting force decrease. However, in the high-speed

utting process, the periodic shear banding instability lead the average
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Fig. 8. The effects of tool FV frequencies on the cutting forces as V = 20 m/s. 

Fig. 9. The spectral analysis results of the cutting forces under the cutting speed V = 20 m/s. 
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Fig. 10. The dependence of the mean cutting forces on the frequency of cutting 

tool as V = 20 m/s. 

Fig. 11. The orthogonal cutting model used for the analysis of the chip flow 

stability. 
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Fig. 12. The variation of shear stress on the shear plane with time as the cutting 

speed V = 20 m/s and the FV frequency f T = 240 kHz. 
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utting force to increase obviously. Only in the finite frequency domain

ith resonance frequency can the average cutting force decreases. 

.3. Analysis of chip flow stability 

.3.1. Instability criterion 

Usually, the serrated chip in high-speed cutting process is attributed

o the periodic shear banding formation as the thermos-plastic instabil-

ty phenomenon. In the FV cutting process, the tool vibration changes

he distributions of the shear stress in PSZ and the pressure on the tool-

hip interface, which results in a more complex thermos-plastic instabil-

ty behavior of cutting material. In order to get a clear insight into the

hip flow behavior in the FV cutting process, a linear stability analysis

n the plastic flow of chip material is performed in terms of the orthog-

nal cutting model [61,62] . In this model, the influence of the pressure

n the tool-chip face on the cutting force is considered similar to Burns

nd Davies [63] ( Fig. 11 ). 

The basic equations governing the thermo-mechanical deformation

f PSZ material include: the momentum conservation equation: 

𝜕 2 𝛾

𝜕 𝑡 2 
= 

𝜕 2 𝜏

𝜕 𝑦 2 
(4) 
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he energy conservation equation: 

𝑐 
𝜕𝑇 

𝜕𝑡 
= 𝜆

𝜕 2 𝑇 

𝜕 𝑦 2 
+ 𝛽𝜏�̇� (5) 

here 𝜌, c and 𝜆 are the density, specific heat, thermal conductivity of

ork-material. 𝛽 is the Taylor-Quinney coefficient. 

Fig. 12 shows that the evolution of shear stress at the resonance fre-

uency in the FV simulation. To consider the influence of tool vibration,

he shear stress component is assumed known based on Fig. 12 and has

he form of sinusoidal function: 

0 = 𝜏′+ 𝜏′′ sin 
(
2 𝜋𝑓 𝑇 𝑡 + 𝜙

)
(6) 

here t is time, 𝜏′ is the shear stress component without vibration, 𝜏″ ,

 T and 𝜙 is the amplitude, frequency and the phase angle of the shear

tress component in vibration. Similar to Burns and Davies [63] , the

hear stress 𝜏, pressure p N and the cutting speed V 0 have the relationship

s follows. 

𝜕 𝜏0 
𝜕𝑡 

= 

𝑙 0 sin 𝜑 

ℎ 1 

𝑑 𝑝 𝑁 

𝑑𝑡 
= 

𝐸 𝑙 0 sin 2 𝜑 

ℎ 2 1 

(
𝑉 0 cos 𝜑 − �̇�ℎ 1 

)
(7) 

here E is the elastic modulus, l 0 the contact length between tool and

hip on the rake face and h 1 the cut depth. 

When carrying out the analysis of chip flow stability, the small per-

urbation method is used to governing Eqs. (4) , (5) and the J-C law

1) to seek an inhomogeneous deformation solution with respect to the

omogeneous solution. Assuming that 

 

 

 

 

 

𝜏

𝛾

𝑇 

⎫ ⎪ ⎬ ⎪ ⎭ = 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝜏0 
𝛾0 
𝑇 0 

⎫ ⎪ ⎬ ⎪ ⎭ + 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝜏∗ 

𝛾∗ 

𝑇 ∗ 

⎫ ⎪ ⎬ ⎪ ⎭ exp ( 𝜔𝑡 + 𝑖𝑘𝑦 ) , 
⎧ ⎪ ⎨ ⎪ ⎩ 
𝜏0 
𝛾0 
𝑇 0 

⎫ ⎪ ⎬ ⎪ ⎭ ≪ 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝜏∗ 

𝛾∗ 

𝑇 ∗ 

⎫ ⎪ ⎬ ⎪ ⎭ (8) 

here 𝜏0 , 𝛾0 and T 0 is a group of homogeneous solution of the governing

quation system. 𝜏∗ , 𝛾∗ and T ∗ are small constants characterizing the

nitial magnitude of perturbation, 𝜔 is the initial perturbation growth

ate and k is the wave number. 

Inserting Eq. (8) into Eqs. (1) , (4) and (5) , only considering the first

rder terms of the perturbations, we obtain the characteristic equation

bout the perturbation growth rate 𝜔 as follows: 

̂  3 + ( 1 + 𝐴 ) ̂𝑘 2 �̂� 

2 + 

[(
𝐴 ̂𝑘 2 + 1 − 𝐵 

)
�̂� 2 + 𝐶 

]
�̂� + ̂𝑘 4 + 𝐷 ̂𝑘 2 = 0 (9)

In (9) , the following dimensionless variables are used: 

̂  = 

𝜆𝜔 

𝑐 𝑄 0 
, ̂𝑘 2 = 

𝜆2 𝑘 2 

𝜌𝑐 2 𝑄 0 
, 𝐴 = 

𝑐 𝑅 0 
𝜆
, 𝐵 = 

𝛽𝑃 0 𝜏
𝜌𝑐 𝑄 0 

, 

 = 

𝜆2 �̈�0 𝛽𝑃 0 
𝜌𝑐 3 𝑄 2 

, 𝐷 = 

𝛽𝑃 0 𝜆𝐸 𝑙 0 sin 2 𝜑 ( ̇𝛾0 𝛿1 − 𝑉 0 cos 𝜑 ) 
𝜌𝑐 2 𝑄 2 ℎ 2 

(10) 
0 0 1 
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here Q 0 is the strain hardening factor of the material, R 0 is strain-

ate hardening factor, and P 0 is thermal softening factor. The stability

f chip flow depends on the value of dimensionless growth rate. If it

oes negative, the chip flow is stable; otherwise, the plastic flow insta-

ility is possible. The negative term in the first power of the growth

ate in (9) ensure that the characteristic Eq. (9) has at least one positive

eal root. This means that the chip plastic flow may develop continu-

usly until the plastic instability occurs at a special set of wave numbers.

herefore, based on the extreme condition 𝑑 ̂𝜔 ∕ 𝑑 ̂𝑘 2 
𝑚 
= 0 , the criterion for

valuating the plastic instability of chip flow in the vibration cutting

rocess can be found as follows: 

 Inst = 

(
𝐼 0 + 𝐼 1 − 𝐼 2 

)
𝛽𝑃 0 

𝜌𝑐 𝑄 0 
> 1 (11)

here 

𝐼 0 = 𝜏0 , 𝐼 1 = 𝜏′ sin 
(
2 𝜋𝑓 𝑇 𝑡 + 𝜙

)
, 𝐼 2 = 2 

√ 

𝜌𝑐 𝑅 0 𝑙 0 sin 𝜑 ̇𝑝 𝑁 

ℎ 1 𝛽𝑃 0 
, 

̇ 𝑁 

= 

2 𝜋𝑓 𝑇 𝜏′ℎ 1 
𝑙 0 sin 𝜑 

cos 
(
2 𝜋𝑓 𝑇 𝑡 + 𝜙

)
(12)

In the instability criterion (11) , the nominator of the instability func-

ion F Inst represents the thermal softening effect of chip material and the

enominator demotes the strain hardening effect of material. Thus, if the

alue of F Inst is greater than one, it means that the plastic flow is possi-

ly unstable; otherwise, the plastic flow is stable. The first term in the

ominator denotes the thermal softening effect produced by the shear

tress 𝜏0 in the cutting process without the tool vibration. The second

nd third terms represent respectively the effects of the shear stress os-

illation in the PSZ and the pressure oscillation at the tool-chip interface

n the thermal softening in the vibration cutting process. In the accor-

ance with the modeling result in Fig. 3 c and Fig. 8 a, the expression of

he shear stress 𝜏0 can be found through the curve fit of sine function as

0 = 𝜏′
𝑆𝐵 

+ 𝜏′′
𝑆𝐵 

sin 
(
2 𝜋𝑓 𝑆𝐵 𝑡 + 𝜙𝑆𝐵 

)
(13)

here f SB = 240 kHz and 𝜙SB = − 𝜋 are the instability frequency and

nitial phase angle of the cyclic shear bands. 𝜏′ SB = 888 MPa and

″ SB = 323 MPa are the mean shear stress and the amplitude of the shear

tress oscillation, respectively. 

.3.2. Results and discussion 

The expression of the instability function F Inst indicates that FV can

nduce evident change of the thermal softening effect of material, but

oesn’t affect the strain hardening effect. Since the shear-localized defor-

ation of material within PSZ is closely related to the thermal-softening

ffect, we can say that, the influence of FV on the evolution of the shear

ands is by changing the thermal softening effect of material rather than

hanging the strain hardening effect. To clearly reveal the influence of

V on the shear banding instability, we can consider it in two steps. 

Firstly, consider the influence of the shear stress oscillation on ther-

al softening of material within shear bands. The parameters in the

hear stress oscillation factor I 1 in (12) are taken as 𝜏′ = 𝜏″ SB and 𝜙= 𝜙SB 

n terms of the simulation results in Fig. 8 . In the FV cutting process with

he cutting speed V = 20 m/s, the instability frequency of shear bands

s f SB = 240 kHz. For the different FV frequencies, the shear stress os-

illation aggravates the thermal softening effect of material, however,

n the average sense, doesn’t change the total thermal softening effect

s shown in Fig. 13 . The low-frequency oscillation of shear stress with

 T < f SB has a tendency to reduce the instability frequency of shear bands

 Fig. 13 b). In the resonance case of f T = f SB , the oscillation of shear stress

enerates the strongest thermal softening effect of material ( Fig. 13 c).

he high-frequency oscillation of shear stress with f T > f SB doesn’t affect

he frequency of periodic shear banding instability, but results in the

icro-mechanism variation of plastic flow of material. That is, the shear

anding evolution is accompanied with the high frequency oscillation

f material points ( Fig. 13 d-f). The energy required for this material
518 
oftening mechanism is provided by the work done by the oscillating

hear stress. The oscillation of shear stress induces the increase on the

scillatory amplitude softening factor even though it doesn’t change the

verage degree of thermal softening of materials. In this sense, it is ben-

ficial to the evolution of shear bands. 

Secondly, consider the combined effects of the shear stress and the

ressure on the thermal softening effect of material within shear bands.

n present analysis, same oscillation frequencies of the shear stress and

he pressure are used and the results are shown in Fig. 14 . In the cases

f the low-frequency oscillation f T < f SB and the resonance f T = f SB , the

ombined effect still aggravates the softening effect of material relative

o the case without oscillation ( Fig. 14 a), implying that it promotes the

volution of shear bands ( Fig. 14 b and c). However, comparing with

he cases without pressure in Fig. 13 b and c, the softening effect is evi-

ently weakened due to the existence of pressure oscillation. An obvious

eature is that the average degree of material softening is significantly

educed and the other is the oscillatory amplitude of softening factor is

lso appropriately decreased. With the further increase of oscillation fre-

uency as f T > f SB , the combined effect completely changes the materials

oftening mechanism. Not only the oscillation amplitude of the soften-

ng factor evidently decreases, but also the thermal softening degree has

ecome negative in the average sense. Particularly, the oscillation of pe-

iotic shear banding instability has disappeared completely ( Fig. 14 d -f).

his implies that the high-frequency pressure oscillation has dominated

he thermal softening mechanism of chip material, suppressed the evo-

ution of shear bands and made the continuous chip develop fully. 

Consistent with simulation results, FV exhibits different influence on

he evolution of shear bands. In the high-speed cutting process with tool

V, the shear stress oscillation promotes the development of the soften-

ng effect of material within shear bands. In the process, the work done

y the shearing force is transformed into the shear localized deformation

nergy of PSZ material. Therefore, the shear stress oscillation makes the

ccurrence of periotic shear banding instability of chip material easier.

onversely, the pressure oscillation always weakens the material soft-

ning effect. In the low-frequency FV cutting, the promoting effect of

hear stress oscillation for the evolution of shear bands overcomes the

epression effect of pressure oscillation, so shear banding evolution is

romoted overall. However, in the high-frequency FV cutting, pressure

scillation consumes most of the energy required by the shear banding

ormation and evolution, which forcefully restrains the evolution of the

hear bands in the serrated chip, and results in the transition of serrated

hip into the continuous chips. 

. Self-excited vibration cutting process 

.1. Simulation of the self-excited vibration cutting process 

.1.1. The double-tool model 

The nonlinear dynamics in the SEV cutting process is related to the

utting conditions, tool geometry and the machined wavy surface. In

rder to simulate the SEV cutting process, a double-tool cutting model

s designed as shown in Fig. 15 . In this model, the tools are described by

he Lagrangian elements with material mesh, and the plastic flow of the

orkpiece material is described by the Eulerian elements with spatial

esh. The size of Eulerian mesh is set as 3 𝜇m and the inclination angle

s 45° relative to the horizontal direction. The tool-1 carries out the FV

utting with a prescribed vibration frequency in y -axial direction, which

epresents the structural dynamics of machine tool system and can gen-

rate the wavy machined surface for the following SEV cutting. When

he parameters of the tool-1 FV motion are prescribed, corresponding

EV cutting process of tool-2 are also determined. In high-speed cutting

rocess, the tool-2 SEV stems from two sources: the wavy cut thickness

nd the formation of periodic shear bands. The top wavy surface pro-

uced by the tool-1 FV cutting is described as 

 1 = 𝑦 10 + 𝐴 𝑤 1 𝑠𝑖𝑛 
(
𝜔 𝑤 1 𝑡 + 𝜃𝑤 1 

)
(14)
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Fig. 13. The thermal softening effect of material within shear bands caused by the shear stress oscillation with different frequencies. 

Fig. 14. The thermal softening effect of material within shear bands caused by the shear stress oscillation and the pressure oscillation with different frequencies. 
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Fig. 15. The double-tool FE model for the simulation of the tool SEV cutting process. 

Fig. 16. The contours of equivalent plastic strain under different vibration frequency of tool-1 ( V = 20 m/s). 

w  

t  

v  

a  

i  

d  

t

4

 

c  

t  

c  

p  

o  

m  

c  

n  

t  

c  

m  

c  

f  

p  

b  

t  

r  

o  

b  

r  

Fig. 17. The relationships among the frequency of the tool-1 FV, the wavy sur- 

face oscillation and the frequency of shear banding instability of the chip pro- 

duced in the SEV cutting process. 
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here y 1 denotes the vertical oscillation displacement of the tool-1 at

ime t, 𝜔 w 1 = 2 𝜋f T 1 the angular velocity of the tool-1 vibration, f T 1 the

ibration frequency, 𝜃w 1 the initial phase angle and A w 1 the vibration

mplitude. The average cut depth is y 10 = 100 𝜇m, the cutting distance

s 500 𝜇m and the cutting speed is V = 20 m/s. Under these cutting con-

itions, the plastic flow of Ti6Al4V alloy chip is unstable and leads to

he formation of serrated chip. 

.1.2. The simulation results and discussion 

The resulting equivalent plastic strains of workpiece show that the

hip morphology in the SEV cutting depends on the FV frequency of

ool-1 ( Fig. 16 ). The wavy machined surface produced in the tool-1 FV

utting produces the wavy cut thickness for the following SEV cutting

rocess. For the FV frequency f T 1 = 120 kHz, the generated wavelength

f wavy machined surface is larger than the shear band spacing, so that

ore than one shear bands can develop in one wavy period in the SEV

utting. Specifically, the longer shear bands form in the large chip thick-

ess and the shorter shear bands form in small chip thickness. Since

he cutting work done by the tool-2 to workpiece is constant under un-

hanged cutting speed condition, only one longer shear band forms but

ore than one shorter shear bands might appear ( Fig. 16 a and b). Os-

illation frequency of wavy machined surface rises with increasing FV

requency of tool-1, which makes the chip thickness in the SEV cutting

rocess tend rapidly to be homogeneous. As a result, the multiple shear

anding instability tends to be steady and the serrated chip has uniform

hickness and serrated size as shown in Fig. 16 c to f. Compared with the

esult without vibration in Fig. 3 c, SEV can decrease serration intensity

f serrated chip to different degrees. Smoother upper surface generated

y higher FV frequency corresponds to the maximum suppression of ser-

ated chip. The simulation results also demonstrate that the frequency
520 
f the wavy machined surface f WB is linearly proportional to the tool-

 FV frequency f T 1 . The multiple shear banding instability f SB is more

ensitive to the low FV frequency than the high FV frequency as shown

n Fig. 17 . 

Fig. 18 illustrated the modeling results of the cutting forces and

loughing forces of tool-2 SEV with different tool-1 FV frequencies. For

omparison, the modeling result of conventional cutting force is also

rawn in this figure. In the low-frequency cutting process, the tool-2 SEV
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Fig. 18. The cutting forces and ploughing forces of tool-2 SEV vary with the cutting time ( V = 20 m/s). 
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utting process gets into a non-uniform oscillatory state after the onset of

utting. The average SEV cutting forces decrease obviously with increas-

ng tool-1 FV frequency. The low-frequency FV induces slight variation

f shear banding instability frequency ( Fig. 18 a). When the FV frequency

s above 240 kHz, the frequency of shear banding instability evidently

ises with increasing FV frequency ( Fig. 18 b-d). This is because that the

ariation of wavy chip thickness changes the oscillation period of cut-

ing forces. In the cutting process with constant speed, the variation chip

hickness generated by different frequency FV strongly affects the mate-

ial softening and strain rate sensitivity of work-material, which change

he shear banding instability behavior of chip-material and result in the

scillation of cutting force with varying amplitude and period. For high

V frequency, the fluctuation of the wavy chip thickness is significantly

educed, which greatly weakens the influence of the variation of wavy

hip thickness on the cutting force, and thus, the oscillation frequency

f cutting force approaches to the instability frequency of shear bands

nd the oscillation amplitude of cutting force tends to uniform again. 

Fig. 19 presents the displacement evolution of tool-2 with time. In

he SEV cutting process, the wavy cutting thickness is determined by the

elative displacement between tool-1 and tool-2. If the relative phase dif-

erence between the two machining wavy surfaces is zero, the variation

f wavy chip thickness is also zero. If the relative phase difference is

, the variation of the chip thickness is maximum. On the other hand,

he variation of cutting thickness in the SEV cutting determines the cut-

ing force oscillation. Comparing with the simulation results of cutting

orce in Fig. 18 , we can see that the SEV displacement has same rela-

ive phase angle as that of the ploughing force, but has opposite phase

ngle of as that of the cutting force. Consequently, the wavy cutting

hickness affects the cutting force, and the oscillation of wavy surface

ffects the ploughing force. In the high-speed cutting process, the influ-

nces of the changing cutting thickness and wavy surface become non-

vident and the multiple shear banding instability controls the cutting

orce in the SEV cutting process. The oscillation frequency of the tool-

 displacement approaches to the shear banding instability frequency.

ompared with conventional cutting without vibrations, SEV can de-

rease cutting force stably with higher FV frequency. Thus, it is SEV with

mooth cutting thickness, instead of FV with too high frequency, could

e an effective strategy to suppress the evolution of shear bands, im-
521 
rove machined quality and alleviate tool wear in the high-speed cutting

rocess. 

.2. Theoretical analysis of tool-2 self-excited vibration process 

In this subsection, we carry out the stability analysis of tool-2 in

EV cutting process. The analytical model is shown in Fig. 20 . The top

avy surface of workpiece is produced in the tool-1 FV cutting. In SEV

utting process, tool-2 is assumed as a spring-mass-damper system with

ingle degree of freedom. The motion of tool-2 is limited in the y-axis

irection. The average cut depth with the wavy surface, the rake an-

le and the shear angle are denoted by y 0 , 𝛼 and 𝜑 , respectively. We

urther assume that the tool system has the equivalent mass m 0 , con-

tant equivalent stiffness k 0 and damping coefficient 𝜇0 . The forces of

he tool-2 acting on the chip and workpiece include the cutting force

 y in the horizontal direction and the ploughing force f y in the vertical

irection. A stationary coordinate system xOy is attached to the sym-

etry plane of the tool-workpiece machine system, and y 2 ( t ) represents

he transient vertical position of the tool-2 tip at time t . If the assump-

ion of small amplitude vibration for the tool-2 system SEV is used, the

quation of motion can be written as: 

 0 ̈𝑦 2 + 𝜇0 ̇𝑦 2 + 𝑘 0 𝑦 2 = 

(
− 𝐹 𝑦 
)
+ 

(
− 𝑓 𝑦 
)

(15)

During the SEV cutting process, the tool-2 vibration stems from the

erturbations caused by the varying cut depth due to the top wavy sur-

ace and the formation of multiple shear bands in the serrated chip. The

utting force F y is represented as [64] : 

 𝑦 = − 

(
𝑦 1 − 𝑦 2 

)
𝑤𝜏 sin ( 𝛽 − 𝛼) 

sin 𝜑 cos ( 𝜑 + 𝛽 − 𝛼) 
(16) 

here 𝜏 is the shear stress on the shear plane, 𝛽 = tan − 1 ( 𝜇) is the friction

ngle, 𝜇 is the friction coefficient of the tool-chip interface, the rake an-

le 𝛼 is set to zero and w is the cut width. In terms of the small vibration

ssumption, only the effect of the top wavy surface on the cut depth is

onsidered in the present analysis and the influence of the variation of

ake angle is ignored. Thus, the undulation of the top wavy surface with

he average cut depth y 0 can be written in the form ( Fig. 20 ): 

 1 = 𝑦 0 + 𝐴 𝑤 0 sin 
(
𝜔 𝑤 𝑡 + 𝜃𝑤 

)
(17) 
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Fig. 19. The displacements of tool tip in the tool-2 SEV process vary with the cutting time ( V = 20 m/s). 

Fig. 20. The analytical model of the cutting process with tool-2 SEV motion. 
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here A w 0 denotes the oscillation amplitude of wavy surface, 𝜔 w the

ngular velocity of wavy surface oscillation, and 𝜃w the initial phase

ngle. The Eq. (17) is identical to that of the tool-1 vibration in (14) .

n the high-speed cutting process, the shear stress in PSZ varies with

he periodic formation of shear bands. Suppose that the shear stress is a

eriodic function of time t : 

= 𝜏0 + 𝐴 𝑠 0 sin 
(
𝜔 𝑠 𝑡 + 𝜃𝑠 

)
(18)

here 𝜏0 is the mean shear stress, A s 0 the oscillation amplitude of shear

tress, 𝜔 s the angular velocity of shear banding instability and 𝜃s the

nitial phase angle. 
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According to Wu and Liu [64] and Kudinov et al. [65] , the role of the

loughing force f y is evident in the SEV cutting process and it is assumed

o be linearly dependent on the time rate of tool-2 displacement: 

 𝑦 = 

𝜇𝑐 𝑤 

𝑉 
�̇� 2 (19)

here 𝜇c is the cutting damping coefficient. By insetting Eqs. (16) to

19) into Eq. (15) and only remain the linear terms, the equation of

otion governing the tool-2 SEV process can be written as: 

̈ 2 + 2ΞΩ𝑛 ̇𝑦 2 + Ω2 
𝑛 
𝑦 2 = 𝐶 0 

[
1 + 𝐴 𝑤 sin 

(
𝜔 𝑤 𝑡 + 𝜃𝑤 

)][
1 + 𝐴 𝑠 sin 

(
𝜔 𝑠 𝑡 + 𝜃𝑠 

)]
(20) 

here the equivalent relative damping coefficient Ξ and the equivalent

ngular velocity Ωn of the tool-2 system are introduced and can be de-

ned as follows: 

ΞΩ𝑛 = 2 𝜉𝜔 𝑛 − 

𝜇𝑐 𝑤 

𝑚 0 𝑉 
, Ω2 

𝑛 
= 𝜔 

2 
𝑛 
− 

𝐶 0 
𝑦 0 

, 

2 𝜁𝜔 𝑛 = 

𝜇0 
𝑚 0 

, 𝜔 

2 
𝑛 
= 

𝑘 0 
𝑚 0 

, 𝐶 0 = 

𝑦 0 𝜏0 𝑤 sin 𝛽
𝑚 0 sin 𝜑 cos ( 𝜑 + 𝛽) 

, 𝐴 𝑤 = 

𝐴 𝑤 0 
𝑦 0 

, 𝐴 𝑠 = 

𝐴 𝑠 0 
𝜏0 

(21) 

In (21) , 𝜉 and 𝜔 n are relative damping coefficient and the inherent

ngular velocity of the tool-2 SEV. In the derivation of the Eq. (20) , the

nfluence of the shear stress oscillation on the equivalent angular veloc-

ty Ωn has been neglected. From Fig. 20 , we can see that the equivalent

elative damping coefficient Ξ is sensitivity to the cut width as the cut-

ing speed is less than 10 3 m/s and its values are greater than one as the

utting speed is less than 60 m/s for the cut width 1 𝜇m. 

To solve the Eq. (20) , two cases are considered: 

Case 1 : When Ξ2 –1 ≥ 0, the general homogeneous solution of the

q. (20) is: 

 

∗ ( 𝑡 ) = 𝐶 1 𝑒 
𝜔 + 𝑡 + 𝐶 2 𝑒 

𝜔 − 𝑡 (22a)
2 
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Fig. 21. The dependence of the equivalent relevant damping coefficient on the 

cutting speed at different cut width. 

w

𝜔  

𝑦  

w

𝜔

a  

F  

t  

s  

t  

E

𝑦  

w

𝑦

𝜔

w  

s  

Θ  

c 2 2 1 2  
here 

 

+ = − Ω𝑛 

(
Ξ + 

√
Ξ2 − 1 

)
, 𝜔 

− = − Ω𝑛 

(
Ξ − 

√
Ξ2 − 1 

)
(22b)

Case 2 : When Ξ2 –1 < 0, the general homogeneous solution is: 

 

∗ ( 𝑡 ) = 𝑒 −ΞΩ𝑛 𝑡 
(
𝐶 1 cos 𝜔𝑡 + 𝐶 2 sin 𝜔𝑡 

)
(23a)
2 

Fig. 22. The tool-2 SEV displacement-time curves at diff

523 
here 

 = Ω𝑛 

√
1 − Ξ2 (23b) 

nd C 1 and C 2 are the undetermined constants. The results in

ig. 21 show that the condition Ξ2 > 1 is true as the cutting speed equals

o 20 m/s. Thus, case 1 is meaningful and will be considered below. To

olve for the complete solution of the Eq. (20) , it is necessary to seek

he particular solution of Eq. (20) y 2 
∗∗ ( t ). The completed solution of

q. (6) is set with the form 

 2 ( 𝑡 ) = 𝑦 ∗ 2 ( 𝑡 ) + 𝑦 ∗∗ 2 ( 𝑡 ) (24)

here y 2 
∗ ( t ) is given in (22) and y 2 

∗∗ ( t ) is found as: 

 

∗∗ 
2 ( 𝑡 ) = 

𝐶 0 

Ω2 
𝑛 

+ 

2 ∑
𝑖 =1 

[
Ψ𝑖 sin 

(
𝜔 Π𝑖 

𝑡 + ΘΠ𝑖 

)
+ ( −1 ) 𝑖 +1 Ψ𝑖 +2 cos 

(
𝜔 Π𝑖 +2 

𝑡 + ΘΠ𝑖 +2 

)]
(25) 

The parameters in expression (25) are defined as: 

Ψ1 = 

𝐶 0 𝐴 Π1 

Γ1 
, Ψ2 = 

𝐶 0 𝐴 Π2 

Γ2 
, Ψ3 = 

𝐶 0 𝐴 Π1 
𝐴 Π2 

2 Γ3 
, Ψ4 = 

𝐶 0 𝐴 Π1 
𝐴 Π2 

2 Γ4 
ΘΠ𝑖 

= 𝜃Π𝑖 
− 𝜃𝜔 Π𝑖 

, ΘΠ𝑖 +2 
= 𝜃Π𝑖 +2 

− 𝜃𝜔 Π𝑖 +2 

Γ𝑖 = 

√ (
Ω2 
𝑛 
− 𝜔 

2 
Π𝑖 

)2 
+ 

(
2ΞΩ𝑛 𝜔 Π𝑖 

)2 
, 𝜃𝜔 Π𝑖 

= arctan 
||||||
2ΞΩ𝑛 𝜔 Π𝑖 

Ω2 
𝑛 
− 𝜔 

2 
Π𝑖 

||||||
 Π3 

= 𝜔 Π1 
− 𝜔 Π2 

, 𝜔 Π4 
= 𝜔 Π1 

+ 𝜔 Π2 
, 𝜃Π3 

= 𝜃Π1 
− 𝜃Π2 

, 𝜃Π4 
= 𝜃Π1 

+ 𝜃Π2 
(26) 

here Πi ( i = 1,2,…4) stand for w, s, w - s and w + s , respectively, and sub-

cripts w and s denote respectively the wavy surface and the shear bands.

Π i = 𝜃Π i - 𝜃𝜔 Π i is the equivalent phase difference. Using the boundary

onditions 𝑦 (0) = �̇� (0) = 0 , the values of the constants C and C in
erent relevant damping coefficients ( V = 20 m/s). 
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Fig. 23. The effect of the additional damping in cutting on the tool SEV at 

different cutting widths (a) 𝜇c = 10 5 N/m, (b) 𝜇c = 10 4 N/m. 
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22) can be found. 

 1 = 

𝜔 

− 𝑦 ∗ 2 ( 0 ) + �̇� ∗∗ 2 ( 0 ) 
2ΞΩ𝑛 

, 𝐶 2 = 

𝜔 

+ 𝑦 ∗ ∗ 2 ( 0 ) − �̇� ∗∗ 2 ( 0 ) 
2ΞΩ𝑛 

(27)

The solution (25) shows that the SEV of tool-2 has four vibration

odes. The first, second and the last two oscillation terms in the solu-

ion (25) denote respectively the effects of the cyclic oscillation of top

avy surface, the cyclic formation of shear bands and the coupled ef-

ects of the top wavy surface and the periodic shear bands on the tool-2

EV. In terms of the results, the displacement-time curves of the tool-2

EV motion can be obtained as shown in Fig. 22 . The parameters used in

he analysis are listed in Table 1 . For simplicity, the phase angle differ-

nces are taken to be zero, 𝜃w = 𝜃s = 0. For comparison, the simulation

esults are also given in this figure, which shows a good agreement be-

ween these analytical and simulation results for both the low damping

ase and the high damping case. The influence generated by the relative

amping on the stability of tool-2 SEV is evident. When it is sufficient

arge, the motion of tool-2 is stable. Otherwise, as the relative damp-

ng is small enough, the tool-2 SEV occurs and the resultant oscillation

requency of displacement is closer to that of the formation of shear

ands. This implies that the tool-2 SEV process is governed by the shear

anding instability behavior whereas the influence of wavy surface is

ot significant. 
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The additional cutting damping between the tool edge and adjacent

ank face generates obvious influences on the stability of the tool-2 SEV

utting process. The displacement-time curves as shown in Fig. 23 illus-

rate that, when the additional cutting damping equals 10 5 N/m, the

ool-2 SEV is stable if w < 10 𝜇m. When w > 50 𝜇m, the tool-2 SEV

tarts to go into unstable state ( Fig 23 a). When the additional damp-

ng equals 10 4 N/m, the amplitude of tool-2 SEV increases sharply as

he cutting width increases. As w = 50 𝜇m, the unstable tool-2 SEV takes

lace ( Fig. 23 b). This SEV instability process is a typical phenomenon

bserved in the vibration cutting tests [46] . 

.3. Analysis of tool-2 self-excited vibration stability 

.3.1. Stability conditions 

As has been analyzed, the motion of the tool SEV becomes unstable

nce the relative damping is small enough or the cutting width is large

nough. The method to verify the stability of tool SEV quantitatively is

o analyze the stability boundary of vibration, which is also the critical

ccurrence condition of unstable vibration. According to the works of

u and Liu [64] , two types of stability boundary exist in the tool vibra-

ion cutting process. One is the lobed boundary which is the stability

orderline of the tool vibration ascribed to the undulation of successive

ut depth in turning. The other is tangent boundary which is the sta-

ility borderline tangential to the lobed instability regions. Generally,

here are a series of tangent points between the two borderline curves.

vidently, at the concurrent tangent points, the tool SEV is in a criti-

al equilibrium state. The energy dissipated in this state reaches a peak

alue relative to the adjacent states. When the chip depth changes in

utting, the maximum energy dissipation should be determined by the

rescribed phase difference of two consecutive cutting processes. 

With application of the analytical method of Wu and Liu [64] , the

tability limit of the tool-2 SEV can be determined. The cutting force in

15) is now rewritten as 

 𝑦 = −2 𝑤 𝜏0 
(
𝑦 1 − 𝑦 2 

)[
𝐻 1 − 𝐻 2 𝑉 + 𝐻 3 

(
�̇� 2 − �̇� 1 

)]
(28)

here the dynamic cutting force coefficients are defined as 

 1 = 

sin 𝜑 [ cos 2 ( 𝜑 + 𝛼 − 𝛽) + 1 ] 
sin 3 2 ( 𝜑 + 𝛼 − 𝛽) [ cot ( 2 𝜑 + 𝛼 − 𝛽) + 1 ] 

 2 = 

𝜀 𝑚 𝑉 sin 2 𝛽
2 cos 𝛼

cos 2 ( 𝛼 − 𝛽) + 2 cos ( 𝛼 − 𝛽) cos ( 2 𝜑 + 𝛼 − 𝛽) + 1 
sin 2 2 ( 𝜑 + 𝛼 − 𝛽) [ cos ( 𝛼 − 𝛽) + cos ( 2 𝜑 + 𝛼 − 𝛽) ] 2 

 3 = − 

cos 𝛼 cos 2 ( 𝜑 + 𝛼 − 𝛽) + cos 𝛼 + 𝜀 𝑚 𝑉 sin 2 𝛽
cos 𝛼 sin 2 ( 𝜑 + 𝛼 − 𝛽) 

𝐻 2 (29) 

here 𝛼, 𝛽 and 𝜑 are the rake angle, friction angle and the shear angle,

espectively. The small quality 𝜀 m 

is related to the mean friction coeffi-

ient at the tool-chip interface and can be determined from steady-state

rthogonal cutting experiments. 

From the simulation curves at small relevant damping in Fig. 22 ,

e can assume that the tool-2 SEV complies with the oscillation reg-

lation of sinusoidal function with given amplitude and phase angle.

ssume the top wavy surface vibrates with the angular velocity 𝜔 w and

he amplitude of A w , i.e., according to the relation (14) . During the tool-

 SEV cutting, the oscillation amplitude of tool-2 SEV is assumed to have

he same order in two continuous cutting processes. The tool-2 SEV is

epresented with the displacement-time relation y 2 ( t ) in (24) . From the

xpressions of (14) and (24) , the instantaneous cut thickness and its

hange rate of time can be written as 

 1 − 𝑦 ∗∗ 2 = 𝑦 0 − 

( 
1 − 

𝐴 𝑤 0 
Ψ1 

cos Θ𝑤 

) 
𝑦 ∗∗ 2 − 

𝐴 𝑤 0 
Ψ1 𝜔 𝑤 

sin Θ𝑤 ̇𝑦 
∗∗ 
2 

̇  ∗∗ 2 − �̇� 1 = 

( 
1 − 

𝐴 𝑤 0 
Ψ1 

cos Θ𝑤 

) 
�̇� ∗∗ 2 − 

𝜔 𝑤 𝐴 𝑤 0 
Ψ1 

sin Θ𝑤 𝑦 
∗∗ 
2 (30) 
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Fig. 24. The critical widths vary with the increasing cutting speed at different 

the exponential damping coefficient 𝜀 m (a) and of the penetration damping re- 

sistance (b). The figure (c) shows the dependence of the critical width on the 

oscillation angular frequency of wavy surface at different cutting speeds. 
From the cutting force in expressions (28) and (19) , the energy func-

ion in a cutting cycle [0, 2 𝜋] can be represented as: 

 

(
ΘΠ𝑖 

)
= 

2 𝜋

∫
0 

�̇� 

(
ΘΠ𝑖 

; 𝑡 
)
𝑑 𝜔 𝑤 𝑡 = 2 𝜏0 𝑤 

2 𝜋

∫
0 

[
�̇� ∗∗ 2 
[
𝐻 1 − 𝐻 2 + 𝐻 3 

(
�̇� ∗∗ 2 − �̇� 1 

)]
×
(
𝑦 ∗∗ 2 − 𝑦 1 

)
− 

𝜇𝑐 𝑤 

𝑉 
�̇� ∗∗ 2 

]
𝑑 𝜔 𝑤 𝑡 (31)

In (30) and (31) , the contribution of the general homogeneous solu-

ion y 2 
∗ in the complete solution (24) to the cutting energy is neglected

ince it goes to zero in the stable vibration process. Since we have known

hat the vibration sources of tool-2 SEV comes from the oscillation of the

op wavy surface and the cyclic formation of shear bands, the first two

erms with i = 1 and 2 in (25) denote respectively the separating effect

f the wavy surface and cyclic formation of shear banding on the tool-2

EV and the last two terms with i = 3 and 4 denote the coupled effects.

hen the tool-2 SEV motion reaches a critical state, the maximum en-

rgy will be dissipated by the system. Thus, the extreme condition 

𝜕𝐸 

(
ΘΠ𝑖 

)
𝜕 ΘΠ𝑖 

= 0 ( 𝑖 = 1 , ... 4 ) (32)

ives the phase difference corresponding to the critical stable state of

he Tool-2 SEV. 

When the cutting speed is low enough and no multiple shear banding

nstability occurs, the tool-2 SEV motion is only related to the oscillation

f the top wavy surface. At this time, 

 

∗∗ 
2 ( 𝑡 ) = Ψ1 sin 

(
𝜔 𝑤 𝑡 + Θ𝑤 

)
(33)

By insetting (33) and (30) into (31) , and using the condition (32) ,

ike Wu and Liu [64] did, the phase difference is found to satisfy the

ollowing equation 

an Θ𝑤 = 

𝐻 1 + 𝐻 2 𝑉 

𝜔 𝑤 𝑦 0 𝐻 3 
(34) 

It can be seen that the function tan Θw is related to the angular ve-

ocity 𝜔 w , the mean cut depth y 0 and the cutting speed V . From the

xpressions of H 1 , H 2 and H 3 in (29) , its value is calculated as a large

egative number. Thus, the phase difference is found as Θw = 2 n 𝜋+ 3 𝜋/2

 n = 1, 2…). In terms of this results and the relations (30) , the motion

q. (15) is rewritten as 

𝑚 0 ̈𝑦 
∗∗ 
2 + 

[ 
𝜇0 − 2 𝑤 𝜏0 

( 
𝐴 𝑤 0 
Ψ1 

𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 

− 𝑦 0 𝐻 3 

) 
+ 

𝜇𝑐 𝑤 

𝑉 

] 
�̇� ∗∗ 2 

+ 

[ 
𝑘 0 + 2 𝑤 𝜏0 𝜔 𝑤 

( 
𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 

+ 𝑦 0 𝐻 3 
𝐴 𝑤 0 
Ψ1 

) ] 
𝑦 ∗∗ 2 = 2 𝑤 𝜏0 𝑦 0 

(
𝐻 1 − 𝐻 2 𝑉 

)
(35) 

here only the linear terms of the cutting force in (28) are considered.

he stability of the tool-2 SEV depends on the total damping factor and

he total stiffness factor 

𝜇 = 𝜇0 − 2 𝑤 𝜏0 

( 
𝐴 𝑤 0 
Ψ1 

𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 

− 𝑦 0 𝐻 3 

) 
+ 

𝜇𝑐 𝑤 

𝑉 

Δ𝑘 = 𝑘 0 + 2 𝑤 𝜏0 

( 
𝐻 1 − 𝐻 2 𝑉 + 𝜔 𝑤 𝑦 0 𝐻 3 

𝐴 𝑤 0 
Ψ1 

) 
(36) 

If Δ𝜇> 0, the tool-2 SEV is stable. Otherwise, it becomes unstable and

hatter occurs. This implies that the critical stability condition is given

y Δ𝜇= 0. Consequently, the critical width yields 

 𝑐1 = 

𝜇0 

2 𝜏0 
(
𝐴 𝑤 0 
Ψ1 

𝐻 1 + 𝐻 2 𝑉 
𝜔 𝑤 

− 𝑦 0 𝐻 3 

)
− 

𝜇𝑐 

𝑉 

(37) 

This result is agreement with that of Wu and Liu [64] as A w 0 = Ψ1 . 

When the cutting speed is high enough, the multiple shear banding

nstability occurs, which would generate influence on the tool-2 SEV.

or clarity, the solution in (25) is taken as 

 

∗∗ ( 𝑡 ) = Ψ2 sin 
(
𝜔 𝑠 𝑡 + Θ𝑠 

)
(38) 
2 

525 
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Through the same analysis procedure above, we may obtain the

quivalent phase angular corresponding to the critical stable state of

he tool-2 SEV as Θs = 2 n 𝜋+ 3 𝜋/2 ( n = 1, 2…). And the instantaneous

ut thickness and its rate of time are rewritten as 

 1 − 𝑦 ∗∗ 2 = 𝑦 0 − 

√
2 𝐴 𝑤 0 

1 − 𝜂2 

𝜂3 
− 

𝐴 𝑤 0 

𝜂4 𝜔 𝑤 Ψ2 

( 

sin Θ𝑠 − 

1 − 𝜂2 √
2 

cos Θ𝑠 

) 

�̇� ∗∗ 2 

+ 

[ 
𝐴 𝑤 0 

𝜂3 Ψ2 

( (
1 − 𝜂2 

)
sin Θ𝑠 + 

1 √
2 
cos Θ𝑠 

) 

− 1 

] 
𝑦 ∗∗ 2 

̇  ∗∗ 2 − �̇� 1 = 𝜔 𝑤 𝐴 𝑤 0 
1 − 𝜂2 

𝜂2 
+ 

( 
1 − 

𝐴 𝑤 0 

𝜂3 Ψ2 
cos Θ𝑠 

) 
�̇� ∗∗ 2 − 

𝜔 𝑤 𝐴 𝑤 0 

𝜂2 Ψ2 
sin Θ𝑠 𝑦 

∗∗ 
2 

(39)

here 𝜂= 𝜔 s / 𝜔 w is the frequency ratio. By using this result, the motion

quation of tool-2 SEV (15) becomes 

 0 ̈𝑦 
∗∗ 
2 + 

{ 

𝜇0 − 

[ 
2 𝑤𝜏𝐻 3 

( 
𝑦 0 − 

√
2 1 − 𝜂2 

𝜂3 
𝐴 𝑤 0 

) ( 
𝐴 𝑤 0 cos Θ𝑠 

Ψ2 𝜂
3 − 1 

) 
− 

2 𝑤𝜏𝐴 𝑤 0 
𝜂𝜔 𝑤 Ψ2 

( 
𝐻 1 + 𝐻 2 𝑉 + 𝜔 𝑤 𝐴 𝑤 0 𝐻 3 

𝜂2 − 1 
𝜂2 

) 
×

( 

1 
𝜂3 
𝑠𝑖𝑛 Θ𝑠 − 

1 − 𝜂2 √
2 𝜂3 

cos Θ𝑠 

) 

− 

𝜇𝑐 𝑤 

𝑉 

] } 

�̇� ∗∗ 2 

+ 

{ 

𝑘 0 − 2 𝑤𝜏
[ ( 

𝐻 1 + 𝐻 2 𝑉 − 𝜔 𝑤 𝐴 𝑤 0 𝐻 3 
1 − 𝜂2 

𝜂2 

) 
×

[ 
𝐴 𝑤 −0 
Ψ2 

( 

1 − 𝜂2 

𝜂3 
sin Θ𝑠 + 

1 √
2 𝜂3 

cos Θ𝑠 

) ] 

+ 

𝜔 𝑤 𝐴 𝑤 0 𝐻 3 sin Θ𝑠 

𝜂2 Ψ2 

( 
𝑦 0 − 

√
2 1 − 𝜂2 

𝜂3 
𝐴 𝑤 0 

) ] } 

𝑦 ∗∗ 2 

= 2 𝑤𝜏
( 
𝑦 0 − 

√
2 1 − 𝜂2 

𝜂3 
𝐴 𝑤 0 

) ( 
𝐻 1 + 𝐻 2 𝑉 − 𝜔 𝑤 𝐴 𝑤 0 𝐻 3 

1 − 𝜂2 

𝜂2 

) 
(40)

Similarly, based on the condition of total damping coefficient to be

ero, the critical cutting width is given by 

 𝑐2 = 

𝜂6 𝜇0 

2 𝜏𝐴 𝑤 0 𝐻 3 

[
𝜂3 𝑦 0 
𝐴 𝑤 0 

− 

√
2 
(
1 − 𝜂2 

)](𝐴 𝑤 0 cos Θ𝑠 

Ψ2 
− 𝜂3 

)
− 2 𝜏

𝐴 2 
𝑤 0 
Ψ2 

[
𝜂2 ( 𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 𝐴 𝑤 0 

We can see that this result is identical with that in (37) as 𝜂= 1 and

s = 2 n 𝜋+ 3 𝜋/2. 

For studying the coupled effects of the top wavy surface and the

eriodic formation of shear bands on the tool-2 SEV process, we need

o inspect the last two terms of solution (25) . At this time, we have 

 

∗∗ 
2 ( 𝑡 ) = ( −1 ) 𝑖 +1 Ψ𝑖 +2 cos 

(
𝜔 Π𝑖 +2 

𝑡 + ΘΠ𝑖 +2 

)
, ( 𝑖 = 1 , 2 ) (42)

Setting 𝜂i + 2 = 𝜔 Π i + 2 / 𝜔 w ( i = 1, 2), then the instantaneous cut thick-

ess and its rate of time is represented as 

 1 − 𝑦 ∗∗ 2 = 

( 

𝑦 0 − 

√
2 𝐴 𝑤 0 

1 − 𝜂2 
𝑖 +2 

𝜂3 
𝑖 +2 

) 

+ 

( −1 ) 𝑖 𝐴 𝑤 0 

𝜂4 
𝑖 +2 𝜔 𝑤 Ψ𝑖 +2 

×

( 

cos ΘΠ𝑖 +2 
+ 

1 − 𝜂2 
𝑖 +2 √
2 

cos ΘΠ𝑖 +2 

) 

�̇� ∗∗ 2 

 𝑐3 = 

− 𝜂4 3 𝜇0 

2 𝜏𝐴 𝑤 0 
Ψ3 

( 
𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 
+ 

1− 𝜂2 3 
𝜂2 3 

𝐴 𝑤 0 𝐻 3 

) ( 
cos ΘΠ3 

+ 

1− 𝜂2 3 √
2 
sin ΘΠ3 

) 
+ 2 𝜏𝑦 0 𝐻 3 

(

 𝑐4 = 

𝜂4 4 𝜇0 

2 𝜏𝐴 𝑤 0 
Ψ4 

( 
𝐻 1 − 𝐻 2 𝑉 

𝜔 𝑤 
+ 

1− 𝜂2 4 
𝜂2 4 

𝐴 𝑤 0 𝐻 3 

) ( 
cos ΘΠ4 

+ 

1− 𝜂2 4 √
2 
sin ΘΠ4 

) 
+ 2 𝜏𝑦 0 𝐻 3 

(

526 
 3 
(
𝜂2 − 1 

)]( 
sin Θ𝑠 − 

1− 𝜂2 √
2 
cos Θ𝑠 

) 
− 

𝜂6 𝜇𝑐 
𝑉 

(41) 

+ 

[ 
( −1 ) 𝑖 𝐴 𝑤 0 

𝜂3 
𝑖 +2 Ψ𝑖 +2 

( 

sin ΘΠ𝑖 +2 
− 

1 − 𝜂2 
𝑖 +2 √
2 

cos ΘΠ𝑖 +2 

) 

− 1 

] 
𝑦 ∗∗ 2 

̇  ∗∗ 2 − �̇� 1 = 

( 

1 − 

( −1 ) 𝑖 𝐴 𝑤 0 

𝜂3 
𝑖 +2 𝜔 𝑤 Ψ𝑖 +2 

sin ΘΠ𝑖 +2 

) 

�̇� ∗∗ 2 

− 

( −1 ) 𝑖 +1 𝐴 𝑤 0 

𝜂2 
𝑖 +2 Ψ𝑖 +2 

cos ΘΠ𝑖 +2 
𝑦 ∗∗ 2 − 

𝜂2 
𝑖 +2 − 1 

𝜂2 
𝑖 +2 

𝐴 𝑤 0 (43) 

The motion equation of tool-2 SEV (15) is given as 

 0 ̈𝑦 
∗∗ 
2 + 𝜇0 ̇𝑦 

∗∗ 
2 + 𝑘 0 𝑦 

∗∗ 
2 

= 2 𝑤𝜏

( 

𝑦 0 − 

√
2 𝐴 𝑤 0 

1 − 𝜂2 
𝑖 +2 

𝜂3 
𝑖 +2 

) ( 

𝐻 1 − 𝐻 2 𝑉 − 

𝜂2 
𝑖 +2 − 1 

𝜂2 
𝑖 +2 

𝐴 𝑤 0 𝐻 3 

) 

+ 𝑤 

[ 
2 𝜏𝐻 3 

( 

𝑦 0 − 

√
2 𝐴 𝑤 0 

1 − 𝜂2 
𝑖 +2 

𝜂3 
𝑖 +2 

) ( 

1 − 

( −1 ) 𝑖 𝐴 𝑤 0 

𝜂3 
𝑖 +2 𝜔 𝑤 Ψ𝑖 +2 

sin ΘΠ𝑖 +2 

) 

+ 2 𝜏
( −1 ) 𝑖 𝐴 𝑤 0 

𝜂4 
𝑖 +2 𝜔 𝑤 Ψ𝑖 +2 

( 

𝐻 1 − 𝐻 2 𝑉 − 

𝜂2 
𝑖 +2 − 1 

𝜂2 
𝑖 +2 

𝐴 𝑤 0 𝐻 3 

) 

×

( 

cos ΘΠ𝑖 +2 
+ 

1 − 𝜂2 
𝑖 +2 √
2 

𝑠𝑖𝑛 ΘΠ𝑖 +2 

) 

− 

𝜇𝑐 

𝑉 

] 
�̇� ∗∗ 2 

+ 2 𝑤𝜏

[ ( 

𝐻 1 − 𝐻 2 𝑉 − 

𝜂2 
𝑖 +2 − 1 

𝜂2 
𝑖 +2 

𝐴 𝑤 0 𝐻 3 

) 

×

[ 
(−1) 𝑖 𝐴 𝑤 0 

𝜂3 
𝑖 +2 Ψ𝑖 +2 

( 

sin ΘΠ𝑖 +2 
− 

1 − 𝜂2 
𝑖 +2 √
2 

cos ΘΠ𝑖 +2 

) 

− 1 

] 

− 

( 

𝑦 0 − 

√
2 𝐴 𝑤 0 

1 − 𝜂2 
𝑖 +2 

𝜂3 
𝑖 +2 

) 

(−1) 𝑖 +1 𝐴 𝑤 0 𝐻 3 

𝜂2 
𝑖 +2 Ψ𝑖 +2 

] 
𝑦 ∗∗ 2 (44) 

Thus, by neglecting the nonlinear terms in (44) , we obtain the critical

idth as follows: 

√
2 𝐴 𝑤 0 

𝑦 0 

1− 𝜂2 3 
𝜂3 3 

) ( 
1 + 

𝐴 𝑤 0 
Ψ3 

sin ΘΠ3 
𝜂3 3 

) 
− 

𝜂4 3 𝜇𝑐 
𝑉 

(45–1)

nd 

√
2 𝐴 𝑤 0 

𝑦 0 

1− 𝜂2 4 
𝜂3 4 

) ( 
1 − 

𝐴 𝑤 0 
Ψ4 

sin ΘΠ4 
𝜂3 4 

) 
− 

𝜂4 4 𝜇𝑐 
𝑉 

(45–2)

In (45), 𝜂3 = 1- 𝜂≤ 1 and 𝜂4 = 1 + 𝜂≥ 1 corresponds to two different

odes, w c 3 and w c 4 , which reflect respectively the coupling effects on

he tool-2 SEV cutting process in different frequency ratios. 

.3.2. Results and discussion 

Fig. 24 a and b show the predicted stability limits of the tool-2 SEV

rom the result in (37) . It shows that, only when the oscillation of wavy

urface presents, the critical cutting width increases proportionally to

he cutting speed in high-speed cutting process approximately. As cut-

ing speed approaches to zero, the stability limit increases sharply and

he minimum cutting width corresponding to a particular low cutting

peed presents. This indicates that the tool-2 SEV cutting process with

ow cutting speed is a stability cutting process. Furthermore, the critical

idth is sensitive to the exponential damping coefficient 𝜀 m 

of the mean

riction coefficient at the tool-chip face in a wide range of cutting speed

ig. 24 a). This parameter is related to the dynamic cutting force coef-

cients in ( (29) through the velocity-dependent friction property and
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Fig. 25. The critical widths vary with the increasing cutting speed at different 

frequency ratio (a) and with the frequency ratio (b). 
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 larger 𝜀 m 

in value will result in smaller cutting force. Thus, this re-

ult also reveals the influences of cutting forces on the critical cutting

idth. That is to say, diminishing of the cutting forces due to the rise

f 𝜀 m 

increases the damping resistance at the tool-chip face and further

ncreases the stability of the tool-2 SEV ( 𝜀 m 

= 2). The effect of the pen-

tration damping resistance 𝜇c in the tool nose region on the stability

imit is illustrated in Fig. 24 b. This effect is significant in low-speed cut-

ing process and there is no evident change in high-speed cutting. Since

he coefficient increases with the tool edge radius increasing, the larger

c in value will produce a larger penetration damping resistance which

esults in a more stable motion for the tool-2 SEV. 

Fig. 24 c illustrates the dependence of the critical width on the oscil-

ation angular frequency of wavy surface. For cutting speed 20 m/s, the

errated chip forms. The critical width increases sharply with increasing

he angular frequency before 100 Hz and then remains constant there-

fter. At this time, the tool-2 SEV motion goes into a stable state induced

y the multiple shear banding instability and is almost irrelevant to the

eriodic changing chip thickness. In the low-speed cutting process with

he cutting speed 2 m/s, the continuous chip forms. When the angular

requency is less than 10 Hz, the stability curve rises sharply hyperboli-

ally with a decrease of the angular frequency, which indicates that the

ool-2 SEV motion is always stable. It’s worth noting that the total stiff-

ess factor reaches the maximum when the angular velocity equals zero

see (36) H 3 < 0). When the angular velocity is larger than 200 Hz, the

ritical width remains constant, implying that the high-frequency oscil-

ation of machined wavy surface doesn’t affect the tool-2 SEV. Similarly,

he total stiffness factor reaches the minimum when the angular veloc-

ty reaches maximum. In the frequency range of 10–200 Hz, the wavy

urface oscillation yields a significant influence on the critical width.

hese curves of critical width in Fig 24 is a typical stability boundary

bserved in a large number of machining experiments [46] . 

It is clear that the ratio of angular velocity 𝜂 = 𝜔 s / 𝜔 w in (41) presents

n high power form and thus it may generate a significant influence on

he stability limit of the tool-2 SEV. The condition 𝜂 = 0 may be con-

idered in two cases. 1) the condition 𝜔 s = 0 and 𝜔 w ≠0 means no pe-

iodic shear banding instability occurs in chip, i.e. the continuous chip

ith various chip thickness develops in low-speed cutting process. At

his point, the SEV of tool does not occur; 2) the condition 𝜔 s ≠0 and

 w →∞ denotes that the SEV cutting process has a high oscillation fre-

uency of wavy machined surface, which makes various chip thickness

ecome constant chip thickness, and thus the serrated chip with uni-

orm morphology forms in the SEV cutting (see Fig. 16 d-f). When 𝜂 > 0,

he periodic shear banding formation produces evident influence on the

tability limit of the tool-2 SEV, as illustrated by the curves in Fig. 25 a.

hese curves denote the variation of the critical width with the increas-

ng cutting speed is dependent on the frequency ratios 𝜂. The condition

= 1, i.e. 𝜔 s = 𝜔 w indicates that the influences on the tool-2 SEV gener-

ted by the periodic shear banding formation and by the wavy machined

urface oscillation are exactly the same. The condition 𝜂 > 1, i.e. 𝜔 s > 𝜔 w 

hows that both the frequency of shear banding formation and the fre-

uency of the wavy surface oscillation are certainly in the low-frequency

omain. Thus the serrated chip formation makes the stability of the tool-

 SEV decrease obviously. The condition 𝜂 < 1, i.e. 𝜔 s < 𝜔 w denotes, on

he one hand, that the frequency of the wavy surface oscillation is larger

han and close to the frequency of shear banding formation. The serrated

hip with ununiformed morphology forms and the tool-2 SEV is unsta-

le. On the other hand, it denotes that the frequency of the wavy surface

scillation is quite high and the serrated chip with ununiformed mor-

hology develops and the tool-2 SEV is unstable. But, the stability of the

EV process increases sharply. For the case of low-speed cutting process

nd the oscillation frequency of wavy surface with 120 kHz, no shear

anding formation occurs and continuous chip develops. The wavy sur-

ace oscillation with long wave length induces extremely weak SEV for

he tool-2 so that the tool-2 SEV stability increases evidently. When the

errated chip forms in the high-speed cutting process, the frequency of

hear banding instability increases proportionally to the cutting speed
527 
ig. 6 ). The stability of tool-2 SEV depends upon the shear banding insta-

ility frequency and the cutting speed. In terms of the extreme condition

f energy ( (32) and the critical width in (41) , the stability curve of tool-

 SEV within the limited range of frequency ratio from 0 to 2 is obtained

s shown in Fig. 25 b. Comparing with the frequency of periodic shear

anding formation that is in the order of 2 ×10 2 kHz, the higher fre-

uency of wavy surface results in the stability decreasing of the tool-2

EV cutting process, while the lower frequency of wavy surface in its

tability increasing. 

The curves in Fig. 26 represent the evolution of the critical widths

 c 3 and w c 4 with the increasing cutting speed. When the continuous

hip forms in the low-speed cutting process, the multiple shear banding

nstability does not occur for the plastic flow of chip material. As well

nown that, at this time, the effect of the wavy cut thickness on SEV

utting is not significant. Therefore, the coupled effects on the cutting

rocess almost disappear which results in evident increase of the stabil-

ty of tool-2 SEV. When the cutting speed increases, the serrated chip

orms. The influence of coupled effects on SEV cutting becomes signifi-

ant due to the occurrence of the periodic shear banding instability. In

he high-speed cutting process, the influence of the multiple shear band-

ng instability in the serrated chip prevail over that of the changing cut
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Fig. 26. The variations of the critical widths w c 3 and w c 4 with the cutting speed 

increasing at different frequency ratio. 

Table 2 

The parameters used in the present analysis [13] . 

Name(Unit) Symbol Value 

Mass (Kg) m 0 0.36 

Damping (N s/m) 𝜇0 0.001, 0.25 

Damping coefficient (N/m) 𝜇c 10 4 , 10 5 , 10 6 

Cutting speed (m/s) V 20 

System stiffness (N/m) k 0 4000 

Width of cutting ( 𝜇m) w 1, 10, 100 

Friction angle (rad) 𝛽 0.12 

Shear angle (rad) 𝜑 𝜋/4 

Cutting thickness ( 𝜇m) y 0 100 

Amplitude ( 𝜇m) A w 10 

Wave surface frequency (kHz) 𝜔 w 100–3000 

Shear stress (Pa) 𝜏0 0.37 ×10 8 

Amplitude of shear stress (Pa) A s 0.3 𝜏0 

Shear band frequency (kHz) 𝜔 s 240 

Wave surface phrase angle (rad) 𝜃w –

Shear band phrase angle (rad) 𝜃s –
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hickness and rises the stability of the tool-2, so that the critical widths

re almost unchanged as the cutting speed increases. 

From the displacement expression (25) , we can see that the last two

erms in (25) describe the coupled effects of the changing cut thick-

ess and periodic shear banding instability in the SEV cutting process

n two different modes. One mode is w c 3 with 𝜂3 = 1- 𝜂= 1- 𝜔 s / 𝜔 w < 1 in

45–1) and the other is w c 4 with 𝜂4 = 1 + 𝜂= 1 + 𝜔 s / 𝜔 w > 1 in (45–2). Ev-

dently, the two modes are symmetric about 𝜂= 0 or 𝜂3 = 𝜂4 = 1. In this

ase, 𝜔 s = 0 and the extreme condition (32) gives the ΘΠ3 = ΘΠ4 = 2 n 𝜋.

rom the critical widths in (45), it is easily to obtain w c 3 + w c 4 = 0, i.e.,

he coupled effects from the two modes on tool-2 SEV offset each other.

or 𝜂3 < 1 and 𝜂4 > 1, the equivalent phase differences for the two modes

an be determined as 𝜂= 2, ΘΠ3 = - ΘΠ4 ≈ (2 n + 1) 𝜋, 𝜂= 1, ΘΠ3 = ΘΠ4 ≈ n 𝜋,

= 0.5, 1.5, ΘΠ3 = - ΘΠ4 ≈ (2 n + 1/2) 𝜋 in terms of the energy function

31) and the extreme condition of energy (32) . The symmetric nature

f the coupled effects on tool-2 SEV is represented by the ratio 𝜂 of the

nstability frequency of multiple shear bands to oscillation frequency

f the undulatory cut thickness. As 𝜂< 1, the vibration mode w c 3 dom-

nates the coupled effect. Since the shear banding instability frequency

s independent of the oscillation frequency of the changing cut thick-

ess (see Fig. 16 ), 𝜂= 0.5 means 𝜔 w = 2 𝜔 s . The high-frequency oscilla-

ion generated by the changing cut thickness reduces the coupled effect

o that the stability of tool-2 SEV increases obviously as shown by the
528 
urve with 𝜂= 0.5 in Fig. 26 . In addition, 𝜂= 1 or 𝜔 w = 𝜔 s corresponds

o the resonance between the periodic shear banding instability and the

scillation of changing cut thickness. Thus, the stability of the tool-2

EV decreases sharply (the curve with 𝜂= 1 in Fig. 26 ). As 𝜂> 1 the vi-

ration mode w c 4 governs the coupled effect. The condition 𝜂= 1.5 or

 s = 1.5 𝜔 w indicates that the SEV cutting process is certainly under a

ow-frequency state in terms of the results in Fig. 15 . Therefore, SEV is

n a more stable state when 𝜂= 1.5 as shown in Fig. 26 . As the oscillation

requency of the changing cut thickness decreases continuously until

= 2 or 𝜔 s = 2 𝜔 w , the contribution of the changing cut thickness to the

oupled effect almost disappears. The periodic shear banding instability

ecomes the dominating factor in the coupled effect, which decreases

reatly the tool-2 SEV stability (the curve with 𝜂= 2 in Fig. 26 ). It should

e noted that the curve with 𝜂= 2 is close to the resonance curve with

= 1. This is because that the resonance frequency is the instability fre-

uency of the periodic shear bands as demonstrated by the simulation

nd analytical results in Fig. 17 and Fig. 21 . 

. Conclusions 

In conclusion, metal cutting process with vibration is intrinsically

omplex physical phenomena, in which the tool in vibration and the

hip material in plastic flow can be treated as a coupled thermodynamic

ystem. The study of this process proposes new challenges on the ana-

yzing, modelling and experimental methods. In this work, the CEL FE

odel with natural advantage is used to perform the numerical simula-

ions of the high-speed cutting process with two types of tool vibration.

he theoretical models are also established and show good agreement

ith simulation results. Several key manufacturing issues are analyzed,

nd major findings are summarized as below: 

(i) The numerical simulations on the cutting process demonstrate

that the low-frequency FV promotes the formation of serration

chip, and the resonance yields the strongest impacting on the chip

shape and the cutting force. When the tool frequency increases,

the tool vibration may hinder the evolution of shear bands, which

results in the transition of the serrated chip into the continuous

chip. Since the critical FV frequency is unattainable in industrial

applications, vibration assisted machining may worsen the nega-

tive effect of shear banding in the high-speed cutting process. The

high-frequency vibration can be considered as a possible strategy

to suppress the occurrence of shear banding instability in the ser-

rated chip. 

(ii) The linear stability analysis on the FV cutting process gives the in-

terpretation on the mechanisms of the formation of serrated chip

and the transition of chip shape. The high-frequency oscillation

of shear stress doesn’t change the formation mechanism of the

multiple shear bands and the shear banding instability frequency

in the high-speed cutting process, but makes the distribution of

shear deformation energy of material within shear bands tend

to be homogenous. The high-frequency oscillation of pressure on

the rake face is the key cause for the transition of chip shape.

The pressure oscillation dissipates the partial work done by tool

which is necessary for the shear localized deformation of chip

material in the PSZ. Thus, it reduces the thermal softening effect

of chip material deformation and results in the chip transition of

continuous from serrated. 

(iii) A double-tool FE model is used for the simulation of the SEV cut-

ting process. The numerical results reveal that the wavy cutting

depth strongly affects the cutting process. The low-frequency os-

cillation of the cut depth causes evident variations of the cutting

force in amplitude which produce the serrated chip with non-

uniform serrations. The influence of the high-frequency oscilla-

tion of the cut depth on the cutting force is slight, therefore, the

multiple shear banding instability governs the serrated chip de-

velopment with uniform serrations. 
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(iv) The stability of SEV in cutting process depends on the friction

damping coefficient at the rack face, the penetration damping re-

sistance, the ratio of the oscillation frequency of top wavy surface

and the instability frequency of the multiple shear banding and

their coupling effects. In the high-speed cutting process with SEV,

increasing damping resistances and the frequency ratios result in

higher stability limit for the tool-2 motion. The coupling effects

of the top wavy surface and the multiple shear banding insta-

bility are limited in the low-speed cutting process. In this cases,

two oscillation modes determine the effects on the tool SEV mo-

tion respectively. Occurrence of shear bands sharping decrease

the stability of SEV. 

Table 2 . 
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