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Abstract A scale-similarity model of a two-point two-time Lagrangian velocity cor-
relation (LVC) was originally developed for the relative dispersion of tracer particles in
isotropic turbulent flows (HE, G. W., JIN, G. D., and ZHAO, X. Scale-similarity model
for Lagrangian velocity correlations in isotropic and stationary turbulence. Physical Re-
view E, 80, 066313 (2009)). The model can be expressed as a two-point Eulerian space
correlation and the dispersion velocity V. The dispersion velocity denotes the rate at
which one moving particle departs from another fixed particle. This paper numerically
validates the robustness of the scale-similarity model at high Taylor micro-scale Reynolds
numbers up to 373, which are much higher than the original values (Rx = 66, 102). The
effect of the Reynolds number on the dispersion velocity in the scale-similarity model is
carefully investigated. The results show that the scale-similarity model is more accurate
at higher Reynolds numbers because the two-point Lagrangian velocity correlations with
different initial spatial separations collapse into a universal form compared with a com-
bination of the initial separation and the temporal separation via the dispersion velocity.
Moreover, the dispersion velocity V' normalized by the Kolmogorov velocity V;, = n/7, in
which 7 and 7, are the Kolmogorov space and time scales, respectively, scales with the
Reynolds number Ry as V/V,, oc R33® obtained from the numerical data.
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Nomenclature

f, external force; v, tracer velocity;

k, wavenumber vector; Vv, dispersion velocity;

kmax, maximum wavenumber value; Vi, Kolmogorov velocity scale;
T, space separation; Tp, tracer position;

Tc, characteristic space scale; xo, reference position;

r, rescaled variable; B, ratio of Lagrangian to Eulerian integral
R, Lagrangian velocity correlation; timescale;

R, Taylor-scale Reynolds number; 7, Kolmogorov space scale;
tB, Batchelor time scale; v, kinematic viscosity;

T, large-eddy turnover time; T, time separation;

to, reference initial time; Te, characteristic time scale;
u, flow field velocity; Tn, Kolmogorov time scale;

U, sweeping velocity; w, vorticity.

Urms, Troot mean square of fluctuation velocity;

1 Introduction

Turbulent flows have the ability to efficiently transport and mix entrained species!!). The
local concentration fluctuation, which determines the chemical reaction rate, is closely related
to the relative dispersion of the tracer particles with initially small spatial separations>#. The
turbulent dispersion of two or multiple marked tracer particles is typically studied in a La-
grangian reference framel®. Taylorl% expressed a single-particle turbulent dispersion coefficient
as the product of the square of the fluid fluctuation velocity and the integral timescale of the
one-point Lagrangian velocity correlation (LVC). Batchelor!”® investigated a two-particle rel-
ative dispersion with initial separations in the inertial subrange by integrating the Lagrangian
velocity correlation, and showed that the relative separation at short time exhibited a ballistic
regime. Richardson!® pioneered the investigation of the relative dispersions of particle pairs
at large time scales, wherein the initial separations were also in the inertial subrange. The
advanced Richardson regime is super diffusive, and is very difficult to be observed in turbu-
lent flows in laboratory[®l. The timescale ty corresponding to the initial separation Ao, i.e.,
tg = (A%/e)'/3, is the transition between the Batchelor regime and the Richardson regime.
Thus, the Richardson regime needs a large time separation between the integral timescale and
the Kolmogorov timescale as well as a large time separation between the integral timescale and
the timescale tg corresponding to the initial separation Ag, which leads to the difficulty in
obtaining turbulent flows in laboratory with a timescale separation large enough to observe the
Richardson regime. Recently, Dhariwal and Bragg!'? studied the particle-pair dispersions with
initial spatial separations in the dissipation subrange, and found that the increased separation
moments followed an exponential law after extremely long time (¢ > T1,). The two-point LVC
concerning the relative dispersion depends on the instantaneous spatial separations. Thus, the
prediction of the relative dispersion relies on the correct modeling for LVCs. Under the “frozen
flow” hypothesis, Smith and Hay!"! proposed a model of the LVC expressed by an Eulerian
velocity spatial correlation with a linear combination between the spatial and temporal sepa-
rations. The linear model was a first-order approximation. He et al.'?l further developed a
second-order scale-similarity model of the LVC expressed with an FEulerian velocity spatial cor-
relation and a dispersion velocity, and showed that the LVC functions decreased in the spatial
and temporal separations. The temporal separation was included in a combined argument into
the Eulerian velocity spatial correlation function so as to replace the original spatial separation.
The dispersion velocity in the combined argument denotes the separation rate of one particle
departing from another fixed particle in the Lagrangian reference frame. He et al.'? also vali-
dated the proposed scale-similarity model of a LVC by using direct numerical simulation (DNS)
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data. However, the Reynolds numbers considered in Ref. [12] were very low (Ry = 66, 102).
The scale similarity model should be validated at higher Reynolds number flows with both
spatial and temporal separations being located in dissipation and inertial subranges. This is
because that the dispersion velocity has different expressions when the spatial and temporal
separations are located in different subranges.

From the practical point of view, the integral timescale of the Lagrangian velocity correlation
is very important for the closure of particle subgrid scale (SGS) in the large-eddy simulation
(LES) of particle-laden turbulent flows™>'4. The conventional SGS model is usually con-
structed based on the space-correlation information, and it is shown that the LES based on the
convectional SGS model over-predicts the decorrelation scale® 16, Yang et al.l'”l systemati-
cally studied the effects of the SGS model on the relative dispersion of fluid particles, and found
that the LES severely under-predicted the relative dispersion and over-predicted the Lagrangian
timescales. The under-prediction of relative dispersion existing in LES is also observed in real
ocean problems. The same tendency of under-prediction in LES and ocean is due to the low
resolution. The small-scale motions dominating the relative dispersion are missed due to the
low resolution in LES and the large separation between the drifting instruments used in ocean
observation'8.

The objective of this paper is to validate the robustness of the scale similarity model of a
LVC at higher Reynolds number flows and to investigate the effects of the Reynolds number on
the dispersion velocity, which is a crucial parameter combining the space and time separations
in a nonlinear form.

In our study, we will revisit a previous work!'?l and utilize the DNS data to study how and to
what extent the Reynolds number affects the scale-similarity model. Four Reynolds numbers,
ie.,

Ry = 84, 107, 188, 373,

are used in the simulations, which correspond to the grid resolutions
N3 =1283, 2563, 5123, 10243,

We select six LVC curves with different initial space separations for each Reynolds number
case, and observe their decorrelation processes. The changes in the dispersion velocity V in the
scale-similarity model are emphasized.

The organization of this paper is as follows. Section 2 provides a summary of the governing
equations of the fluid phase, the particle tracking method, and relevant simulation parameters.
Section 3 gives a concise introduction of the scale-similarity model for LVCs. Section 4 provides
the DNS results and discussion, including a rescaled two-point two-time LVC and the variation
of the normalized dispersion velocity with different Reynolds numbers. Finally, the conclusions
are presented in Section 5.

2 Methodology

In this section, a brief summary of the governing equations for turbulent flows are provided.
The turbulent flow field is solved in an Eulerian reference frame, and the trajectories of tracer
particles are tracked in a Lagrangian reference frame. The simulation parameters and the used
numerical method are also described.

2.1 Fluid phase

Isotropic turbulent flows are simulated in a cubic periodic domain with each side length
L = 2x. The domain is discretized into N3 grid points, where N is the number of the grid
points along one of the three dimensions. The Navier-Stokes (N-S) equations for incompressible
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flows are as follows:

ou p u? B 9
Iy +w><u—|—V(p+2)—VVu+f, (1)
V-u=0, (2)

where u is the fluid velocity, w = V X u is the fluid vorticity, p is the fluid density, and v is the
fluid kinematic viscosity. To achieve a stationary turbulent state, we drove the flow by using
an external large-scale stochastic force term f, which was developed by Eswaran and Popel*9.
We use a dealiased pseudo-spectral method. The maximum wavenumber is

femax = N/3.

k = (ki, ko, k3) is the wavenumber vector. The spectral velocity is advanced by using the second-
order Adams-Bashforth method. We perform four runs at the Taylor microscale Reynolds
numbers Ry = 84, 107, 188, and 373. The simulated parameters are shown in Table 1. The
flow is driven from ¢t = 0 to t = 37, where T, is the large-scale eddy turnover time, to
obtain a steady state. Then, the tracer particles are tracked in the well-developed flow. In our
simulations, the spatial resolution is monitored by kpax?n. This value is maintained above 1.0
to ensure the accurate resolutions of the smallest scale motions!2%.

Table 1 Flow parameters in the DNS, where Ry = uZs(15/(re))'/? is the Taylor microscale Reynolds

number, uyms is the root mean square (RMS) velocity, n = (v*/£)*/* is the Kolmogorov
length scale, T. = uZy,/e is the large-scale eddy turnover time, and 7, = (v/e)*/? is the
Kolmogorov timescale

Simulation grid 1283 2563 5123 10243
Ry, 84 107 188 373
Urms 18.76 18.79 20.01 19.85
n 1.867 x 1072 1.365 x 1072 5.920 x 1073 2.223 x 103
v 7.500 x 1072 4.878 x 1072 1.700 x 1072 4.500 x 10~3
Tn 4.651 x 1073 3.819 x 1073 2.070 x 1073 1.099 x 1073
Te 0.1014 0.1056 0.1005 0.106 0
Emaxn 1.63 1.56 1.67 1.33
Courant-Friedrichs-Lewy (CFL) condition 0.280 0.170 0.260 0.256

2.2 Lagrangian tracking of tracer particles
The equation of motion for a tracer particle is

dil?p (t; o, to)
dt

where @, (t; o, to) and v(xp, t; X0, to) are the tracer particle position and velocity, respectively.
The particles are seeded in the flow field when the flow is statistically steady. We divide the
particles into two sets, which are labeled by odd and even numbers, respectively. A particle
pair consists of an odd number particle and an even number particle. We initialize the positions
of the odd particles by using pseudo-random numbers denoted as (z1,y1,21). The positions of
the corresponding even particles denoted as (2, y2, 22) are initialized through the equations as
follows:

= v(t, xp; 2o, lo), 3)

xo = 2mwx1 + 1o cos(2mry),
Yo = 2wy + ro sin(2mxy) cos(27my1), (4)

2o = 2721 + 1o sin(27x1 ) sin(27y1 ),
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where r( is the given initial separation of a particle pair. The second particle of the particle
pair is located on a spherical surface with the radius rq relative to the first one. To obtain the
Lagrangian velocity up(xp,t; o, to), we adopt a six-point Lagrangian interpolation from the
Eulerian grids to the particle position2?). Then, we compute the displacement of particles by
using a fourth-order Adams-Moulton method (2!,

3 Scale similarity model of Lagrangian velocity correlation

A normalized two-point two-time LVC is defined as follows:

(v(xg + 7r,to+7) - v(x0, t0))

BT = o, to) - (o, o)

: ()

where the bracket () denotes the ensemble average conditioned for different particle pairs.
v(xo, o) denotes the velocity of a fixed particle at the point x at tp from an Eulerian viewpoint.
v(xg + 7,to + 7) denotes the particle velocity at ¢o + 7 passing through the point ¢ + 7 at the
time ty from a Lagrangian viewpoint. Therefore, the definition of LVC indeed presents both
Lagrangian and Eulerian quantities. r is the spatial separation between the particle pairs, and
r = |r|. 7 denotes a time separation with positive values for forward-in-time dispersions. The
two-particle dispersion trajectories are shown in Fig.1 to visually present the concept of two-
point two-time Lagrangian velocity correlations during the pair dispersion of particles. The red
and blue particles, marked as A and B, respectively, represent a particle pair, and the black solid
line represents their initial space separation r. At t = to, particles A and B are at the positions
xo and xo+7, respectively. As time advances with the separation 7, the particle positions along
their trajectories are denoted as A,, and B,, (n =1,2,3,---) at the time ¢t = ¢y + 7,,. The term
v(xg + 7,to+ 7) - v(x0, to) in Eq. (5) indicates the Lagrangian velocity correlations of particles
A and B, at t = tg + 7,. Equation (5) indicates the average LVCs of all tracked particle pairs,
i.e., the ensemble average. The same calculation processes are conducted at other marked time
points t, (n =1,2,3,--+).

3 1 1 1
0.5 1.0 1.5 2.0 2.5

Fig. 1 Trajectories (solid red and dashed blue lines) of a particle pair (red and blue spheres) at
different time with a given initial space separation r, where the dash-dotted lines link the two
particles at two different time to calculate the Lagrangian velocity correlation (color online)

When 7 = 0, the LVC R(r,7) = R(r,0), and is consistent with a two-point space Eule-
rian velocity spatial correlation. Under statistically isotropic and stationary assumptions, the
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scale-similarity model of LVC is described by a two-point Eulerian velocity correlation and a
dispersion velocity V as follows:

R(r,7) = R(V/r2 + V272,0), (6)

where V = r. /7. and r., 7. are the intersecting points of the contour R(r,7) = C in the spatial
axis r and the temporal axis 7, respectively. For all points (r, 7) at the same contour level with
the crossing points (0,r.) and (7, 0),

R(r,7) = R(rc,0) = R(0, 7c) = const. (7)
We transform v/r2 4+ V272 as a rescaled variable r* as follows:
R(r,7) = R(r*,0). ®)

The earlier work[!?] theoretically derived the dispersion velocity V. The expression of V' is given
by

, 64 [ sin(kr.) ko 1 OR(r,0)
V2= 15/0 E(k) dk/o q E(q)dq(

kre re Or

) ®)

c

where E(k) is the turbulent energy spectrum, and k is the wave number. From Eq.(9), we
observe that the dispersion velocity V is a function of r.. The spatial intercept length r. is
the corresponding length scale of R(r, 7) = const., indicating that the dispersion velocity varies
with the space length scale and is a local quantity.

The derivation of the scale-similarity model is considered at the infinite Reynolds numbers.
In the DNS flow field with finite Reynolds numbers, the inertial subrange becomes more evident
as the Reynolds number increases, which is presented in the time-averaged spectrum for the
three runs in Fig. 2. The line with the slope —5/3 represents the inertial subrange in the energy
spectrum. The relationship of grid nodes and Reynolds number follows N 3o<Ri/ 2122 which
indicates that the increase in R, requires larger grid numbers. A clear —5/3 slope in the
log-log coordinate is shown in Fig.2 for the highest Reynolds-numbers at the grid resolution
N3 = 10243, indicating the presence of a well-defined inertial subrange. Additionally, if 7. is
in the dissipation subrange and 7. is in the inertial subrange, the dispersion velocity follows
re oc 795 or Voo 7795 [12-23] * pegpectively. We also present the Eulerian and Lagrangian
second-order structure functions within the dissipation subrange, which are denoted as Ssg and
So1,, respectively. The definition of Sop and Ssr, are expressed as follows:

Sar = ((w(@o) — u(wo +1))%),  Sar = ((v(to) — v(to +7))*), (10)

where u is the velocity of the Eulerian grid, v is the velocity of the fluid particle. We ob-
serve from Fig.3(a) that the Eulerian structure function Sog is proportional to r? when r is
approximately no larger than 5.51. Figure 3(b) shows that there exists a 72 regime for the
Lagrangian structure function within 1.27,, which is consistent with the numerical result of
Biferale et al.[24].

4 DNS results

We show the results for the LVC R(r, 7) at Ry = 84,107,188, and 373 to investigate how the
Reynolds number affects the scale similarity model for LVCs. Figures 4(a) and (b) present 3D
contour iso-surfaces and 2D contour iso-lines of two-point two-time Lagrangian velocity corre-
lations at the Reynolds number Ry = 373, respectively. As shown in Fig. 4(a), the normalized
LVC values reach a peak at the origin point (r,7) = (0,0). The correlation values naturally
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Fig. 2 Energy spectra at different Reynolds numbers, where the dashed line has a slope of —5/3,
denoting the inertial subrange (color online)
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Fig. 3 Eulerian and Lagrangian second-order structure functions at the grid resolution N® = 2563
with the normalised space and time separations, respectively (color online)

decrease as the relative separation between the particle pair r and time separation 7 increases.
From Fig. 4(b), we can observe that the shapes of the contour iso-lines with different values are
approximately elliptical. Unlike the Fulerian velocity correlations in the elliptic approximation
(EA) model, which are expressed as R(r,7) = R(r*,0) where r*:\/(r ~U7)*4+V2r2and U is
the sweeping velocity for shear flows?> 27}, there is no preferred direction for the Lagrangian
correlation in isotropic turbulence. The principal contours axes are the spatial and temporal
axes. The LVC model developed by Smith and Hay, R(r,7) = R(r + Ut/(3,0) where [ is a con-
stant and is the ratio of the Lagrangian integral timescale to the Fulerian counterpart, is based
on the Taylor frozen flow hypothesis without considering the vortex distortion. By contrast, the
scale-similarity model is more physical than the Smith-Hay model, which has straight correla-
tion iso-lines. However, these straight lines are not true because the values of the Lagrangian
velocity correlation along a straight contour line at two different time and space separations
cannot be the same. We plot the profiles of Fig. 4(a) at 7 = 0 and r = 0 in Figs.5(a) and 5(b),
respectively, to show the changes in the Lagrangian velocity correlation along the spatial and
temporal directions.

The left panel of Fig. 6 presents the R versus 7 curves at four Reynolds numbers. The corre-
lation curves with six different initial spatial separations denoted as 7y are initially separated.

However, when they are plotted as a function of the combined separation r* = \/ r2 4+ (VT)2
in the right panel of Fig. 6, the correlation curves are collapsed into a single curve, as expected
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Fig. 4 Contour surface of the LVC plotted against the space and time separations and the isocorre-
lation contour lines at the grid resolution N® = 1024% (color online)
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Fig. 5 Lagrangian velocity correlation curves plotted against the temporal separation 7 and the
spatial separation r, where the R versus 7 curves correspond to the profiles at » = 0, and the
R versus r curves correspond to the profiles at 7 = 0 (color online)

according to R(r,7) = R(r*,0). As observed in Fig.6, the correlation curves R versus r* and
R versus 7 present similar decorrelation processes at four Reynolds numbers. These four cases
validate the scale-similarity model for a wide range of Reynolds numbers. It is expected that the
dispersion velocity increases with increasing the Reynolds number when the initial separations
of particle pairs are within the dissipation scale because the flow becomes more energetic and
intermittent at small scales when the Reynolds number increases.

We next address the dispersion velocity V', which represents the aspect ratio of the maximum
intercept length to the minimum intercept length. The horizontal and vertical axes in Fig.7
represent the lengths of the minor (temporal) and major (spatial) axes of the isocorrelation
contours obtained from the DNS data, respectively. Two different scaling ranges exist. One
follows 7. oc 7. with a constant V', and the other follows r. o 70, i.e.,

Voo 105,
From the figure, we can see that the linear time scale range increases as the Reynolds number
increases. Moreover, we compare the normalized r. versus 7. at four Reynolds numbers in Fig. 8.
The normalized relative separation r. is larger at higher Reynolds numbers at the same normal-
ized time 7.. We study the dispersion velocity V' over a constant linear range. Figure 9 presents
the normalized dispersion velocity V as a function of the Reynolds number Ry. In the linear
range, the dispersion velocity increases as R increases, following a power law V/V;, R}\'39,
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Fig. 6 LVCs against the temporal separation and rescaled separation with different ¢ (color online)

1.0

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

0.2

N3 =1283
—— 1= 07]
---m--- 79= 107
- - T9=167
—e—- 19=201
— % — 1r)=267M
“““ deon ro=417

1 1 e
0.5 Lo 15 2.0 2.5
r
(b) Rescaled separation, Ry = 84

N? = 256°
—— 19=07
---m--- To=12n
- 19=237)
—e—- Yp=417
— & — 1r9=557
“““ Ho 1o ="T57]

05 10 L5 55™n
r

(d) Rescaled separation, R) = 107

N3 =5123
—— 1= 0n
--m--- To=30m
——a— T9=457)
—e—- To=T751
—&— 1r9=907M
“““ o 10=1207

1 1
0.5 1.0 1.5 2.0 2.
-
(f) Rescaled separation, R, = 188

N3 =1024
e 70:07]
—-m--- To=807M
- T9=120M
—e—- 19=1607
— e~ 19=2007M
“““ w1 =28017

1 1 .
0.5 1.0 15 2.0 2.5

s

(h) Rescaled separation, Ry = 373




1614 Zhaoyu SHI, Jincai CHEN, and Guodong JIN

2.5 - 2.0
/./O —
o7 5 o @ °
2.0+ & g
OQQ 1.5F 900/0
é?dgg 00'0
1.5 60 1 oo
& o) L 10k I OO
'69559 . 3
1.0 , '
. o DNS_128 i o DNS_256
: ——. 705 0.5F '127_ 05 -
0.5 87 c n — = 7Y
S —
0 0.05 0.10 0.15 0.20 0 0.04 0.08 0.12 0.16
T(‘ TC
(2)R, =84 (b) Ry = 107
2.0 2.0
<0
/0’ e
L o L 000 0 ©
1.6 °° L6 OQQQO"
O,c9‘ 099‘9
1.2+ doe 1.2+ £°
¢ & ¢ 5
10 1 00
0 8 B ) 0.8F 10
: o DNS_512 ! o DNS_1024
04f 97, - 0.4f 27, =795
—. —
1 1 1 1 1 1 1
0 0.04 0.08 0.12 0.16 0 0.04 0.08 0.12
T. Te
(c0)R,=188 () R,=373

Fig. 7 Intercept lengths of the spatial axes 7. of the isocorrelation contours versus the intercept
lengths of the temporal axes 7. at four grid resolutions (color online)

800 12
* X KX w
-
600 - *** 10 V/VnOCRiSQ
*
*
& =
= * I~
< 400f Fi S st
** A A "R, = 84
= AA,.»“ R =107
200 ***#‘# AR, =188 6k
b/ o
1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 450 100 150 200 250 300 350 400
T/ Ty R,
Fig. 8 Normalized intercept lengths of the Fig. 9 Normalized dispersion velocity V of
spatial axes of the isocorrelation con- dissipation scale as a function of Ry

tour plotted against the normalized in-
tercept lengths of the temporal axes at
different Ry (color online)

wherein V;, = n/7,. From the above analysis, we conclude that the Reynolds number affects the
dispersion velocity values, and the scale-similarity model of the LVC remains valid for different
Reynolds numbers.
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5 Conclusions

In this paper, we validate the following scale similarity model for the LVC

R(r,7) = R(y/r2 + (V7),0)

at Ry = 84,107,188, and 373 by using DNS. From the simulation results, the main characteris-
tics of the scale-similarity model, including the elliptic approximation in the shape of the LVC
and the scaling laws of the dispersion velocity, exhibit high consistency at different Reynolds
numbers. The LVC curves with different initial space separations, as a function of the rescaled

separation r* = \/ r2 + (V’T)Q, collapse into a single curve at the simulated Reynolds num-
bers. However, the dispersion velocities V' at the temporal dissipation scale are influenced by
the Reynolds number. First, the linear range increases when the Reynolds number increases.
Second, the normalized value of V' at the dissipation scale increases as the Reynolds number in-
creases. The scaling law is presented as V/V;, oc R339. Due to the increased dispersion velocity,
the two-particle relative separation is faster at higher Reynolds numbers.
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