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A B S T R A C T

Gradient materials produced by various external surface treatments are widely used in various
mechanical structures. In this study, we illustrated how the combined gradient structure and
residual stress influences crack-tip plasticity and crack-growth behavior in medium carbon steel
S38C. The material used as train axles has a gradient layer of thickness about 8mm, with fine
nanoscale structures in the surface to microstructures of tens of micron in the core. From the
surface, the strength in the gradient layer decreases from about 1600MPa to about 400MPa, and
the corresponding tensile ductility increases from 2% to 13%. Through in-situ fatigue tests, we
further revealed slower crack-initiation and faster crack-growth rate in the gradient samples in
contrast to their gradient-free coarse-grain counterparts. Using the key material parameters ob-
tained from experiments, we employed finite-element simulations to examine the crack-growth
behavior in the gradient structure with compressive residual stress. We showed that both the
gradient structure and compressive residual stress reduce the plastic deformation size and hence
slow down crack initiation. However, the lower ductility in the high strength gradient layer gives
rise to even faster crack growth after the formation of a sharp crack. Based on the definition of the
cyclic JΔ -integral for small scale yielding, we saw lower JΔ in the presence of the residual stress
distribution, hence smaller driving force for the crack-growth rate as the latter monotonically
increases with JΔ .

1. Introduction

More than 90% of metal engineering structures eventually fail due to fatigue [1,2]. Numerous studies have shown fatigue crack
initiation often occurs on the surface of the material, and the fatigue strength is proportional to the tensile strength of the material
[3,4]. An effective strategy to enhance the fatigue properties of engineering materials while at a relatively low expense is to introduce
gradient structures where the material’s structure and strength vary with the distance to the surface. Higher strength and finer
structure in the surface layer often give rise to better fatigue and wear resistance of the materials. Such a strategy has been broadly
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seen in engineering materials and indeed was inspired by gradient structures in natural materials of extraordinary properties [5–8]. In
the past decades, researchers have been exploring the methods to build gradient structures in engineering material. Several treat-
ments [9–12] -including surface induction, shot peening [13], heat treatment, mechanical grinding [14] and attrition [15], pre-
deformation [16], were used to produce gradient layers of thickness from several hundreds of nanometers to several millimeters.
Materials with surface gradient layers can effectively minimize the probability of surface failure initiation and therefore result in
much better fatigue performance.

So far, a vast amount of experimental study have shown that gradient structures have a positive effect on various mechanical
properties of materials, such as high strength and ductility retention [16–25], better resistance of fatigue [26–32] and better wear
resistance [33,34] et al. By using the surface mechanical grinding treatment (SMGT) method for microstructure construction, Lu and
Fang et al. [18,19] prepared a gradient nano-grained (GNG) Cu film with spatial grain-size gradient on a coarse-grained (CG) Cu
substrate. The samples exhibited much higher yield strength to that of CG counterpart but without compromising its ductility. Such
extraordinary strength-ductility performances above also appeared in the samples prepared by surface mechanical attrition treatment
(SMAT) on stainless steel by Chan et al. [20]. By employing a simple method called pre-torsion on twinning-induced plasticity (TWIP)
steel and 304 austenitic steel, Wei et al. [16] demonstrated that a linearly gradient twin density material could be introduced and
used to evade the long-standing dilemma of strength–ductility trade-off commonly seen in steels. Ma et al. [21] used pre-torsion
samples to reveal that the spatial twin density gradient could effectively enhance the fatigue resistance of 304 austenitic stainless
steel. Zhang et al. [27] introduced the common surface treatment called shot peening on high-strength wrought magnesium alloy
AZ80 and reported that the fatigue strength of AZ80 improved significantly: an increase of 60% in the fatigue limit was obtained at
the optimum condition. Yang et al. [28] further studied the fatigue performance of GNG/CG Cu samples prepared by SMGT method,
and the authors demonstrated that the gradient exhibited a greatly enhanced fatigue limit under stress-controlled cyclic deformation,
and suppressed the nucleation effect of crack. By introducing the gradient structure by SMAT method, Roland et al. [29] revealed that
the gradient structure led to a great lifetime improvement in the fatigue limit in the region of low-cycle fatigue (LCF) and this became
even more pronounced at high-cycle fatigue (HCF).

The mechanisms how the unique gradient microstructures lead to the extraordinary mechanical properties have been studied in
detai [34–38]. In gradient samples prepared by SMAT, Wu et al. [34] reported a strain hardening mechanism that is inherent to
gradient structure and does not exist in homogeneous material to achieve the high ductility of materials. By applying the in-situ
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synchrotron radiation experiments, Ma et al. [35] explored the phase-transformation and stress distribution of pre-twisted 304
austenitic stainless steel samples at the cryogenic temperature of 77 K. It was revealed that a graded mixture of hard martensitic and
soft austenitic phases resulted in an optimal stress partition in the material. Zeng et al. [36] used a crystal plasticity constitutive
model based on the finite-element method (FEM) to understand the plastic deformation distribution with two-dimensional (2D)
sample during the small deformation process. Furthermore, Wang et al. [37] employed a representative three-dimensional (3D)
Voronoi FEM gradient sample to demonstrate the redistribution of stress and deformation in the gradient structure during the large
deformation process. Their simulations elegantly revealed the presence of strain gradient in gradient samples, in good consistent with
the experimental observations by Wu et al. [34].

Literature mentioned before demonstrated that gradient structure could effectively improve the strength-ductility combination
and also significantly increased the fatigue limit of the materials. Although crack-growth behavior is also important for fatigue
fracture, many studies have shown that the grain refinement is not always beneficial to the crack-growth behavior [2,39–41]. Yin
et al. [39] and Trudel et al. [40] performed a series of experiments on 2524 aluminum alloy and stainless steel and found fatigue
crack-growth rate in the fine-grained region was faster than that in the coarse grain region. Moreover, the presence of gradient
structured material by the surface treatment method often gives rise to residual stress. Such residual stress also plays a significant role
in affecting the fatigue endurance of surface strengthened materials [42–47]. Many literatures [48–51] have shown that the residual
compressive stress resulted from surface mechanical treatment could effectively improve the fatigue resistance. More recently, Zhang
et al. [52] studied experimentally the fatigue crack-growth behavior in gradient axle steel with residual stress. The authors reported
crack arrest in the gradient layer under relatively low stress amplitude, which was a resultant of compressive residual stress. The
coupling between residual stress and gradient structure renders the traditional theory of fatigue crack-growth behavior no longer
applicable. The theoretical study of crack-growth behavior in surface strengthened materials is still challenging that requires in-depth
investigation. Motivated by the aforementioned factors, in this paper, we reported a finite-element based mechanism analysis to show
the influence of combined residual stress and gradient structure on crack-growth behavior in medium carbon steel.

2. Experimental investigation

2.1. Material and specimen

The material investigated in our study is a medium carbon steel S38C obtained from a high-speed train axle. The chemical
composition of the material is tabulated in Table 1. Surface induction hardening was used. The processed steel owes a gradient
structural in the surface layer.

To obtain the mechanical property in the gradient layer, we cut small-scale tensile specimens from the surface layer along the
radial direction using wire electric discharge machining (WEDM). We show in Fig. 1(a) how the samples were prepared. The gradient
layer has a thickness of 8.00mm. We prepared eight samples along the radial direction in the gradient layer, which each small-scale
specimen about 1mm in thickness, and other dimensions are also given in Fig. 1(b). We further mirror-polished the specimens by
using the water sandpapers from 150 grade to 5000 grade and the diamond polisher, in order to eliminate the effect of WEDM to the
surfaces.

2.2. Microhardness

The cross-section of a processed S38C steel cylinder was used for microhardness characterization. We used the Vickers micro-
hardness tester MH-6. For the validity of measurement, we carried out five independent tests for a given depth from the surface.
Along the radial direction, neighboring indentations had a distance of 0.30mm, which is significantly greater than the indenter size
of 20 µm. The applied load was 300 g with a dwell time of 10 s at room temperature. We show in Fig. 1(c) the microhardness of the
sample from the surface with a depth of 0.05mm to 8.05mm, which covers the gradient microstructures. The error bar represents the
standard deviation of five measurements at each depth. There is a hardness plateau in the gradient layer within a depth from 0.05mm
to 2.05mm when measured from the surface; the microhardness remains at the maximum of 580 Hv within this regime. It then
decreases within a thin layer and is about 200 Hv at the depth of 6.06mm. At the depth of 8.00mm, the microhardness is the same as
that of the core material, as one would expect.

2.3. Microstructure

We used optical microscopy to examine the cross-section microstructure and to see how it evolves from the surface to the core. In
Fig. 2, we first present the observation path. The corresponding microstructures at a depth keyed in the observation path, as shown in
Fig. 2(a)–(i). From the gradient microstructure of the S38C axle steel processed by surface induction hardening, we see typical

Table 1
Chemical composition of steel S38C.

Element C Si Mn N O S P Al Fe

wt.% 0.39 0.32 0.84 0.0041 0.0006 0.0084 0.0072 0.02 Balance
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tempered martensite structure at the location just beneath the surface (about 0.05mm from the surface, Fig. 2(a)–(c)). At the depth of
2.05mm from the specimen surface, a small amount of fine pearlite structure appears in the tempered martensite structure. Com-
paring with Fig. 1(c), we see the hardness begins to drop rapidly from this depth. Then the small domains of pearlite and ferrite
gradually appear within the tempered martensite colonies from the depth of 2.05mm to 4.05mm, as demonstrated in Fig. 2(d)–(g).
As the depth increases to about 4.05mm to 6.05mm, the microstructure is a mixture of pearlite, ferrite and distributed quenched-
tempered microstructure, see Fig. 2(h). At the depth of 8.05mm, the material is composed of coarse ferrite and pearlite (Fig. 2(i)),
which is the same microstructure as that in the as-received materials.

2.4. Residual stress

Commonly, residual stress appears as a resultant of the formation of gradient structures. In the cylindrical sample, two residual
stress components are of significance, the axial stress σzz and the hoop stress along the circumferential direction σθθ. As the axial stress
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Fig. 1. The hardness of gradient axial steel. (a) Small-scale tensile samples cut from a gradient axle. (b) Dimensions of the sample. (c) The mi-
crohardness as a function of depth from the surface. The error bar of microhardness at each depth represents the standard deviation of five
independent tests.

Fig. 2. Microstructure at different depths from the surface of the gradient axle steel S38C. (a) to (i) are the microstructure characteristics based on
an optical microscope with the depth of 0.05mm, 0.55mm, 1.05 mm, 2.05mm, 2.55mm, 3.05mm, 4.05 mm, 6.05mm and 8.05mm, respectively.
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is perpendicular to potential crack planes with normal parallel to the axial direction and is the most dangerous scenario for the axles
subject to bending, we will focus on the influence of the residual stress in the axial direction. Unless stated otherwise, we refer
residual stress as σzz in what follows. The axial residual stress of a train axle was measured along the gradient direction from the
surface to the core by a Proto X-Ray stress analyzer with Cr-Kα radiation. Similar to the microhardness measurement, we performed
five independent tests to obtain accurate residual stress at each depth, and the averaged value is used to represent the residual stress
at that depth, as we see in Fig. 3. The error bar represents the standard deviation of residual stress from five independent tests. The
maximum compressive residual stress occurs at the depth between 1.5 mm and 2.5 mm from the surface. It then decreases to zero and
becomes tensile afterwards, in order to maintain the overall force balance along the axial direction.

2.5. Uniaxial tension

The stress-strain behavior of materials in the gradient layer was characterized by using small-scale tests. The corresponding
sample dimensions are shown in Fig. 1(b). Tensile tests were carried out at a tensile strain rate of − −s10 3 1 at room temperature. Each
sample has a thickness of 1mm, and its mechanical properties represent those of the material at that depth. Using this approach, the
uniaxial tensile properties of the layered samples at the depth of 0.50mm, 1.50mm, 2.50mm, 3.50mm, 4.50mm, 5.50mm,
6.50mm, and 7.50mm were obtained. To ensure repeatability, we tested five samples at each depth in the gradient layer. In
Fig. 4(a)–(c), we show respectively the stress- strain curves from five independent tests at each depth of 0.5mm, 4.5 mm, and 6.5mm.
The average of the five stress-strain curves at each depth is taken as the representative stress-strain behavior of the material at that
depth. The stress-strain response of the material shown in Fig. 4(d) reflects the traditional dilemma between the strength and ductility
of the material in the gradient layer, i.e. as the strength of material increases, the ductility gradually decreases [19–20,36]. Com-
bining the σuts (ultimate strength) from stress-strain curves of the uniaxial tensile test with the microhardness test results of the
gradient structure, it is seen that the value of σb is about three times of the microhardness using the unit of Hv.

2.6. In-situ SEM fatigue test

With the help of in-situ scanning electron microscopy (SEM) fatigue test, we investigated the fatigue crack initiation and growth
behavior in the gradient structural S38C steel by using a pre-notched sample at room temperature. The in-situ fatigue test machine
was attached to an SEM (SS-550) with electro-hydraulic servo system. We conducted the in-situ SEM fatigue test in a vacuum
environment with a loading frequency of Hz10 and load amplitude of MPa620 at load ratio =R 0.1. A typical notched specimen (as
shown in Fig. 5(a)) was prepared using the surface gradient material or the gradient-free base material. It is worth noting that since
the thickness of the sample is only 2mm in the radial direction of the axle, the influence of the residual stress is negligible as the
current sample preparation method may lead to stress relaxation.

The surface of the two types of samples after polishing and etching are shown in Fig. 5(b) and (c). From the results of fatigue crack
initiation shown in Fig. 5(d) and (e), we see that the gradient (surface) material has better resistance to crack initiation than the
gradient free (core) material. This observation is consistent with previous reports [1,27–31]: the gradient layer is effective in im-
proving the fatigue life during crack initiation, mainly because of the general correlation between yielding strength and fatigue limit
[3]. It differs from the delayed shear band nucleation in dynamic process [1] as no localized shearing was observed in those fatigued
samples. The fatigue crack-growth rate curves shown in Fig. 5(f) further imply the disadvantage of resistance to crack growth in this
particular material. Using the Paris law for fatigue growth [53,54], = A Δk( )da

dN
m' , we have =m 3.58 for the base material and

=m 2.09 for the surface material. While the absolute crack growth rate da
dN

in the surface material is faster than that of the base
material, the power-law exponent m of the surface material is perceivably smaller than that of the base material. As reported in a
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large number of literatures [39–41], the fatigue crack-growth rate of the surface material is significantly higher than that of the base
(core) material due to its poor plasticity and intergranular defects. The above in-situ SEM fatigue test results demonstrate that simply
introducing a gradient structure cannot guarantee an overall improvement of the fatigue life of the material.
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3. Numerical modelling

In the designed experiments, the role played by residual stress in the gradient layer is not considered. We resort to numerical
modeling to investigate the influence of the gradient layer and the additional residual stress on the fatigue behavior of the axle steel
S38C. We conducted a series of 2D plane strain numerical tests to illustrate the combined mechanisms.

In order to obtain accurate physical characteristics in the gradient material, we first calibrated the material parameters used for
the finite-element model. For convenience, we adopted the Ramberg-Osgood relationship and the Gurson-Tvergaard-Needleman
(GTN) model to describe the hardening and softening behaviors of multi-layered material. The major part of the method and its
technical detail have been reported elsewhere [55–60]. Here, we briefly introduce the strategies of the Ramberg-Osgood relationship
and the GTN model embedded in ABAQUS [61]:

The Ramberg-Osgood relationship is created to describe non-linear behavior between the stress and strain. Such a relationship is
especially useful for metallic materials that hardening with plastic deformation, showing a smooth elastic-plastic transition [55]. In
the last form of the Ramberg-Osgood relationship, it could be written as:

⎜ ⎟= + ⎛
⎝

⎞
⎠

−

ε σ
E

α σ
E

σ
σ

n

0

1

(1)

where ε, σ , σ0, E, n are strain, stress, yield strength, Young’s modulus and the power-law exponent, respectively. Here α σ
E can be

regarded as a yield offset. It can be fixed in order to have the yield offset equal to the accepted value of strain of 0.2%, which means:
=α 0.002σ

E . We show in Table 2 the material parameters at different depth from the uniaxial tensile tests (as shown in Fig. 6(c)). The
remaining material parameters of other layers in our simulations were also extracted by fitting Eqn. (1) to real stress-strain curves. By
combing the experimental data and the Ramberg-Osgood relationship, we can effectively capture the hardening behavior of each
individual layer in the gradient region.

In polycrystalline metals, ductile fracture is controlled by nucleation, growth of microvoids and coalescence of microvoids [63].
The best known micro-mechanical model for void related damage and fracture is due to Gurson [56]. Thereafter, some important
modifications are due to Tvergaard [57–59] who introduced adjustment parameters and to Needleman and Chu [60] who proposed
improved nucleation laws for porosity. For such aforementioned reasons, the model is called for GTN model. The plastic potential in
the GTN model [61,62] is given as
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where σ̄ and σm are the effective (von Mises) stress and the hydrostatic tension of a representative volume element, σ0 is the initial
yielding strength of the material, q1, q2 and q3 are the material-dependent correction parameters. The void volume fraction f starts
from an initial volume fraction f0 and evolves in the following manner:
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where ε ̇pl is the of plastic strain rate tensor and I is the unit tensor, and ε̄ ̇pl is the equivalent plastic strain rate,
= ε εε̄ ̇ 2/3[dev( ̇ ): dev( ̇ )]pl pl pl , and ∫=ε ε dt¯ ¯ ̇pl t pl

0 . Here fN , εN and sN are material parameters associated with void nucleation rate. For
the application of the GTN model embedded in ABAQUS to capture the softening behavior of multi-layered structure material, in our
study, we assume that the initial void parameters of multilayer materials are uniform and do not change as the surface hardening
process going on.

For the application of the Ramberg-Osgood relationship and the GTN model embedded in ABAQUS, we need to specify the elastic
and the plastic behavior of multi-layered gradient material, respectively. Here, we used =E GPa209.40 and =ν 0.30 as the elastic
parameters for the multi-layered FEM model.

By using the functional fitting curves based on the key data of uniaxial tensile test (as shown in Fig. 4(d)) as the plastic para-
meters, we are able to capture the tensile behavior of each layer of material from the multi-layered structure, including the failure

Table 2
Material parameters of the multi-layered model in simulations, which were obtained by fitting Eqn. (1) to the tested stress-strain curves at different
depth.

Depth mm( ) σ MPa( )0 σ MPa( )uts εuni max. . n

0.5 1536.24 1640.31 0.0195 27.92
1.5 1238.10 1565.47 0.0413 13.05
2.5 821.06 1248.56 0.0601 8.87
3.5 599.44 913.73 0.0764 9.50
4.5 502.87 742.82 0.0906 10.67
5.5 458.31 670.16 0.1028 11.28
6.5 435.67 638.05 0.1133 11.51
7.5 423.14 622.61 0.1225 11.59
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point. Other material parameters of GTN model are tabulated in Table 3. A series of FEM simulations are conducted, through which
the material parameters are fitted to obtain the tensile stress-strain curves of materials at different depth, and those curves match well
with corresponding experimental measurements, as illustrated in Fig. 6. We show in Fig. 6(a) the tested samples after uniaxial
tension: brittle fracture of the strong one with poor plasticity (the material at the depth of 0.5 mm) against ductile fracture of the core
material with good plasticity (the material at depth of 7.5 mm). Our simulations shown in Fig. 6(b) predict the premature failure in
the strong and brittle surface layer and intermediate plasticity in the core material. Fig. 6(c) shows the stress-strain behavior of a
representative set of layered specimens under uniaxial tensile numerical test. All these stress-strain curves indicate that the numerical
results have a good consistency with test results.

We present in Fig. 7 the fatigue model used in our numerical simulations. To present the gradient layer, we discretize the region of
interest (within a depth of 8.00mm from the surface) into 40 layers along the gradient direction and mesh that region with fine
element size (about 0.01mm). The rest information of numerical model is shown in Fig. 7. Then by applying the results from the
fitting curves using the Ramberg-Osgood relationship and the GTN model, we assign the mechanical properties in each layer based on
its distance from the surface. In the presence of residual stress, we assign the residual stress to different layers based on the predefined
normal stress distribution in the z-direction of cylindrical coordinate, as seen in Fig. 3.

The bending simulations are applied using the load-controlled method. With the geometrical parameters defined in Fig. 7, the
amplitude of the nominal stress in the notched plane is then written as

=
−

σ FL
b d a

3
2 ( )t 2 (4)

where, σt is the loading nominal stress. In our numerical investigation, the stress ration is set to =R 0.1. We use two nominal stresses
=σ MPa320t and 480MPa. With =a mm0.5 , =b mm1 (unit thickness), =d mm30 and =L mm120 given in Fig. 7, it is con-

venient to obtain the applied force F of N1547 and N2320 , respectively.

4. Simulation results

Three different types of samples were considered in our simulations, including the base material (material in the core) without
gradient, the gradient structure without residual stress, and the gradient structure with residual stress. The crack length was mea-
sured from the surface by taking the notch depth of mm0.5 into account.

The contours of the principal stress in z-direction σzz, von Mises stress σ̄ and equivalent plastic strain ε̄ at different crack length are
presented in Figs. 8 and 9, with =σ MPa320t and MPa480 , respectively. For the convenience of comparison, we show in Fig. 8(a),
(d) and (g) the contours of σzz, σ̄ and ε̄ of the gradient-free base materials. The corresponding contours of the gradient material are
presented in Fig. 8(b), (e) and (h). Due to the presence of gradient structure, σzz and σ̄ in the crack tip become more uniform, as
clearly seen in Fig. 8(b), (e). During the entire crack growth process, the plastic zone of the specimen with a gradient structure is
significantly smaller than the one with the homogeneous base material (see Fig. 8(g)–(h)). Such a positive influence of gradient
structure is analogous to that reported in experimental observation [64]. When residual stress is taken into account, we see the
corresponding three contours of σzz, σ̄ and ε̄ shown in turn in Fig. 8(c), (f) and (i) are distinct from those of the base material and the

Fig. 6. Material parameter calibration of samples at different depth. (a) The representative results of uniaxial tensile tests with layered samples of
gradient material, from (I) to (III), in turn, the initial sample, the failed material at the depth of 0.5 mm and the failed one at the depth of 7.5 mm,
respectively. (b) The constitutive model validation with the finite-element method for the base material (the equivalent plastic strain ε̄ contours): (I)
to (III), in turn, the initial meshed sample, necking, and final failure, respectively. (c) The stress-strain curves from both experimental measurement
(dashed line) and that from our finite-element simulation (solid) using the constitute model.

Table 3
Material parameters used in the GTN model to capture the softening behavior of materials in the gradient layer.

q1 q2 q3 εN SN fN f0

1.5 1 2.25 0.3 0.1 0.003 0.002
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gradient material. In the load-controlled fatigue test, the plastic zone of the gradient structure with compressive residual stress is
obviously significantly smaller than that of the samples without residual stress distribution. The corresponding contours for the
evolution process of the crack-growth with nominal stress =σ MPa480t (as shown in Fig. 9) show the similar variation with the
results of nominal stress at MPa320 as shown in Fig. 8.

The fatigue process could be a collective resultant of stress, plastic strain, and local microstructures. In order to reflect the
influence of the aforementioned factors, it was suggested that the J-integral [65–68] based on the elastic-plastic fracture mechanics
can be employed to evaluate the crack-growth. For convenience, we adopted the J-integral calculation module embedded in ABAQUS
to obtain the J-integral. By considering the residual stress distributions and the path independence of J-integral, the J-integral must
include an additional term that accounts for the residual stress field. The total strain is decomposed into a mechanical strain εm and
the initial strain εi, i.e.

= +ε ε εm i (5)

The path-independence J-integral with the residual stress field is given as:

∫ ∫= ⎛
⎝

− ∂
∂

⎞
⎠

+ ∂
∂

N σ u q σ ε qJ λ s W
x

dA
x

dVI( ) · · · : ·
A V

i

(6)
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Fig. 7. The finite-element model to capture the gradient structure of the axle steel used for fatigue test. The region in front of the initial notch is
partitioned into 40 layers of different mechanical properties from experiments quantified in Fig. 4(d), which captures the gradient structure and the
corresponding variation in strength and ductility.
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Fig. 8. The evolution of stress and strain contours in the crack-tip of the sample subject to cyclic loading with a nominal amplitude of 320MPa (Eqn.
(4)). (a) From left to right, the principal stress σzz in the crack tip of coarse-grained base material when the crack extends to a length of 0.7 mm,
1.5mm, 2.3 mm, 3.1 mm, 3.9 mm, 4.7 mm, respectively. (b) The same type of contour from the gradient material (Fig. 7). (c) The same type of
contour from the gradient material with residual stress taken into account. (d) to (f) the corresponding von Mises stress σ̄ contours, and (g) to (i) the
equivalent plastic strain ε̄ contours.
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where V is the domain volume enclosing the crack tip or crack line, and W is defined as the mechanical strain energy density,

∫= σ εW d:
ε

m0

m

(7)

and εi remains constant during the entire deformation.
We further investigated the crack-growth behaviors of train axle steel by using the J-integral. Due to the unclear mechanism of

fatigue crack-growth rate in elastoplastic and general yielding conditions, the cyclic J-integral has been established as a failure
criterion for fatigue problems for many years. Such an elastoplastic parameter has been successfully extended for the analysis of
fatigue crack [69–73]. Here, we use the extended J-integral failure criterion by Tanaka et al. [72,73] to explore the progress of crack-
growth. For the numerical load-controlled high-cycle fatigue test, we may write the crack-growth rate as a function of JΔ path:

=da
dN

C ΔJ( )path
n'

(8)

Fig. 9. The evolution of stress and strain contours in the crack-tip of the sample subject to cyclic loading with a nominal amplitude of 480MPa (Eqn.
(4)). (a) From left to right, the principal stress σzz in the crack tip of coarse-grained material when the crack extends to a length of 0.7 mm, 1.5 mm,
2.3mm, 3.1 mm, 3.9 mm, 4.7 mm, respectively. (b) The same type of contour from the gradient material (Fig. 7). (c) The same type of contour from
the gradient material with residual stress taken into account. (d) to (f) the corresponding von Mises stress σ̄ contours, and (g) to (i) the equivalent
plastic strain ε̄ contours.

Fig. 10. A comparison of JΔ path as a function of crack length among the base material, the gradient material, and the gradient material with residual
stress. The applied nominal stress amplitude is (a) 320MPa and (b) 480MPa, respectively.
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where C and n' are material-dependent constants and JΔ path is the change of the integral within a load cycle. The cyclic J-integral for
small scale yielding can be determined independently and is equivalent to the value for a linear elastic crack as in the case of
“monotonic” J-integral [72,73]. So the value of JΔ path could be written as:

= ∗ΔJ ΔK
Epath

2

(9)

where =∗
−

E E
ν1 2 for plane strain condition. Meanwhile, for plane stain problem with small scale yielding condition, the J-integral

Eqn. (9) is approximately equal to that for elastic J-integral, i.e. = −K K KΔ max min with ≃ ∗Kmax
J
E
max and ≃ ∗Kmin

J
E
min . Now the

right-hand side of Eqn. (9) can be rewritten as:

= + −ΔJ J J J J2path max min max min (10)

where Jmax and Jmin are the monotonic J-integrals for the maximum applied nominal stress and the minimum applied nominal stress,
respectively.

We show in Fig. 10 the curves of JΔ path versus crack length under two different nominal stresses. Firstly, at both nominal stresses
(as shown in Fig. 10, blue and green curves), it is observed that the JΔ path values of single gradient structure are slightly higher than
those of the base material. Such results above are consistent with the crack-growth behaviors of our in-situ fatigue tests and the
experimental observation that introduction of a gradient structure may only slightly increase the crack growth rate [39,40] if the
strength-ductility trade-off exists in the gradient layers. Based on the existence of the strength-ductility trade-off (i.e. higher strength
corresponds to lower strain) in the material of different grain size, the single gradient structure has no contribution to the cyclic J-
integral. The residual stress impacts the effective stress accounting for fatigue crack growth, which reduces the magnitude of the
maximum tensile stress by a significant amount. The combination of those two factors leads to the conclusion that the cyclic J-
integral is much more sensitive to residual stress distribution, other than the gradient structure. At the beginning of the crack growth
(crack length about 0.7mm), short crack length and relatively low level of residual compressive stress make the JΔ path of the three
types of samples very close. However, with the increase of crack length and the sharp increase of compressive residual stress, the
difference in JΔ path becomes apparent: when the crack length increases from 0.7mm to 3.1mm, the compressive residual stress
suppresses the increase of the JΔ path. Due to the combined effects of gradually decreasing residual compressive stress and the gra-
dually increasing crack length, JΔ path starts to increase gradually when the crack propagates from 3.9 mm. This variation in JΔ path can
be adopted to explain crack arrest at the crack length of 3mm in high-cycle fatigue experiments on train axle steel [52]. Fig. 10(b)
shows essentially the same trend seen in Fig. 10(a) when the nominal stress increases to =σ MPa480t . The effect of residual stress on

JΔ path is relatively weak.

5. Summary and conclusions

We present in this paper a systematic investigation to illustrate the combined effects of gradient structure and residual stress on
the fatigue life of train axle steel S38C. We first determined the microstructure and the distribution of residual stress of the gradient
layer produced by surface induction treatment, and revealed the influence of the gradient structure on the material properties, in
particular, the fatigue crack initiation and growth behavior of the gradient material. By using a finite-element model with material
properties consistent with the experimental measurements, we revealed that a gradient structure could significantly alter the stress
distribution near a crack tip, which could also influence the size of the local plastic zone during fatigue crack-growth. Our finite-
elements simulations indicated that residual compressive stress in the gradient material could lead to a smaller local plastic zone and
a more uniform stress distribution. Finally, we used the extended theory of fatigue crack growth based on cyclic J-integral to explain
how the residual stress influences the crack-growth behavior and why the crack arresting occurs. All these results showed a good
agreement with experimental observations. The introduced systematic mechanism investigation of gradient structure and the residual
stress field could be broadly employed to enhance the fatigue life of metallic materials.
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