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Featured Application: Evaluate the connectivity of wells near the fault or connected by
hydraulic fractures.

Abstract: Pressure communication between adjacent wells is frequently encountered in multi-stage
hydraulic fractured shale gas reservoirs. An interference test is one of the most popular methods for
testing the connectivity of a reservoir. Currently, there is no practical analysis model of an interference
test for wells connected by large fractures. A one-dimensional equation of flow in porous media
is established, and an analytical solution under the constant production rate is obtained using a
similarity transformation. Based on this solution, the extremum equation of the interference test
for wells connected by a large fracture is derived. The type-curve of pressure and the pressure
derivative of an interference test of wells connected by a large fracture are plotted, and verified
against interference test data. The extremum equation of wells connected by a large fracture differs
from that for homogeneous reservoirs by a factor 2. Considering the difference of the flowing distance,
it can be concluded that the pressure conductivity coefficient computed by the extremum equation of
homogeneous reservoirs is accurate in the order of magnitude. On the double logarithmic type-curve,
as time increases, the curves of pressure and the pressure derivative tend to be parallel straight lines
with a slope of 0.5. When the crossflow of the reservoir matrix to the large fracture cannot be ignored,
the slope of the parallel straight lines is 0.25. They are different from the type-curves of homogeneous
and double porosity reservoirs. Therefore, the pressure derivative curve is proposed to diagnose the
connection form of wells.

Keywords: interference test; well connectivity; hydraulic fracturing; pressure conductivity coefficient

1. Introduction

The connectivity and permeable directivity of a reservoir are needed for the design of a
development plan that accounts for such factors as a reasonable well pattern, the option of injection,
and production wells for injection water or gas development [1–5]. The connectivity and permeable
directivity are usually tested via interference test. The interference test is also widely used to investigate
the properties of water and geothermal wells, except oil and gas wells [6,7].

Early in 1936, Theis [8] proposed the type-curve of the interference test for homogeneous reservoirs
but did not account for the impact of the wellbore storage effect and the skin effect, which were later
studied by Obge Brigham et al. [9]. In 1972, Gringarten and Witherspoon [10] presented the curves
of the interference test for vertically fractured wells. An interference test analysis model for complex
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reservoirs, such as composite reservoirs [11], two-layered commingled reservoirs [12], and a deformable
reservoir [13] have also been proposed. Martinez [14] proposed a method to distinguish the spherical
flow and linear flow for the interference test. Since the 1990s, the interference test analysis model
for horizontal wells has become a hot topic [15–17], such as the models for anisotropic horizontal
wells [18,19], fractured horizontal wells [20], and multilayers horizontal wells [21,22].

The interference test can also be used to investigate the connectivity between an injection well and
a production well, where interference test analysis models of a multiphase flow [23–25] are needed.
Koening et al. [26] and Ajani et al. [27] studied interference test analysis models that consider complex
flow mechanisms for unconventional reservoirs.

Most existing interference test analysis models consider homogeneous reservoirs with different
boundaries, but most reservoirs are heterogeneous and have fractures. If the geological information
is complete, a numerical interference test analysis can be performed for a heterogeneous reservoir.
A fractured reservoir can be characterized by a multimedium model or discrete fracture model
depending on the density of fractures. Kazemi and Deruyck analyzed the interference test of double
porosity medium reservoirs using the Warren–Root model for reservoirs with intensive fractures [28–30].
The multimedium model does not work for reservoirs with sparse fractures. For example, the reservoirs
at Halahatang Oilfield, Tarim Basin in China are occurrent along faults resembling a string of beads.
Although Biryukov and Kuchuk [31] investigated the effect of discrete fractures on well test curves,
there are few studies on the impact of large fractures on the interference test.

In the past decade, multi-stage hydraulic fracturing horizontal wells have been widely used in
shale gas development. Frequently, hydraulic fracturing causes pressure communication in adjacent
horizontal wells [32–34]. Interference test wells are also used to test their connectivity [35]. The existing
analysis models consider the flow of the entire reservoir and are generally solved through numerical or
semi-numerical methods [36,37]. However, it is not necessary to consider the matrix flow in a fractured
reservoir when the test time is short.

Therefore, a one-dimensional equation of flow in porous media is presented in this paper to study
the pressure transient of wells connected by large fractures. Using its solution, an extremum equation
and interference test type-curve for wells connected by a large fracture (WsCLF) were obtained and
compared with the type-curve of homogeneous reservoirs and double porosity reservoirs. The results
were verified against interference test data.

2. Methodology

When an interference test is performed, a well is selected as an active well, and its production
rate is changed to vary the pressure of the reservoir. At the same time, a neighboring well acts as an
observation well, in which a high-precision pressure gauge is used to record the pressure variation.
The production rate variation of the active well and the pressure in the observation well are shown in
Figure 1. The connectivity is determined according to the pressure response in the observation well,
and the pressure conductivity coefficient is calculated based on the time interval of the pressure signal
received and other information [38].
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Figure 1. Active well production rate and observation well pressure of interference test.

3. Model and Solution for the Interference Test

3.1. Mathematical Model and Pressure Transient Solution

A simplified physical model considers two wells A and B connected by a large fracture. Well A
is an active well, and it shuts in after a period of production time tp. Well B is an observation well,
in which a precision pressure gauge is set up at the bottom-hole and kept closed. When the production
time is short and the matrix of the reservoir is tight, well A and B influence each other mainly by
the flow in large fractures, and the impact of flow in the matrix can be ignored. The fracture is
presumed to run through the formation vertically. Therefore, the flow in the fracture can be treated as
one-dimensional flow. The original of the coordinate system is set at Well A, and the right direction
of axis x is along the fracture from Well A to Well B (Figure 2). The latter analysis assumes that
the activation signal does not reach the end of the fracture which is treated as an infinite condition.
The one-dimensional equation of flow in porous media is [39]

∂2 p
∂x2 =

1
η

∂p
∂t

(1)

where p is the reservoir pressure (Pa), x is the coordinate along fracture (m), t is the time (s) and η is
the pressure conductivity coefficient (m2/s).

Considering the pressure transient when Well A produces with a production rate q,
boundary conditions and initial conditions are

p(t = 0) = pi (2)

p(x = ∞) = pi (3)

∂p
∂x

∣∣∣∣
x=0

=
qBµ

2bhK
(4)

where b is the fracture width (m), h is the reservoir thickness (m), K is the permeability of fracture (m2),
B is the volumetric ratio of fluid, µ is the viscosity (Pa·s), pi is the original pressure of reservoir, (Pa).
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Figure 2. Schematic diagram of wells connected by a large fracture.

Defining the dimensionless quantities

pD =
2Kh
qµB

(pi − p), xD =
x
b

, tD =
ηt
b2 (5)

The governing Equation (1) becomes Equation (6) [39]

∂2 pD

∂x2
D

=
∂pD
∂tD

(6)

The initial conditions and boundary condition Equations (2)–(4) can be written as Equations (7)–(9)

pD(tD = 0) = 0, (7)

pD(xD = ∞) = 0, (8)

∂pD
∂xD

∣∣∣∣
xD=0

= −1. (9)

Given the above equations, the following similarity transformation is performed according to
Liu et al. [39].

yD =
xD

2
√

tD
(10)

U =
pD

2
√

tD
(11)

Then
∂pD
∂xD

= 2
√

tD
∂U
∂xD

= 2
√

tD
∂U

2
√

tD∂yD
=

∂U
∂yD

(12)

∂2 pD

∂x2
D

=
∂

∂xD

(
∂U
∂yD

)
=

∂

2
√

tD∂yD

(
∂U
∂yD

)
=

∂2U
∂y2

D

1
2
√

tD
(13)

∂pD
∂tD

=
U√
tD
− xD

2
t−1
D

∂U
∂yD

(14)

Therefore, the governing equation becomes

1
2

∂2U
∂y2

D
+ yD

∂U
∂yD
−U = 0 (15)

and the boundary conditions and initial conditions are written as the following

U(yD = ∞) = 0 (16)

∂U
∂yD

∣∣∣∣
yD=0

= −1 (17)

A special solution of Equation (15) is

U1 = yD (18)
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Assuming another special solution that is linearly independent with U1 is

U2 = c(yD)yD (19)

Substituting Equation (19) into the control differential Equation (15)

1
2

yDc′′ + (1 + y2
D)c
′ = 0 (20)

Solving Equation (20), the following equation is derived

c(yD) =
∫ 1

y2
D

e−y2
D dyD = −y−1

D e−y2
D − 2

∫
e−y2

D dyD (21)

Therefore, another special solution is

U2 = −e−y2
D − 2yD

∫
e−y2

D dyD = −e−y2
D − yD

√
πer f (yD) (22)

The general solution is

U = c1yD − c2e−y2
D − c2yD

√
πer f (yD) (23)

where c1 and c2 are constant, and erf denotes the error function. Using the definite conditions
Equations (16) and (17), the following constants are determined

c1 = −1, c2 = − 1√
π

(24)

Therefore, the solution of Equations (15) and (16) is

U =
1√
π

e−y2
D + yDer f (yD)− yD (25)

The solution of Equations (6)–(9) is

pD =
2
√

tD√
π

e−
x2

D
4tD + xDer f

(
xD

2
√

tD

)
− xD (26)

Transforming the solution into the dimensional form, the pressure transient of the well with the
production q is

p = pi −
qµB
2Khb

[
2
√

ηt√
π

e−
x2
4ηt + xer f

(
x

2
√

ηt

)
− x
]

(27)

It can be seen from Equation (27) that the pressure change of the active well can immediately
affect the pressure of the observation well. However, the pressure variation can only be observed when
the pressure changes exceed the pressure gauge resolution and maximum noise.

3.2. Extremum Analysis of the Interference Test

When Well A shuts after a period of production time tp with a production rate q, the pressure
transient of Well B can be derived by the superposition principle because the governing Equation (1) is
a linear equation, as follows

p(t) = pi −
qµB

2Khb

[
2
√

ηt√
π

e−
x2
4ηt + xer f

(
x

2
√

ηt

)
− 2
√

η(t−tp)√
π

e
− x2

4η(t−tp) − xer f
(

x
2
√

η(t−tp)

)]
(28)
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To the pressure transient of Well B in the period (0, tp), the ratio of pressure change can be derived
using Equation (26) as follows

dp
dt

= −
qµB
√

η

2Khb
√

πt
e−

x2
4ηt < 0 (29)

Therefore, in the period (0, tp), the pressure of Well B is monotonically decreasing. When t > tp,
according to Equation (27),

dp
dt = − qµB

2Khb


√

η√
πt

e−
x2
4ηt + x2

2t
√

ηπt e−
x2
4ηt −

√
η√

π(t−tp)
e
− x2

4η(t−tp) − x2

2(t−tp)
√

ηπ(t−tp)
e
− x2

4η(t−tp)

− x2

2t
√

ηπt e−
x2
4ηt + x2

2(t−tp)
√

ηπ(t−tp)
e
− x2

4η(t−tp)


= − qµB

2Khb

[
√

η√
πt

e−
x2
4ηt −

√
η√

π(t−tp)
e
− x2

4η(t−tp)

] (30)

Setting

f (t) =
√

η
√

πt
e−

x2
4ηt (31)

then
dp
dt

= − qµB
2Khb

[
f (t)− f (t− tp)

]
(32)

Using Equation (31), the following equation is derived

d f
dt

=

(
x2

2ηt
− 1
) √

η

2t
√

πt
e−

x2
4ηt (33)

It can easily be found that when t < x2/2η, f (t) monotonically increases, while when t > x2/2η,
f (t) monotonically decreases. Combining the above equation with Equation (32), it can be concluded
that when t > tp + x2/2ηt, dp

dt > 0, the pressure p of Well B monotonically increases, and when

t < x2/2η, dp
dt < 0, the pressure p of well B monotonically decreases.

The continuously differentiable function p monotonically decreases in the region
[0, max (tp, x2/2η)], and monotonically increases in the region t > tp + x2/2ηt. Therefore,
there must be a point tm ∈ [max(tp, x2/2η), tp + x2/2η] when the pressure p of Well B reaches a
minimal value. According to the extremum condition of a function,

dp
dt

= − qµB
2Khb

 √η
√

πtm
e−

x2
4ηtm −

√
η√

π(tm − tp)
e
− x2

4η(tm−tp)

 = 0 (34)

where tm is the time when the pressure reaches the minimal value. From Equation (34), we can get the
pressure conductivity coefficient as follows

η =
x2tp

2tm(tm − tp) ln tm
tm−tp

(35)

3.3. Type-Curve of the Interference Test

The interference test type-curve can be obtained when the active well keeps producing and the
observation well stays closed. The dimensionless pressure derivative can be defined similarly to that
in the pressure transient analysis

p′D =
dpD

d ln tD
=

√
tD√
π

e−
r2
D

4tD (36)
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In Equation (36), the variable rD that replaces the variable xD is the distance between the active well
and the observation well along the fracture. The curves of the dimensionless pressure derivative denoted
in Equation (36) and the dimensionless pressure denoted in Equation (26) are drawn in one type-curve as
Figure 3. This finding can be observed in the double logarithmic coordinate system, when the distance
between wells is constant, the pressure and pressure derivative increase over time, and the speed of
increase approaches a constant. Both of the two curves become linear with a slope of 0.5.

It is easy to obtain the cross point of a dimensionless pressure curve and dimensionless pressure
derivative curve in an interference test type-curve of WsCLF as follows:

tD

r2
D
≈ 1.335,

pD
rD

=
p′D
rD
≈ 0.541 (37)

When tD/r2
D → ∞ , according to Equations (26) and (36), it can be found that

pD
rD
≈ 2
√

tD√
πrD

, and
p′D
rD
≈
√

tD√
πrD

(38)

Therefore, pD/rD ∼
√

tD/rD approaches a straight line through the original point. However, in a
homogeneous reservoir, pD~lgtD becomes a straight line when tD/r2

D → ∞ . In a double logarithmic
coordinate system, it can also be found that

lg
(

pD
rD

)
− lg

(
p′D
rD

)
≈ lg

(
2
√

tD√
πrD

)
− lg

( √
tD√

πrD

)
= lg2 ≈ 0.301 (39)

Thus, the distance between pD/rD and p′D/rD is lg2 log-period in a double-logarithmic
coordinate system.

Figure 3. Interference test type-curve of wells connected by a large fracture.

If the distance between wells and the width of the fracture are known, the pressure conductivity
coefficient and permeability can be obtained by fitting the pressure and pressure derivative with the
type-curve of interference test. Because it is difficult to obtain a precise value of the width of a fracture,
the fracture conductivity Kb is usually computed.
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4. Verification of the Interference Test Analysis Model for Wells Connected by a Large Fracture

The previously proposed model was verified against interference test data from Chu et al. [36].
Due to the fracturing of the horizontal well, Chu et al. [36] found that the 3H well was connected to the
4H and 6H wells. Although they are horizontal wells and 3H and 4H wells are vertically connected,
it is not difficult to understand that our model still applies. It can be seen that the fitting results are
very good (Figure 4), and this proves the correctness of the proposed model. The fitting parameters for
the 4H well are

qµBr
2Khb

= 9.584× 104,
r2

η
= 1.440× 103 (40)

where r is the distance between wells along the fracture (m). For the 6H well, the fitting parameters are

qµBr
2Khb

= 1.186× 105,
r2

η
= 4.500× 103 (41)

It should be noted that h in the above Equations (40) and (41) is not the thickness of the formation,
but the width of the inter-well fracture communication. Since the production rate q, distance between
wells r, viscosity µ, and volumetric ratio of fluid B are not given, and h is unknown, the permeability K
and the pressure conductivity coefficient η cannot be further determined.

Figure 4. Fitting results for interference test data of Chu et al. [36]. (a) 4H well. (b) 6H well.
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5. Discussion

The assumption that two wells are connected by a large fracture is usually too strong. Actually,
they may be connected by the channel formed through several groups of intersected fractures. However,
this does not influence the analysis process and results in this study. When one well connects with
multiwells through several large fractures, it has little impact on the computation result of the pressure
conductivity coefficient because the equation of the pressure conductivity coefficient derived by the
extremum analysis is independent of the flow rate.

To further understand its characteristics, the interference test of WsCLF, is compared with cases
of homogeneous and double porosity medium reservoirs. The equation of pressure conductivity
coefficient for homogeneous reservoirs is as follows [40]

η =
x2tp

4tm(tm − tp) ln tm
tm−tp

(42)

From Equations (35) and (40), it can be seen that the pressure conductivity coefficient for WsCLF
differs from that for homogeneous reservoirs by a factor 2. The distance used in Equation (35) is the
distance along the fracture rather than the straight line distance. Although, the former is always longer
than the latter, they are on the same order of magnitude. Actually, a large fracture and homogeneous
reservoirs are respectively two extreme connection forms of two wells. This indicates that the pressure
conductivity coefficient computed by the equation for homogeneous reservoirs is on the same order of
magnitude of the actual value if the fundamental information is precise. It should be pointed out that
according to the definition of the pressure conductivity coefficient, the permeability would be very
different because of the huge diversity between their porosity and total compressibility.

Different connection forms and boundary conditions also reflect their characters in the interference
test type-curve. For two wells connected by a homogeneous reservoir, the dimensionless pressure
derivative increases and then approaches a 0.5 horizontal line [38]. Therefore, the shapes of their
dimensionless pressure derivative curves are highly different. The pressure derivative would appear
between the 0.5 horizontal lines and the straight line with a slope of 0.5, when the difference between
the conductivity of the large fracture and the matrix is not large enough to ignore the influence of the
matrix. Considering the crossflow of the reservoir matrix to the large fracture, the pressure transient can
be obtained through Laplace transformation and the Stehfest numerical inversion method. The details
can be seen in the Appendix A. The interference test type-curve of WsCLF with a crossflow of reservoir
matrix is shown in Figure 5. It can be seen that the pressure and pressure derivative curves approach
parallel straight lines with a slope of 0.25. It can be found that FD and Cf have a similar influence on the
curves, and they cannot be distinguished. This can also be concluded from Equation (A19).

The intensity of the fractures can affect the shape of the pressure derivative curves. The reservoir
approximates a double porosity medium when there are intensive fractures, and the pressure derivative
curve has a cavity compared with that of the homogeneous reservoir [41]. The storativity ratio ω is
related to the intensity of fractures and can be evaluated by the pressure derivative [38].

Therefore, the appearance of the pressure and pressure derivative curves in the double logarithmic
coordinate can be used to diagnose the form of connections. In addition, the fracture intensity can be
qualitatively judged based on the deviation of the pressure derivative from that of a homogeneous
reservoir and WsCLF.
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Figure 5. Interference test type-curve for wells connected by a large fracture with crossflow of the
reservoir. (a) Different Cf. (b) Different FD.

6. Conclusions

To deal with the situation that there is no practical analysis model of the interference test for
WsCLF, an one-dimensional governing equation is established in this study. An analytical solution is
further obtained by the similarity transformation method. Using this solution, the extremum equation
of the interference test for WsCLF is derived, and the type-curve of the interference test is plotted.
Then, interference test data was fitted by the type-curve. It is found that the extremum equation of the
interference test for WsCLF differs from that for homogeneous reservoirs by a factor 2. However, it is
to be noted that the computed permeability may be quite different because their respective porosity
and compressibility are quite different.

On the interference test type-curve of the double logarithmic coordinate, the pressure and pressure
derivative curves of WsCLF increase over time, and both finally become straight lines with a slope of
0.5. When the crossflow of the reservoir matrix to the large fracture cannot be ignored, the slope of
these straight lines is 0.25. Considering the distinct shapes of pressure derivative curves for different
connections, the connection form of wells can be diagnosed and the intensity of fractures can be
qualitatively judged through the pressure derivative curves of the interference test.

In this study, it is assumed that the two wells are connected by a large fracture. In fact, when two
wells communicate through a narrow, high-permeability strip formation, the flow in the formation
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is a radial flow near the well and then turns into a linear flow. If the strip is very narrow, the radial
flow phase is very short and is even covered by the wellbore storage phase. At this time, the flow
characteristics are similar to that of the WsCLF. Therefore, the results of this study can also be used for
the analysis of such a situation.

It is difficult to maintain the production rate of gas or oil wells constant in reality. Given that the
extremum equation is independent of the production rate, it is only necessary to be able to distinguish
the relationship between different active signals. However, when using the type-curve for analysis,
the production rate must be considered. If the fluctuation of the production rate is not large over a
long time, it can be treated as a constant production period. The average production rate is used in the
analysis. Therefore, in order to use the type-curve for analysis, it is necessary to retain a substantially
stable production rate over an extended period of time.

Author Contributions: Conceptualization, G.H. and Y.L.; methodology, G.H. and W.L.; formal analysis, G.H. and
W.L.; investigation, D.G. and W.L.; writing—original draft preparation, G.H.; writing—review and editing, D.G.
and Y.L.; funding acquisition, G.H.

Funding: This research was funded by the National Natural Science Foundation of China, grant number 11602276.
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Appendix A. Pressure Transient of WsCLF with Crossflow of the Reservoir

When the crossflow of a reservoir to the large fracture cannot be ignored, the flow regime is
shown in Figure A1. Zone 1 is the large fracture, and Zone 2 is the reservoir.

Figure A1. Flow regime of a large fracture with crossflow of the reservoir.

The dimensionless quantities are defined as follows

pD =
2Kh
qµB

(pi − p), xD =
x
b

, tD =
ηt
b2 , C f =

η

ηm
, FD =

Km

K
,

where ηm is the pressure conductivity coefficient of reservoir matrix (m2/s), and Km is the permeability
of reservoir matrix (m2). It is easy to derive the dimensionless governing equations, initial conditions
and boundary conditions. In Zone 1, the governing equation is [42]

∂2 p1D

∂x2
D

+ 2FD
∂p2D
∂yD

∣∣∣∣
yD=0

=
∂p1D
∂tD

(A2)

The initial conditions and boundary conditions are

p1D(0, xD, 0) = 0 (A3)
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p1D(tD, ∞, 0) = 0 (A4)

∂p1D
∂xD

∣∣∣∣
xD=0

= −1 (A5)

In Zone 2, the governing equation is [42]

∂2 p2D

∂y2
D

= C f
∂p2D
∂tD

(A6)

The initial conditions and boundary conditions are

p2D(tD, xD, 0) = p1D(tD, xD, 0) (A7)

p2D(0, xD, yD) = 0 (A8)

p2D(tD, xD, ∞) = 0 (A9)

The followings can be obtained from Equations (A2)–(A9) through Laplace transformation

∂2 p1D
∂x2

D
+ 2FD

∂p2D
∂yD

∣∣∣∣
yD=0

= up1D (A10)

p1D(u, ∞, yD) = 0 (A11)

∂p1D
∂xD

∣∣∣∣
xD=0

= − 1
u

(A12)

∂2 p2D
∂y2

D
= C f up2D (A13)

p2D(u, xD, 0) = p1D(u, xD, 0) (A14)

p2D(u, xD, ∞) = 0 (A15)

The following can be derived using Equations (A13) and (A15)

p2D = c1e−
√

C f uyD (A16)

where u is the Laplace transform variable, and c1 is constant with respect to variable yD. By combining
Equations (A14) and (A16), it yields

p1D(u, xD, 0) = c1(u, xD) (A17)

Substituting Equations (A17) and (A16) into Equation (A10) results in

c′′ 1 =
(

u + 2FD

√
C f u

)
c1 (A18)

Using Equations (A18), (A11) and (A12), the pressure transient solution of Zone 1 in the Laplace
domain can be obtained as follows

p1D(u, xD, 0) =
1

u
√

u + 2FD

√
C f u

e−
√

u+2FD
√

C f uxD (A19)

The pressure transient solution in the real domain can be obtained using the solution (A19) in the
Laplace domain using the Stehfest numerical inversion method.
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