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Abstract 

In this paper, the effects of specimen geometry and loading condition on fatigue life are 

investigated based on statistical analysis and control volume concept. A probabilistic control 

volume method is developed for correlating the fatigue life of specimens with different control 

volumes. The predicted P-S-N curves accord with the experimental data for the titanium alloy 

Ti-6Al-2Sn-2Zr-3Mo-X and the high strength steel JIS SUJ2 in literature. The relative error of 

the predicted fatigue life at 50% survival probability to that directly analyzed from the 

conventional testing method is –18.7% for the specimens of titanium alloy. The paper also 

indicates that the determination of the control volume should be based on the fatigue failure 

mechanism of specimens, which is appropriate to use the control volume for the interior induced 

fatigue failure and the control surface with a certain thickness for the surface induced fatigue 

failure. 
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1. Introduction 

Fatigue failure is very common phenomenon in materials and structure parts [1–3]. 

One of the most important factors influencing the fatigue behavior is the effects of 

specimen geometry and loading condition [4–7]. For example, large specimens usually 

present short fatigue life compared to the smaller specimens due to the high possibility 

of material defects or microstructure inhomogeneities. On the other hand, the specimen 

(e.g. a notched specimen) with a large stress gradient at its most highly stressed location 

generally endures the higher local stress amplitude than that of the smooth specimen for 

the same fatigue cycles [8,9]. Therefore, it is vital to model the effects of specimen 

geometry and loading condition on the fatigue life or fatigue strength of metallic 

materials. 

The effects of specimen size, notch geometry and loading condition on fatigue life 

or fatigue strength have drawn great attention [10-13]. For example, Murakami et al. [14] 

used the control volume method to investigate the difference of fatigue strength by axial 

fatigue test and rotating bending fatigue test for high strength steels. The control volume 

is a highly stressed domain of a specimen or a component, where the fatigue crack 

might initiate [15]. Sun et al. [16] correlated the fatigue life of small specimens and that 

of large specimens by the assumption that large specimens could be seen composed of a 

number of small specimens via the control volume. It was shown that, if the fatigue life 

of small specimens followed Weibull distribution with the scale parameter λ and the 

shape parameter k, the fatigue life of large specimens followed the Weibull distribution 

with the scale parameter n-1/kλ, where n is an approximate integer presenting the ratio of 

the control volume of the large specimen to that of the small specimen. Then, the fatigue 

life of the large specimen could be analyzed by using the fatigue life data of small 

specimens. Lanning et al. [17] used the weakest-link method for predicting the high 
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cycle fatigue strength of notched components. Berto & Lazzarin [18,19] applied the 

strain energy density approach averaged over a control volume to investigate the fatigue 

strength of notched components. Wang et al. [20] combined the critical distance and the 

highly stressed volume method to evaluate the size effect of the stress concentrator on 

low cycle fatigue of TA19 plate, and showed that the combining method gave a better 

prediction of the size effect than the critical distance method alone. Härkegård & 

Halleraker [21] ranked the Neuber’s and Peterson’s method, peak stress method, critical 

distance method, stress gradient method, highly stressed volume method and 

weakest-link method, according to their predictive capability for the notch and size 

effect at the fatigue limit based on the data by Böhm and Magin. It was shown that the 

stress gradient, weakest-link and highly stressed volume methods gave the best 

predictions. 

In this work, the effects of specimen geometry and loading condition on fatigue life 

are studied, and a probabilistic control volume method is proposed for correlating the 

effects of specimen geometry and loading condition on fatigue life based on statistical 

analysis and control volume concept. The predicted P-S-N curves are compared with the 

experimental data in literature and the data directly analyzed from the conventional 

testing method. The determination of the control volume is also discussed. 

 

2. A probabilistic control volume method 

According to the wok by Sun et al. [16], if a normal specimen A with control 

volume VA could be seen composed of a number of specimen C with very small control 

volume VC from the same material and the same production procedure through control 

volume, the fatigue life of specimen A could be analyzed by using the fatigue life data 

of specimen C. Here, the fatigue life in logarithmic scale NC of specimen C under a 
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certain stress level is assumed to follow 3-parameter Weibull distribution, i.e. 
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where λ>0 is the scale parameter, k>0 is the shape parameter and γ≥0 is the location 

parameter. 

At the same stress level, the cumulative distribution function for the fatigue life in 

logarithmic scale NA of specimen A satisfies 
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where nA is an approximate integer part of VA/VC.  

From Eqs. (1) and (2), we have 1 ( ) 1 ( )
A CN NF x F x− = −  at the same survival 

probability, i.e. 
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Eq. (3) could be written as 
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In the same way, for specimen B with control volume VB, we have 
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where NB is the fatigue life in logarithmic scale of specimen B and nB is an integer part 
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of VB/VC. 

Considering that the specimen C with very small control volume (e.g. 0.01 mm3), 

we have 

A
A

C

Vn
V

=  and B
B

C

Vn
V

=                        (6) 

By using Eqs. (4)-(6), we have 
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                         (7) 

Especially, for the crack initiates from the surface, the highly stressed region of the 

surface (i.e. control surface) with a certain thickness h (e.g. the magnitude of several 

grains) should be used [16]. In this case, Eq. (7) is written as 

1
k
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N S
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                         (8) 

where SA denotes the control surface of specimen A and SB denotes the control surface 

of specimen B. 

As a special case, if the fatigue life in logarithmic scale following the two-parameter 

Weibull distribution, we have 
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Eqs. (7)-(10) give the relation for the fatigue life of specimens with different control 

volumes, which indicate that the effects of specimen geometry and loading condition on 

fatigue life is related to the control volume of specimens and the parameters of the 

Weibull distribution of fatigue life in logarithmic scale. Moreover, Eqs. (7) and (8) 
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indicate that the fatigue life in logarithmic scale tends to the minimum value γ, which 

accords with the fact that the fatigue life cannot decrease infinitely with increasing the 

specimen size. 

 

3. Comparison with experimental results 

Here, the two-parameter Weibull distribution is assumed for the fatigue life in 

logarithm of base 10. Regarding to the fatigue life under different stress levels, the 

method by Sun et al. [16] is used to transform the fatigue life under different stress 

levels to that under an arbitrary given stress level, and then the parameters of Weibull 

distribution and the fatigue life at some certain survival probabilities are obtained. 

 

3.1. Comparison with experimental data of a titanium alloy 

Figure 1 shows the comparison of the predicted P-S-N curves by the method in Ref. 

[16] with the experimental data for the hourglass specimen under conventional 

frequency axial fatigue test [22]. The original experimental data are given in Table 1. It 

is seen that the experimental data in general scatter on both sides of the predicted 50% 

survival probability curve and are within the predicted 5% and 95% survival probability 

curves, indicating that the predicted P-S-N curves accord with the experimental data. 

For a further comparison with the experimental data, Fig. 1 also shows the fatigue life at 

5%, 50% and 95% survival probabilities directly obtained from the statistical analysis 

(i.e. the conventional testing method) for all the 8 fatigue life data at σa = 693 MPa. It is 

seen that, the predicted fatigue life at 5%, 50% and 95% survival probabilities is in 

agreement with the ones by the conventional testing method. The relative errors of the 

former to the latter are 35.9%, 12.7% and –11.3%, respectively. This further indicates 

that the method in Ref. [16] could be used for the P-S-N curve prediction. 
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Figure 2 shows the comparison of the predicted P-S-N curves with the experimental 

data for the hourglass specimen and the notch specimen under rotating bending fatigue 

test [13] by the present method using the experimental data of the hourglass specimen 

under conventional frequency axial fatigue test [22]. For the hourglass specimen under 

rotating bending fatigue test, the fatigue life at 5%, 50% and 95% survival probabilities 

obtained directly from the statistical analysis for all the 17 fatigue life data at σa=706.2 

MPa are also compared. The original experimental data of the specimens under rotating 

bending fatigue test are given in Table 1. Considering that all the hourglass and notch 

specimens under rotating bending fatigue test fail from the specimen surface and that 

only one hourglass specimen under axial loading fatigue test fails from the interior of 

specimen, the present method with control surface (i.e. Eq. 10) might be appropriate for 

correlating the effects of specimen geometry and loading condition on the fatigue life. 

The predicted results by the present method using the control volume (i.e. Eq. 9) are 

also compared. Here, the control surface and the control volume are taken as the region 

no less than 90% of the maximum principal stress [10,15,16,21] and obtained by finite 

element calculation, as shown in Table 2. 

It is seen that the predicted P-S-N curves by using control surface accord with the 

experimental data, which is much better than the predicted ones by using the control 

volume. The fatigue life at 5%, 50% and 95% survival probabilities predicted by the 

present method using control surface is also very close to the fatigue life directly 

analyzed from the conventional testing method. The relative errors of the former to the 

latter are –56.1%, –18.7% and 76.3%, respectively. While the relative errors are very 

large for the fatigue life predicted by using control volume, which are 761.4%, 941.5% 

and 1323.3%, respectively, as shown in Table 3. This indicates that the determination of 

the control region is crucial for the application of control volume method. For the crack 
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initiates from the surface of specimen, the fatigue life is dominated by the highly 

stressed region of the surface with a certain thickness. In this case, it is appropriate to 

take the control surface with a certain thickness for correlating the effects of specimen 

geometry and loading condition on fatigue life by using the control volume method. 

 

3.2. Comparison with experimental data of a high strength steel  

Here, the proposed method is used for evaluating the effect of loading condition 

(rotating bending and axial loading) on the fatigue life of a high strength steel JIS SUJ2 

in literature [23,24]. The experimental results indicate that this high strength steel 

presents different failure modes from low cycle fatigue to very high cycle fatigue 

(VHCF) regime. In low cycle fatigue regime, the fatigue failure initiates from the 

surface slip. In VHCF regime, the fatigue failure initiates from inclusions. In high cycle 

fatigue regime, the two failure modes could coexist at the same stress amplitude, and 

the fatigue life generally has a larger difference at different failure modes. In this case, 

the specimens with the same failure mode that the fatigue failure initiates from 

inclusions are considered, and the present method with control volume (i.e. Eq. 9) is 

more appropriate due to the fact that most specimens initiate from the interior of 

specimens. The predicted results by using the control surface (i.e. Eq. 10) are also 

compared. The control volume and control surface are 1.10 mm3 and 14.99 mm2 for the 

specimens under rotating bending fatigue test, respectively, and 17.49 mm3 and 29.92 

mm2 for the specimens under axial loading fatigue test, respectively.  

Figure 3 shows the comparison of the predicted P-S-N curves by the method in Ref. 

[16] with the experimental data of the specimen under rotating bending fatigue test 

[23,24]. It is seen that the predicted P-S-N curves are in agreement with the 

experimental data. 
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Figure 4 shows the comparison of predicted P-S-N curves with experimental data 

under axial loading fatigue test by the ones under rotating bending fatigue test [23,24]. 

It is seen that the predicted P-S-N curves by using the control volume are in agreement 

with the experimental data under axial loading fatigue test, which seems to be better 

than the predicted results through the control surface. 

According to the work by Nakajima et al. [23,24], the inclusions as crack origin are 

located within 0.175 mm depth from the specimen surface due to the presence of stress 

gradient under rotating bending fatigue test, which is very close to the depth of 0.160 

mm calculated from finite element analysis by the control volume. This indicates that 

the control volume is consistent with the region where the fatigue crack might initiate, 

i.e. it is reasonable to use the control volume for correlating the effect of loading 

condition on the fatigue life for the crack initiation from inclusions. 

Comparison of the predicted P-S-N curves with the experimental data for the 

titanium alloy Ti-6Al-2Sn-2Zr-3Mo-X and the high strength steel JIS SUJ2 in literature 

indicates that the proposed method is able to reflect the effects of specimen geometry 

and loading condition on fatigue life. 

It is noted that, the premise of the present method is that the normal specimens 

could be seen as a number of small specimens through the control volume and that the 

fatigue life for the normal specimens could be taken as the minimum fatigue life among 

these small specimens [16]. So, the present method might be invalid for the effects of 

specimen geometry and loading condition on the fatigue life of specimens with different 

failure mechanism [25] or for the fatigue failure with multiple crack initiation and crack 

propagation with mutual interactions [26]. 

 

4. Conclusions 
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In this paper, a probabilistic control volume method is proposed for evaluating the 

effects of specimen geometry and loading condition on fatigue life based on statistical 

analysis and control volume concept. The predicted results are in agreement with the 

experimental data of the titanium alloy Ti-6Al-2Sn-2Zr-3Mo-X and the high strength 

steel JIS SUJ2 in literature. It also suggests that the determination of the control volume 

should be based on the fatigue failure mechanism of specimens. For the surface induced 

fatigue failure, it is appropriate to use the control surface with a certain thickness for 

correlating the effects of specimen geometry and loading condition on fatigue life. The 

proposed method might be promising in evaluating the effects of specimen geometry 

and loading condition on fatigue life of metallic materials. 
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Figures and figure captions 

 

 

 

 

 

 

 

Figure 1. Comparison of predicted P-S-N curves by the method in Ref. [16] with the 

experimental results for the hourglass specimen under conventional frequency axial fatigue 

test [22], in which the symbol cross denotes the fatigue life at 5%, 50% and 95% survival 

probabilities obtained directly from the statistical analysis of the 8 fatigue life data at σa = 

693 MPa. 
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Figure 2. Comparison of predicted P-S-N curves with the experimental data for the 

hourglass specimen and notch specimen under rotating bending fatigue test [13] by the 

experimental data of the hourglass specimen under conventional frequency axial fatigue test 

[22], in which the symbol cross denotes the fatigue life at 5%, 50% and 95% survival 

probabilities obtained directly from the statistical analysis of the 17 fatigue life data at σa = 

706.2 MPa for the hourglass specimen under rotating bending fatigue test. (a), (c) The 

present method using control surface; (b), (d) The present method using control volume. 
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Figure 3. Comparison of predicted P-S-N curves by the method in Ref. [16] with the 

experimental data of the specimen under rotating bending fatigue test [23,24]. 

 

 

 

 

 

 

 

 

 

Page 15 of 18 AUTHOR SUBMITTED MANUSCRIPT - MRX-111601.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



16 
 

 

 

 

 

 

 

 

 

 

Figure 4. Comparison of predicted P-S-N curves with experimental data under axial loading 

fatigue test by the ones under rotating bending fatigue test in literature [23,24]. (a) The 

present method using control volume; (b) The present method using control surface. 
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Tables and table captions 

 

Table 1. Original experimental data of specimens shown in Figs. 1 and 2.  

Hourglass specimen  
under conventional frequency  

axial fatigue test 

Hourglass specimen  
under rotating bending  

fatigue test 

Notch specimen  
under rotating bending  

fatigue test 

σa (MPa) Nf (cycle) σa (MPa) Nf (cycle) σa (MPa) Nf (cycle) 
882 8.98 × 103 898.8 1.20×104 600 1.25×105 
882 9.40 × 103 802.5 1.20×105 600 2.74×104 
882 9.82 × 103 802.5 3.30×104 550 1.64×105 
819 1.79 × 104 706.2 4.96×105 550 7.20×105 
819 2.48 × 104 706.2 4.05×105 520 4.56×105 
819 1.82 × 104 706.2 1.67×106 520 5.21×106 
819 1.70 × 104 706.2 6.25×106 480 8.33×105 
756 4.34 × 104 706.2 2.22×105 480 1.22×106 
756 4.36 × 104 706.2 5.32×106 450 1.92×106 
756 2.58 × 104 706.2 6.43×104 450 1.41×107 
756 4.83 × 104 706.2 1.16×106 450 4.86×105 
693 2.39 × 105 706.2 2.01×105   
693 6.45 × 104 706.2 2.96×105   
693 3.27 × 105 706.2 1.07×105   
693 7.97 × 104 706.2 1.59×106   
693 4.04 × 105 706.2 3.66×105   
693 4.16 × 104 706.2 2.27×105   
693 4.90 × 104 706.2 1.04×105   
693 8.29 × 104 706.2 7.47×105   
630 2.74 × 105 706.2 3.07×104   
630 2.77 × 106 674.1 1.57×106   
630 2.52 × 106 674.1 6.78×104   
630 3.82 × 104 642 1.82×107   

  642 2.37×107   
  642 1.27×107   
  620.6 2.38×106   
  620.6 1.04×107   
  599.2 4.06×106   
  599.2 7.18×105   
  599.2 6.13×106   
  567.1 6.87×106   
  551.05 7.54×105   
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Table 2. Control surface and control volume of specimens under different loading 

conditions. 

Specimen type 

Hourglass specimen under 

conventional frequency 

axial fatigue test 

Hourglass specimen 

under rotating 

bending fatigue test 

Notch specimen 

under rotating 

bending fatigue test 

Control surface 

/ mm2 69.53 18.78 4.49 

Control 

volume / mm3 
60.64 1.56 0.13 

 

 

Table 3. Comparison of predicted fatigue life at different survival probabilities by the 

present method with the ones by conventional testing method for the hourglass specimen 

under rotating bending fatigue test at σa = 706.2 MPa. 

Survival 

probability 
Conventional method 

Present method using control 

surface (control volume) 
Relative error (%) 

5% 4.15×106 1.82×106 (3.16×107) –56.1 (761.4) 

50% 4.82×105 3.92×105 (5.02×106) –18.7 (941.5) 

95% 2.15×104 3.79×104 (3.06×105) 76.3 (1323.3) 
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