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Introduction

Measurement of transparent liquid surface topography is of 
very importance in both scientific and engineering fields. For 
example, Water Striders can walk, bounce, and even leap on 
liquid surface with their slender legs and without sinking into 

the water, that aroused great interest among the scientists of 
biology, fluids and bionic robotics fields [1–7]. To elucidate 
their superior locomotion on the water, a series of studies 
have been carried out to explore the liquid topography caused 
by the insects to reveal their fluid dynamics, including theo-
retical analysis [4] and laboratory experiments [2]. However, 
due to the lack of measurement for complex liquid surface 
morphology caused by Water Striders, the research of Water 
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Abstract
The measurement of transparent liquid surface topography is of great importance in many 
fields such as hydrodynamics of water-walking insects, liquid sloshing and flotation, etc. 
However, techniques for measuring these specular and rheological surfaces, especially for 
surfaces with floating objects, have been lacking. Here we report a monoscopic deformed 
fringe transmissometry for measuring complex transparent liquid surfaces with theoretical 
sensitivity up to 0.40 µm. The basic principle is to reconstruct the 3D liquid surfaces by the 
mathematical relations between the in-plane fringe phase-shift and the out-of-plane shape 
of the liquid surface. It only needs to project a single fringe pattern from the bottom of the 
liquid and capture a single deformed image from above. A sub-pixel sampling moiré method 
is proposed to process the captured fringe pattern to obtain the precise phase component and 
the displacement field, which is then used to reconstruct the 3D shape of the liquid surface. 
The discontinuous fringes in the pattern also settled by covering an extracted mask to the 
displacement filed. The verification test of floating 3D printed characters indicates that this 
new technique is robust in measuring the 3D shape of complex liquid surface. The developed 
technique provides a versatile tool to explore interfacial phenomena such as wetting, floating, 
surface wave, etc.
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Striders’ superior locomotion still lacks effective measure-
ment results. Another example is the liquid sloshing in space-
crafts [7–9]. The non-linear sloshing of liquid fuels will exert 
a tremendous impact on the flight control of spacecrafts 
[10], which have led to an emphasis on the measurement 
of liquid surface topography in tanks. In order to solve the 
liquid sloshing associated with liquid surface deformation, 
many numerical simulation methods have been developed 
[11–14]. In spite of this, the real-time detection of the space-
craft tank is essential. Because the extensive applications of 
baffles [15] in the spacecraft tank, it is necessary to develop 
methods to measure the complex discontinuous liquid surface 
topography.

Experimental techniques for measuring of the topography 
of free liquid surfaces can be divided into two categories. The 
first one is interferometry [16, 17]. Matsuda et al [16] devel-
oped a holographic shearing interferometer that uses twin 
three-beam holograms to measure liquid surface deformation 
in real time. This technique is robust when measuring large 
deformations. However, for laser interferometry, the optical 
set-ups are very complex. In addition, this set of methods is 
too sensitive to out-of-plane deformation, resulting in failure 
in measuring large-slope liquid surfaces [16].

The second category of techniques is based primarily on 
the refraction or reflection of a carrier image on the liquid 
surface. Moisy et  al [18] developed a synthetic Schlieren 
method to reconstruct the 3D topography of liquid surface. 
Huang et al [19] proposed a monoscopic fringe reflectometric 
system for dynamic 3D sensing of specular reflective surfaces. 
However, they have a limited measurements range and only 
suitable for small deformations. Liu et al [20–25] proposed a 
fringe transmission technique for measuring the deformation 
of large liquid surface by analyzing the in-plane deformation 
of transmission fringe patterns. This set of techniques have 
advantages of non-contact and full-field measurements, and 
the experimental set-up is very simple and easy to operate. 
However, they are not suitable for high precision deforma-
tion measurement of dynamic liquid surface, since the Fourier 
transform has a strain measurement limitation of 1/3 [26].

In the present paper, a monoscopic deformed fringe trans-
missometry combined with sub-pixel sampling moiré method 
and phase-shifting technique is proposed for measuring the 
full-field liquid surface deformation in a way with high reso-
lution and precision. This non-contact method has the advan-
tages of high sensitivity and measurement of discontinuous 
transparent liquid surfaces. In addition, it only needs to cap-
ture a single deformed fringe pattern and an undeformed one 
to reconstruct the liquid surface, indicating its potential for 
dynamic measurement. For complex liquid surface, we pro-
pose a digital mask method to achieve liquid surface topog-
raphy measurements in discontinuous regions. The paper is 
organized as follows: the principle of the developed method 
is formulated in ‘Method Development’. We then conducted 
experimental tests and verifications in ‘Experiments’. The 
experimental results and the processing of unconnected 
fringe patterns are presented in full detail in ‘Results and 
Discussion’. For the case of discontinuous liquid surface, 
an artificial mask is presented to deal with the inconsecutive 
fringes. In ‘Conclusions’ we give concluding remarks.

Method development

Refraction of lights on a transparent liquid surface

The basic principle of monoscopic fringe transmissometry is: 
when light travels to another medium, refraction occurs on the 
interface. When the interface is deformed, there is in-plane 
displacement between the position of the object below the 
interface seen by the eye and its actual position, also known 
as the virtual image principle. The interface deformation and 
the in-plane displacement are mathematically related and can 
therefore be used to reconstruct the 3D shape of the interface 
or surface.

Figure 1(a) shows the propagation of light on liquid sur-
face. The carrier pattern such as lattices [22], fringes [23], 
speckles [21, 24, 25], grids [20], or dots [18], is placed at the 
bottom of the liquid for the measurement. First, the light of 
the carrier pattern is emitted from the bottom of the liquid and 

Figure 1. Schematic showing the propagation of the light as it passes through the deformed liquid surface caused by the floating object. 
(a) Light refraction on the surface of the transparent liquid. (b) A cross section of the deformed liquid surface showing the triangular 
relationship between the in-plane displacement and the surface deformation.
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refracts as it passes through the surface of the liquid, and then 
travels straight up until captured by the optical camera. When 
viewed from above, the virtual image of the carrier pattern is 
deformed as the surface of the liquid deforms. As shown in 
figure 1(a), if the liquid surface is deformed, the point A will 
move to the virtual point A′ when observed from the above. 
There is a mathematical relationship between the morphology 
of the liquid surface and the deformation of the virtual image.

As shown in figure 1(b), the deformation curve of an arbi-
trary cross section is divided into an infinite number of small 
segments, wherein the connection points are denoted as N1, 
N2…Ni. The height of each point in the curve is related to the 
change of height with its’ neighbor point in the same curve. 
According to Snell’s law, the triangular relationship [23] in 
∆A′NiA and ∆NiPiNi−1, the three equations can be derived as:




sinα = nw · sinβ
tan (α− β) = S(x,y)

H−h(x,y)

h (x, y) =
´ x

0 tanαdx
h |x=0 = 0

 (1)

where nw is the refractive index of the water; β and α are 
the incident angle and the refraction angle at a point N, 
respectively; S(x, y ) is the in-plane displacement of the virtual 
carrier patterns; H is the initial height of the liquid; h is the 
out-of-plane deformation representing the liquid surface 
topography.

Therefore, the height information of the liquid surface 
can be measured by measuring the in-plane displacement of 
transmission carrier pattern. In this paper, the measurement of 
the in-plane displacement is achieved by using the sampling 
moiré method combined with the phase-shift technique.

The phase measurement of the fringe pattern

To extract the in-plane displacement of transmission pattern, 
we employ sampling moiré method to achieve the purpose. 
Sampling moiré method [27, 28] has been wildly used to mea-
sure the displacement and strain of solid objects. The basic prin-
ciple of the method is to spatially sample the grating (or fringe) 

pattern at constant pitch. After interpolating the image, it will 
form a moiré pattern. If the initial sample position of the pattern 
moves, the corresponding moiré fringes will also move, resulting 
in a series of phase-shifted moiré fringes. These moiré patterns 
can be analyzed using phase-shifting technique [29, 30].

Figure 2(a) shows an initial fringe pattern with a fringe 
spacing p , which was sampled at a constant pitch M from the 
first point. After interpolation, a sampling moiré pattern with 
a pitch p m is obtained, as shown in figure 2(b). If the second 
point is selected as the starting point for sampling at the con-
stant pitch M, a 2π/M phase-shifted image of moiré pattern 
can be obtained, as shown in figure 2(c) [25]. And the moiré 
patterns shown in figures 2(d)–(f) are selected as the third, the 
fourth and the fifth points of the starting point of sampling, 
respectively, using the same operation [25]. From a single 
image the multiple phase-shifted images of the moiré fringe 
pattern can be obtained. Therefore, a plurality of phase-shifted 
moiré patterns can be obtained from a single image.

The intensity of these fringe patterns can be expressed as:

Ik (x, y) = Ia (x, y) + Ib (x, y) cos
ï
ϕm(x, y) + 2π

k
M

ò
 (2)

where k = (0, 1, 2...M − 1) is the order of phase-shifted 
images and M ∈ N∗, Ia(x, y ) is the background intensity, Ib(x, y )  
is the amplitude of the light intensity, and ϕm(x, y ) is the initial 
phase of moiré fringe at (x, y ). In general, getting informa-
tion about ϕm(x, y ) is enough to represent the fringes without 
knowing the correct Ia(x, y ) and Ib(x, y ). And ϕm(x, y ) can 
be obtained after the phase-shifting processing. The wrapping 
phase of moiré fringe can be solved by Q-step phase-shifting 
method (here Q  =  M), the formula [27] is as follow:

ϕm (x, y) = −tan−1
∑M−1

k=0 Ik (x, y) sin
(
k 2π

M

)
∑M−1

k=0 Ik (x, y) cos
(
k 2π

M

) . (3)

The displacement S(x, y ) can be obtained from the phase 
difference ∆ϕm(x, y ) before and after deformation by using 
equation (4) [25]:

S = p
∆ϕm

2π
. (4)

Figure 2. Principle of sampling moiré method. (a) An initial fringe specimen. (b-f) New moiré patterns generated by sampling of the fringe 
pattern at different points and interpolating with constant intervals.
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At last, combining equation  (4) with (1), the relationship 
between the deformations of the fringes and liquid surface 
can obtained as:

h (x, y) = H − p
2π

∆ϕm (x, y)Ψ
ß
∂h (x, y)

∂x

™
 (5)

where Ψ(u) =
√

n2
w+(n2

w−1)·u2+u2

u×
{√

n2
w+(n2

w−1)·u2−1
}  and h (x, y) |x=0 = ∂h(x,y)

∂x  

|x=0 = 0.
Therefore, it is demonstrated that the 3D shape of the water 

surface can be reconstructed using the sampling moiré method 
combined with the phase-shifting technique.

Sub-pixel sampling moiré method

The closer the sampling spacing is to the initial fringe 
spacing, the smaller the phase error will be. However, the 
moiré patterns described above are formed by integer pixel 
sampling. Due to the limitation of camera resolution, it is 
difficult to obtain the fringe spacing with exactly an integer. 
In the case where the fringe pitch is not an integral multiple of 
the number of phase-shifting steps, there will be a phase error 
in the sampling moiré patterns. This is a typical problem for 
the sampling moiré method.

To solve this problem, we propose a sub-pixel sampling 
moiré method. The basic principle is to interpolate the fringe 
pattern at the very beginning, then sample it with a sub-pixel 
pitch to form moiré patterns. In this way, the phase of the 
multiple moiré patterns formed by the sampling continuously 
covers a complete fringe pitch, thereby improving the accuracy 
of the phase shift.

The bicubic spline interpolation [31] is used to interpo-
late the fringe image captured. The sub-pixel intensity of the 
fringe patterns can be expressed as [30]:

I∗ (x′, y′) = g (x′ − xi−1, y′ − yj−1) =
3∑

m=0

3∑
n=0

aij
mn(x

′ − xi−1)
m
(y′ − yi−1)

n

 
(6)

where xi−1 < x′ < xi and yj−1 < y′ < yj , i and j  are indexes 
of the integer-pixel position of the fringe intensity matrix, aij

mn 
is coefficients depend on the gray value and distance of the 16 
pixels around this point.

Sampling in image I*(x, y ) with a sub-pixel pitch M*, the 
Qth phase-shift images can be described as:

I∗k (x′, y′) = I∗a (x′, y′) + I∗b (x′, y′) cos
ï
ϕm(x′, y′) + 2π

k∗

M∗

ò

 (7)
where k∗ = (0, 1, 2..., Q − 1)× M∗

Q  is the order of the phase-
shifted images.

Then, combining equations  (3)–(7), the 3D topography 
of the transparent liquid can be reconstructed with improved 
accuracy.

Sensitivity analysis

According to equations  (1)–(4), it indicates that the height 
components dh(x, y ) and h(x, y ) are related to the in-plane 

displacement S(x, y ). Therefore, the sensitivity of this new 
technique in measuring liquid topography is mainly dependent 
on the sensitivity of sampling moiré method. For method that 
calculated displacement using five-step phase-shifting tech-
nique, the sensitivity of displacement is normally better than 
1% of the fringe pitch, which means that if the fringe pitch is 
1 mm used in the measurement, the sensitivity of the in-plane 
displacement can theoretically reach 10 µm. Assuming that 
the initial height of liquid H is 10 mm, the theoretical sensi-
tivity of the liquid height measurement is better than 0.40 µm 
theor etically using a megapixel camera.

Experiments

Experimental set-up

To verify the feasibility and robustness of the developed mono-
scopic fringe transmissometry, we conducted verification test 
on the liquid surfaces deformed by floating 3D printed char-
acters, as shown in figure 3.

The LED illuminant was placed on a vibration-isolating 
table, and was leveled to be horizontal. The black-transparent 
fringe film with a frequency of 5 line mm−1 was placed on 
the LED illuminant. Then the cuboid water tank filled with 
clean water (H  =  26.5 mm) was placed on the film. The CCD 
camera (MER-500-7UM with camera model IMAVISION, 
computer 14 K) was installed right above the water tank and 
was connected to a computer. The lens was adjusted to focus 
on the fringe film with an image scale of 25 pixels mm−1.

Experimental procedure

In this paper, three polymer characters ‘B I T’ floating on 
the water surface were used to create a complex liquid sur-
face topography. These characters were produced by a 3D 
printer (JGAURORA Z-603S) with hollow shapes, as show 
in figure  4(a). The material for printing the characters is 
polylactic acid (PLA), with a density about 1.2–1.3 g cm−3. 
Although this material is denser than water, the printed small 
characters can still float on the water surface due to the surface 

Figure 3. Experiment diagram showing the measurement 
of a liquid surface topography using monoscopic fringe 
transmissometry.
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tension and the buoyancy, and cause slight deformation of the 
surface. This deformation reveals the competition between 
surface tension, buoyancy and gravity, so its measurement is 
very important.

The characters were gently and horizontally placed on the 
water surface so that each of them floated individually on the 
surface, as shown in figure 4(b). The special hollow shape of 
the characters deformed the water surface and divided it into 
some separate areas. After illuminating the fringe film with 
the LED illuminant, the CCD camera captured fringe patterns 
with the floating characters, as shown in figure 4(c). Then the 
characters were taken away to capture the reference images 
under the same conditions. The side profiles of floating char-
acters were also captured from the side of the tank, which was 
used to demonstrate the developed method.

Results and discussion

Image processing

The fringes distorted by the floating characters shown in 
figure 4(c) were due to the refraction of light on the deformed 

water surface. They have fringe spacing of 4.91 pixel. The 
fringe patterns were proceeded using sub-pixel sampling 
moiré method as section  2 described. Interpolating both 
deformed and undeformed fringe images by a spline calcula-
tion. A series of moiré images can be obtained by starting sam-
pling at different positions with the same spacing. Therefore, 
a sampling spacing of 4.91 pixels was set in the calculation. 
Moiré patterns were generated by sampling the fringe pat-
terns at a 4.91 pixel spacing, starting at every 0.98 pixel step, 
and then interpolating by a spline interpolation, as shown in 
figure 5(a). In the process of the sampling and interpolating to 
obtain moiré patterns, moiré fringes were not formed in the 
region of the characters due to blocking of light.

To extract the phase component from the moiré patterns, 
we employed the five-step phase-shifting technique [32] to 
proceed the patterns.

The discontinuity of the moiré fringes did not affect the 
extraction of the raw phase (i.e. wrapped phase) because 
the phase-shifting was a point calculation process. The true 
phase can be obtained by phase unwrapping [33, 34], which 
started synchronously at several different positions of each 
region to ensure correctness. Small noise in the images can be 
eliminated by a cubic spline interpolation and averaging filter 
smoothing algorithm. The region of the characters was inter-
polated with a certain value to obtain the whole unwrapped 
phase. Finally, the displacement field was obtained using 
equations (2)–(4), as shown in figure 5(b).

As can be seen in figure 5(b), the displacement in the region 
covered by the characters was missed or greatly distorted. 
Herein, we extract the outline of the characters in the fringe 
patterns to extract the corresponding character images, as 
shown in figure  5(c). They were used as a mask to cover 
the messy displacement field to transform it into reasonable 
value, as shown in figure 5(d). Since the character coverage 
region had no displacement value, it was displayed as blank. 
Therefore, the morphology calculation program will know 
how to stop the iteration calculation and how to start again.

Water surface reconstruction

After the displacement field was obtained, the liquid surface 
reconstruction was then carried out. The operations were as 
follows:

 (1)  The displacement data or phase data were iterated point 
by point for each row to calculate the corresponding 
height information based on equation  (1). The iteration 
was applied with initial height value of zero.

 (2)  When one row was completed, the calculation went to the 
next row until the whole data were traversed.

 (3)  The iteration did not apply to discontinuous displacement 
in the figure. In this case, the iteration stopped on one side 
of the character and then started again on the other side of 
its boundary, and the initial height value was as same as 
the stopped side.

 (4)  Repeated steps (1)–(3) until the whole filed height was 
calculated.

Figure 6 shows the reconstructed water surface caused by 
the floating characters. In the island surrounded by the outlines 

Figure 4. Experimental images. (a) Characters ‘B I T’ produced 
by the 3D printer. (b) An visually oblique view of liquid surface 
deformation caused by the floating characters. (c) Distorted fringe 
patterns captured from right above of the water surface. Inset: 
enlarged view of the distorted fringes next to the boundary of the 
character ‘T’.
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of the characters, the shape of the liquid surface topographies 
looks like a smooth mountain, where the minimum is below 
the horizontal.

Using this method, we also measured the liquid surface 
deformation caused by a paper clip floating on the water sur-
face supported by surface tension [35, 36] and buoyancy. The 
3D shape of the deformed water surface caused by a floating 
paperclip was reconstructed by the same processes, as shown 
in figure 7.

Comparison with existing method

To compare with the existing method, the transmission-virtual 
grating method [20] was used to measure the liquid surface 
topography with a character ‘B’ floating. Since the basic light 
path of the method proposed in this paper is similar to the 
transmission-virtual grating method, the initial image shown 
in figure 4(c) can be used to measure the surface deformation 
with the transmission-virtual grating method. The topography 
result is shown in figure 8.

Figure 8(a) is the displacement field, and figure 8(b) is the 
reconstructed topography of the outer contour. By comparing 
the surface morphology results of the monoscopic fringe 
transmissometry method shown in figure 8(b) without internal 
information with those of the transmission virtual grating 
method shown in figure 6, the proposed method can obtain a 
more comprehensive surface morphology.

Error analysis

When a character ‘B’ is floating on water surface, the side 
profiles of deformed liquid surface at the same position of the 

largest diameter is compared by the three methods, as shown 
in figure 9. The Pearson correlation coefficient [37] between 
the proposed method and the captured line is of 0.9997(0 is 
worst and 1 or  −1 is best). The Pearson correlation coeffi-
cient between the proposed method and the grating method 
is of 0.9993. The Pearson correlation coefficient between 
the grating method and the captured line is of 0.9994, which 
means the measurement result is well consistent with the 
actual situation.

The liquid levels at the lowest point of the meniscus meas-
ured by the proposed method and read in 2D photography 
were 0.43 mm and 0.45 mm, respectively. The relative error 

was: |er| =
∣∣∣ h∗−h

h∗

∣∣∣ = 4.36%. Since the density of PLA was 

only slightly greater than that of water, this means that the sur-
face tension and buoyancy of water played an important role 
in the floating of characters and cause tiny deformation of the 
water surface. This increased the measurement difficulty and 
error to some extent. In the case of larger surface deformation 
or topography of transparent objects and the application of 
higher water levels in the measurement, the relative error can 
be further reduced.

Figure 5. (a) A series of sampling moiré patterns. (b) Raw displacement fields. (c) Extracted masks for eliminating the displacement in the 
regions covered by the characters. (d) Reformed displacement fields.

Figure 6. The 3D shape of the water surface ‘B I T’ reconstructed 
by the monoscopic fringe transmissometry.
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Conclusions

In this paper, we report the monoscopic fringe transmissom-
etry for measuring 3D shape of complex liquid surfaces. The 
developed technique only requires projecting a single fringe 
pattern from the bottom of the liquid and capturing a single 
image from above. Due to the light refraction, the captured 
fringe pattern is deformed as the surface of the liquid deforms. 
We then propose the sub-pixel sampling moiré method to pro-
cess the fringe pattern with high precision, which is combined 
with the phase-shifting technique to calculate the displace-
ment field, and then reconstruct the liquid surface deformation 
based on the derived equations. If the exiting light is blocked 
by the floating object, it will cause loss or discontinuity of the 
fringe, resulting in difficulty in image processing and data loss 
in the region of the object. In this paper, we circumvent this 
dilemma using a digital mask extracted from the outline of the 

floating object. The experimental results of the liquid surface 
deformation caused by the characters made of PLA show that 
the results of the developed technique are in good agreement 
with the actual measurement results.

The main advantages of the developed technique are:

 (1)  It only requires very simple apparatus and only needs 
to capture a single deformed image to obtain the phase 
value, which means that the method can be widely used, 
especially in the dynamic measurement of liquid surfaces.

 (2)  Due to the applications of sub-pixel resolution sampling 
moiré method and the phase-shifting technique, the 
developed technique has extremely high sensitivity and 
precision.

 (3)  The developed technique can be used to measure com-
plex topography of discontinuous transparent liquid 
surface.

It should be noted that there is also disadvantage of the pro-
posed method. It has limitations in the measurement of liquid 
with varying density, which will be the focus of our future 
work.
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Figure 7. The reconstruction of the deformed water surface caused by floating paperclip by the monoscopic fringe transmissometry.  
(a) An visually oblique view of liquid surface deformation caused by the floating characters; (b) displacement filed; (c)3D morphology  
of the reconstructed surface.

Figure 8. Measurement of deformed liquid surface topography with character ‘B’ by transmission-virtual grating method: (a) displacement 
field and (b) surface topography.

Figure 9. Comparison of the side profiles of the surfaces 
reconstructed by sub-pixel sampling moiré method and the grating 
method and the direct captured surface of character ‘B’.
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