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ABSTRACT: Contact angle hysteresis is a basic phenomenon in
many industrial applications, such as material surface engineering
and enhanced oil recovery. The mechanism of continuous change
of the contact angle during hysteresis is not well understood and
described, and it is also important to predict advancing and
receding angles by the Young contact angle and surface
roughness. In this work, a contact angle hysteresis model is
developed based on several metastable contact angle models. The
fraction difference between gas and liquid prefilling the solid
grooves is assumed to be variable, so is the fraction difference of
gas and liquid displaced by the other phase. Besides these two
newly introduced variables, the solid area fraction, the ratio of the
real surface area to the projected surface area, and the Young contact angle together influence the advancing and receding
angles. Energy input or work is the external cause of hysteresis. The new variables are the intrinsic cause of hysteresis, enabling
the continuous change of the contact angle and ensuring a minimal surface energy during hysteresis. The advancing and
receding angles are explicitly expressed in a function of the factors mentioned above. The results from this model are in good
coincidence with experiments from the literature. Through comparison, it is found that the model in this paper can be reduced
as the Wenzel model, Cassie−Baxter model, etc., under special conditions.

1. INTRODUCTION
The Young contact angle is an important parameter character-
izing the wettability of a solid−liquid−liquid or solid−liquid−
gas system. Based on Young’s theory, the apparent contact angle
represents the balance of interfacial tensions.1 However,
experiments have found that the contact angle may vary within
a certain range with contact points remaining static, meaning θo
∈ [θadv, θrec], wherein θadv and θrec are the advancing and
receding threshold angle, respectively.2 The difference between
the advancing and receding angle is defined as the contact angle
hysteresis

θ θ θΔ = −hys adv rec (1)

Contact angle hysteresis is closely related to industrial
applications, such as surface self-cleaning,3 mobilization of
bubbles in oil reservoirs during oil extraction,4 etc. A better
understanding of contact angle hysteresis facilitates the control
of the wettability of solid materials, which is the main interest
and key issue in surface engineering.5

Surface roughness and chemical and topographical hetero-
geneities are recognized as the main causes of contact angle
hysteresis.2 The lotus leaves are known to repel a water droplet
due to their surface structures, with the advancing angle of 160°
and the receding angle of 150°.5 The hydrophobic microscale
hairs on the legs allow the microvelia to walk on water.6 Jamin

first observed that a series of bubbles in a capillary can withstand
a certain amount of pressure without moving,7 which was found
to be caused by contact angle hysteresis.8 Smith and Crane
found that a capillary contaminated by a solution of oleic acid in
benzene demonstrate larger hysteresis than clean capillary.
Morrow et al. measured the advancing and receding angles of
different liquids in capillaries with roughened and unroughened
inner surfaces and found that the hysteresis in the roughened
capillary is more obvious than in the unroughened one.9 Meiron
et al. measured the advancing and receding angles of water and
ethylene glycol on abrasive papers coated with beeswax, and the
contact angle hysteresis was found to increase as the increase of
the arithmetical mean deviation of the vertical profile of abrasive
papers.10 Experimental results also showed that the density of
surface defect can affect the contact angle hysteresis: a hysteresis
energy defined as γ(cos θrec − cos θadv) is proportional to the
density of surface defect when defects are dilute distributed,
wherein γ is the surface tension; when the defects are densely
distributed, the hysteresis energy decrease as the defect density
increases.11,12
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For rough surfaces, the advancing and receding contact angles
are the most essential parameters. It is very important to
understand how these angles can be calculated from the Young
angle. The quantitative relationship between the contact angle
hysteresis and the surface roughness also remains to be fully
understood.5 Young’s model assumes that the solid surface is
perfectly smooth, the apparent contact angle can be expressed by
interfacial tensions (subscripts S, V, and L denotes solid, vapor,
and liquid, respectively)

θ
γ γ

γ
=

−
cos o

SV SL

LV (2)

1.1. Metastable Contact Angle. Wenzel considered the
situation of the rough solid surface and assumed that the liquid
enters the space of surface defects, as depicted in Figure 1a.13 To
achieve the minimum energy variation in Wenzel’s conditions,
the contact angle θW may vary from the Young contact angle as
follows

θ θ= rcos cosW o (3)

The roughness factor r is defined as the ratio of the real surface
area to its horizontally projected area. Cassie and Baxter
proposed an opposite model, which assumed that air remains in
the surface defects and forms air pockets beneath the liquid as
depicted in Figure 1b.14 The apparent contact angle under the
state of Cassie−Baxter is given by eq 4, wherein ϕS represents
the area fraction, where the liquid contacts the solid.

θ ϕ θ= + −cos (cos 1) 1CB S o (4)

Despite some experimental results are in good coincidence with
the Wenzel model,10 Wolansky and Marmur provided
mathematical proofs that the Wenzel model only applies to
the case where the size of the liquid drop is much larger than the
surface roughness.15 Furthermore, the applicability of the
Wenzel model and the Cassie−Baxter model is still
controversial.2

Researchers further developed the Cassie−Baxter model into
an impregnating model, as depicted in Figure 1c.5,16,17 In this
model, the liquid penetrates into the surface defects under the
conditions of cos θo > (1 − ϕS)/(r − ϕS), and the apparent
contact angle θim is given by

θ ϕ θ= − +cos (cos 1) 1im S o (5)

However, a pure state of Wenzel or Cassie−Baxter is rare in real
situations.18 A mixed-wetting state is proposed, which assumed
partial penetrations of the liquid into the solid grooves, as
depicted in Figure 1d.19−21 The fraction of the projected area
wetted by the liquid is denoted by ϕS′, and the apparent contact
angle ϕmix is given by eq 6. When ϕS′ = 1, the mixed model eq 6
can be reduced as the Wenzel model eq 3.

θ ϕ θ= ′ + −rcos ( cos 1) 1mix S o (6)

1.2. Hysteresis Energy. Joanny and de Gennes provided
another approach to describe the contact angle hysteresis.22

They derived an analytical solution for the energy dissipated
during the contact line getting over a single surface defect Wd.

δ
γ θ

∼W
S d
sind

2 2

LV
2

o (7)

where d represents the characteristic size of surface defects and
δS is the random fluctuation of a spreading coefficient, which is
defined as2

δ γ θ θ= −S (cos cos )LV o (8)

where θ characterizes the contact angle when the contact line
mounts on a surface defect. The total change of energy during
hysteresis consists of the energy dissipated in the advancing and
receding direction, over several surface defects. The hysteresis
increases linearly with the number of sparsely distributed defects
and it gives2

γ θ θ δ
γ θ

− ∼ n
S d

(cos cos )
sinLV rec adv

2 2

LV o (9)

However, the hysteresis model proposed by Joanny and de
Gennes is limited to mesoscopic defects.2 Koch et al. developed
a hysteresis model based on the theory of Joanny and deGennes,
and the Cassie−Baxter model.23 Advancing and receding
pinning forces FP,adv/FP,rec are assumed to cause the difference
between θadv/θrec and θCB, as given in eq 10, which further yields
the function of θo.

Figure 1. Different metastable wetting state.
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LV
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adv S o
P,adv

LV

rec S o
P,rec

LV (10)

In eq 10, FP,adv and FP,rec are unknown parameters and need to be
fitted by experiments. However, in comparison with experi-
ments, FP,adv was treated as a linear function of ϕS and an
additional parameter was added to the model. Moreover, the
physical meaning of FP,adv or FP,rec is still blurred and this model
needs further development.
1.3. Empirical Relationship. Based on experimental

observations, Lei et al. proposed a linear relationship between
the advancing angle θadv and the receding angle θrec

24

θ θ= krec adv (11)

wherein k is the linear factor and it is found to be positively
correlated with the surface roughness (root mean square
roughness or average profile deviation). Despite numbers of
experiments are in good coincidence with eq 11, the linear
relationship between θadv and θrec lacks a theoretical basis and
needs more verification.
In summary, metastable contact angle models, such as the

Wenzel model, the Cassie−Baxter model, and the impregnating
model, explain how the contact angle may vary under different
situations to satisfy the principle of minimizing the surface
energy. These models cannot explain the existence of multiple
metastable contact angles during hysteresis.15 The hysteresis
model proposed by Joanny and de Gennes cannot be applied to
situations where the surface roughness is nanoscale.2 Themixed-
wetting model and the model proposed by Koch have the
potential to tackle the unexplained problems, but further
verification needs to be done. Empirical models should be
compared with theoretical models to gain a theoretical basis.
Although metastable contact angles only present lowest surface
energy under given states and do not directly relate to the
contact angle hysteresis, hysteresis can be accounted for if there
is a way to describe the transition between different metastable
contact angles or wetting states. The aim of this work is to
develop a hysteresis model based on the analysis of surface
energy as in other metastable contact angle models so that the
relationship between θadv/θrec and θo can be obtained.

2. THEORY
2.1. Assumptions and Equilibrium Analysis. It is

assumed that the solid surface is chemically homogeneous,
and defects (grooves or posts) are uniformly distributed. The
length and height of a post are denoted Ld and hd, respectively,
and the width of a groove is denoted wd. Unlike the Wenzel, the
Cassie−Baxter and the impregnating model, it is further
assumed that the surface defects cannot be fully occupied by
either liquid or gas. The fraction of liquid or gas penetrating
grooves is now variable, as depicted in Figure 2. According to its
original definition, the fraction of the wetted area without
penetration ϕS can be calculated as in eq 12

ϕ =
+
L

L wS
d

d d (12)

Parameter r denotes the ratio of the real area of the rough surface
to its projected area, according to the Wenzel model, which is
given by

=
+

+r
h

L w
2

1d

d d (13)

Let us assume that the three-phase point moves forward (liquid
displaces gas) and cover a range of dx under quasi-static
conditions. As demonstrated in Figure 2, interfaces may form or
vanish during the movement, which includes

1. Solid−gas interfaces turn into solid−liquid interfaces on
the top of defects with the fraction of ϕS. The change in
surface energy is ϕS(γSL − γSV)dx.

2. The fraction of the gas and liquid in grooves are ϕV and
ϕL, respectively, which satisfies 1 − ϕS = ϕV + ϕL. During
the movement, grooves originally occupied by gas will be
penetrated by the liquid, with the quantity of q1. Solid−
gas interfaces will be displaced by solid−liquid interfaces,
and the change of surface energy is q1(1 + 2hd/wd)(γSL −
γSV)dx; the fraction q2 of gas-occupied grooves will remain
unchanged and the new liquid−gas interfaces will form
upon the grooves, the change in surface energy being
q2γLV dx.

3. Grooves originally occupied by liquid will be penetrated
by gas, with the quantity of q3. Solid−liquid interfaces will
be displaced by solid−gas interfaces, and the change of
surface energy is given by −q3(1 + 2hd/wd)(γSL − γSV)dx;
while the other part q4 of liquid-occupied grooves will
remain unchanged, but previous liquid−gas interfaces will
vanish, the change of surface energy being −q4γLVdx.

4. The liquid−gas interfacial tension γLV does work along the
distance dx, increasing the surface energy by γLV cos θ*
dx.

The total change in surface energy dE is given by the sum of
the aforementioned parts

Figure 2. Surface topography, the fraction of gas and liquid prefilling
the grooves and the fraction of gas and liquid displaced by the other
phase, together influence the quasi-static contact angle during the
contact point moving forward for a distance of dx.
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( ) d cos d

S 1 3
d d
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SL SV

2 4 LV LV (14)

where the fraction q1 and q2 make up the total fraction of grooves
initially occupied by gas, q1 + q2 =ϕV; the fraction q3 and q4 make
up the total fraction of grooves initially occupied by the liquid, q3
+ q4 = ϕL. The three-phase system reaches equilibrium when dE
is minimal (zero).5,16,17 Combining eqs 2, 12, 13, and 14, dE = 0
yields

θ ϕ
ϕ
ϕ

θ* = + −
−
−

− −
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑ
q q

r
q qcos ( )

1
cos ( )S 1 3

S

S
o 2 4

(15)

Now, the expression of the quasi-static contact angle is obtained.
The scope and physical meaning of q1, q2, q3, and q4 will be
discussed below, in comparison with other metastable contact
angle models.
2.2. Comparison with Metastable Contact Angle

Models. It has been recognized that the apparent contact
angle may continuously change, or there are multiple metastable
contact angles, during hysteresis.15,25 As for two-phase displace-
ment in capillaries, the pressure difference along the capillary can
be changed to induce the contact angle hysteresis.4 To observe
hysteresis with the sessile drop method, the plate holding the
droplet can be tilted and the droplet will deform due to
gravitation.26 Vibrating the solid surface can also influence the
droplet contact angle.10 In all, external energy input or work
brings change to the surface energy. To maintain equilibrium,
the contact angle has to vary.
The variability of q1, q2, q3, and q4 provide a way to explain the

intrinsic mechanism of how the three-phase system adapts to
external disturbance and maintains equilibrium. According to
the above discussion, q1, q2, q3, and q4 are non-negative
parameters, and they satisfy q1 + q2 + q3 + q4 = 1 − ϕS. For the
convenience of discussion, q1 − q3 and q2 − q4 are replaced by t1
and t2, respectively, in eq 15, which yields

θ ϕ
ϕ
ϕ

θ* = +
−
−

−
i

k
jjjjj

y

{
zzzzzt

r
tcos

1
cosS 1

S

S
o 2

(16)

By their definitions, t1 and t2 satisfy |t1|≤ 1− ϕS, |t2|≤ 1− ϕS, |t1
+ t2| ≤ 1 − ϕS, and |t1 − t2| ≤ 1 − ϕS. t1 represents the difficulty
(probability) of liquid displacing gas in the grooves; t2 represents
the tendency (probability) of liquid or gas remaining in the
grooves. t1 and t2 may vary according to the external energy
input. Their variability enables the continuous change of the
contact angle and ensures a minimal surface energy (dE = 0)
during hysteresis.
If all grooves are preoccupied by gas and are not to be

penetrated by liquid, i.e., t1 = 0 and t2 = 1 − ϕS (q2 = 1 − ϕS and
q1 = q3 = q4 = 0 in Figure 2), eq 16 turns into cos θ* =ϕS cos θo−
1 + ϕS, which is the Cassie−Baxter model in eq 4. When all
grooves are preoccupied by gas and can be penetrated by liquid,
i.e., t1 = 1 − ϕS and t2 = 0 (q1 = 1 − ϕS and q2 = q3 = q4 = 0 in
Figure 2), the model can be reduced as theWenzel model cos θ*
= r cos θo, given in eq 3. If all grooves are occupied by liquid and
cannot be penetrated by gas, i.e., t1 = 0 and t2 = ϕS− 1 (q4 = 1−
ϕS and q1 = q2 = q3 = 0 in Figure 2), the model turns into the
impregnatingmodel cos θ* =ϕS cos θo + 1−ϕS, as given in eq 5.
Under given conditions, the model presented in this work can

turn into the existed models mentioned above. The feasible
region of t1 and t2 is demonstrated in Figure 3 and the three
existing models are three special points located at axes.

An unreported metastable contact angle under extreme
conditions may be found in the feasible region, which is marked
as point A in Figure 3. The necessary and sufficient conditions
for point A is t1 = ϕS− 1 and t2 = 0 (q1− q3 = ϕS− 1 and q2− q4
= 0). There is one sufficient and unnecessary, but realistic
condition for point A. When q3 = 1 − ϕS and q1 = q2 = q4 = 0,
indicating that all grooves are preoccupied by liquid and can be
penetrated by gas, the metastable contact angle of point A may
occur. Substituting t1 = ϕS − 1 and t2 = 0 into eq 16, cos θ* =
(2ϕS − r)cos θo is obtained. These conditions are featured with
the tendency of gas totally displacing liquid in the grooves, which
seems to be the occurrence of the receding angle.
The boundaries of t1 and t2 feasible region are also special

cases, which can be expressed by |t1| + |t2| = 1 − ϕS. Combining
q1 + q2 + q3 + q4 = 1−ϕS, the boundary can be reduced as q1 + q2
= 1− ϕS when t1, t2 > 0; this boundary indicates that grooves are
originally full of gas. When t1 > 0 and t2 < 0, the boundary
conditions become q1 + q4 = 1 − ϕS, meaning the gas in the
grooves can be totally displaced by liquid, but the liquid in the
grooves cannot be displaced by gas. As for t1 < 0 and t2 < 0, the
boundary conditions are reduced as q3 + q4 = 1 − ϕS, which
means all grooves are preoccupied by liquid.When t1 < 0 and t2 >
0, the boundary represents q2 + q3 = 1 − ϕS, meaning the gas in
the grooves cannot be displaced by liquid, but the liquid in the
grooves can be totally displaced by gas.
In all, the surface topography, the distribution of liquid/gas in

surface defects (grooves), and the difficulty (probability) of
liquid/gas mutual displacement influence the contact angle
hysteresis. The introduction of variables t1 and t2 provides a way
to explain the continuous change of the contact angle among
multiple metastable states during hysteresis. The following
section will introduce the estimation of variables t1 and t2 and
obtain the function of advancing and receding angles.

2.3. Advancing and Receding Angles. 2.3.1. General
Forms. The advancing angle is the maximum angle occurring
during hysteresis. The corresponding parameters t1 and t2 are
replaced by t1a and t2a, and eq 16 can be rewritten as

θ ϕ
ϕ
ϕ

θ= +
−
−

−
i

k
jjjjj

y

{
zzzzzt

r
tcos

1
cosadv S 1a

S

S
o 2a

(17)

The receding contact angle is the minimum angle of the
metastable contact angle.27 As for the receding angle, we could
use the same analysis for a quasi-static receding process,

Figure 3. Feasible region for variable t1 and t2.
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assuming that the three-phase point moves backward (gas
displaces liquid) for a distance of dx, as depicted in Figure 4.

The change in surface energy involves:

1. Solid−liquid interfaces turn into solid−gas interfaces on
the top of defects with the fraction of ϕS. The change in
surface energy is − ϕS(γSL − γSV)dx.

2. During the movement, grooves originally occupied by gas
will be penetrated by liquid, with the quantity of q1.
Solid−gas interfaces will be displaced by solid−liquid
interfaces, and the change of surface energy is q1(1 + 2hd/
wd)(γSL − γSV)dx; the fraction q2 of gas-occupied grooves
will remain unchanged and the new liquid−gas interfaces
will form upon the grooves, the change in surface energy
being − q2γLV dx (different from the advancing process).

3. Grooves originally occupied by liquid will be penetrated
by gas, with the quantity of q3. Solid−liquid interfaces will
be displaced by solid−gas interfaces, and the change of
surface energy is given by− q3(1 + 2hd/wd)(γSL− γSV) dx;
while the other part q4 of liquid-occupied grooves will
remain unchanged, but extra liquid−gas interfaces will
form, the change of surface energy being q4γLV dx
(different from the advancing process).

4. The work done by the liquid−gas interfacial tension γLV
along the distance dx, increase the surface energy by−γLV
cos θ* dx (different from the advancing process).

The total change dE in surface energy is as follows

ϕ γ γ

γ γ θ

= − + −
+

−

− − − *

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑ
E q q

h w
w

x

q q x x

d ( )
2

( )d

( ) d cos d

S 1 3
d d

d
SL SV

2 4 LV LV (18)

The expression of θrec can be obtained from dE = 0. Displacing hd
and wd with r and ϕS and letting t1 = q1 − q3 and t2 = q2 − q4, to
reduce the expression. The receding angle is the minimum angle
during hysteresis, and the corresponding parameters t1 and t2 are
denoted as t1r and t2r.

θ ϕ
ϕ
ϕ

θ= −
−
−

−
i

k
jjjjj

y

{
zzzzzt

r
tcos

1
cosrec S 1r

S

S
o 2r

(19)

Comparing eqs 17 with 19, it can be found that the sign before t1a
and t1r are opposite. t1a and t1r stand for the same physical
meaning, but they exert varied influence on θadv and θrec. The
occurrence of advancing and receding angles can be attributed to
the same physical mechanism, which contributes differently to
the surface energy, as discussed above. This is the source of
difference between the advancing and receding angles. Now θadv
and θrec’s function of θo is obtained as shown below.

θ ϕ
ϕ
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S

S
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S

S
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(20)

In eq 20, the physical meanings of four parameters t1a, t2a, t1r, and
t2r have been discussed above. The estimations of the four
parameters will be discussed in the following section.

2.3.2. Parameter Estimations. The surface topography can
be analyzed by a scanning electron microscope10 and an atomic
force microscope.11,12 Some researchers use solid decorated
with microstructures (pillars or holes) to control the surface
roughness.17,28,29 Thus, ϕS and r can be directly measured or
controlled in experiments. However, there is no direct
measurement of t1a, t2a, t1r, and t2r. It cannot be assumed that
the different three-phase system shares the same parameters.
Furthermore, relating t1 (t1a/t1r) and t2 (t2a/t2r) with all other
parameters like ϕS, r, and θo, would add more unknown
parameters to the model, and make it complex to verify the
model. Here, we propose simple linear functions to estimate t1
and t2. Since |t1| + |t2| ≤ 1 − ϕS, t1 and t2 might increase with the
rise of 1−ϕS, t1,t2∝ 1−ϕS. t1 is related to the fraction of grooves
penetrated by liquid. The smaller the contact angle θ*, the
stronger the tendency (wettability) for the liquid to cover the
solid surface. Thus, it is assumed that t1∝ cos θ* + 1. The
constant one in the expression is used to obtain a non-negative
result. In contrast, t2 is related to the fraction of residual gas in
the grooves. The contact angle on the gas side π− θ* reflects the
tendency of gas covering the solid surface. Thus, it is assumed
that t2∝ cos(π − θ*) + 1 = 1 − cos θ*. If θ* is replaced by the
advancing and receding angles, linear functions for t1 (t1a/t1r)
and t2 (t2a/t2r) can be obtained

ϕ θ

ϕ θ

ϕ θ

ϕ θ

= ′ − +

= ″ − −

= ′ − +

= ″ − −

l
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ooo
n
ooo
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t K
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(1 )(cos 1)

(1 )(1 cos )

(1 )(cos 1)

(1 )(1 cos )r

1a a S adv

2a a S adv

1r r S rec

2r S rec (21)

where Ka′, Ka″, Kr′, and Kr″ are the factors of the linear functions.
Substituting eqs 21 into eq 20, the final expression for θadv and
θrec can be obtained.

θ
ϕ ϕ θ ϕ

ϕ θ ϕ

θ
ϕ ϕ θ ϕ

ϕ θ ϕ

=
[ + ′ − ] − ″ −

− ′ − − ″ −

=
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m
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( ) cos (1 )

1 ( )cos (1 )

adv
S a S o a S

a S o a S

rec
S r S o r S

r S o r S

(22)

Figure 4. Surface topography, the fraction of gas and liquid prefilling
the grooves and the fraction of gas and liquid displaced by the other
phase, together influence the quasi-static contact angle during the
contact point moving backward for the distance of dx.
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Equation 21 provides possible expressions for t1a, t2a, t1r, and t2r.
No matter how these four parameters are correlated with other
physical parameters, they have to satisfy

ϕ| | + | | ≤ −t t 11 2 S (23)

To verify the model, eq 22 will be compared with experiments
and the fitting will be carried out under the constraint in eq 23.

3. COMPARISON WITH EXPERIMENTS AND
DISCUSSIONS

3.1. Experiments with Known ϕS and r. Some experi-
ments concerning contact angle hysteresis measure the
advancing and receding angles of the same liquid, on different
solid plates. The parameters ϕS and r are directly measured or
controlled in these experiments.23,26,29 The model presented in
this work needs to fit four parameters Ka′, Ka″, Kr′, and Kr″ in
comparison with experiments. ϕS and r are directly given or
calculated by the method given by each experiment. Experi-
ments also provide measured values of advancing angles θadv

exp,
receding angles θrec

exp, and Young contact angles θo. The nonlinear
optimization methods in MATLAB are used to solve for Ka′, Ka″,
Kr′, and Kr″ in eq 24, wherein the fitting advancing and receding
angles θadv

fit and θrec
fit are calculated from Ka′, Ka″, Kr′, and Kr″.
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(24)

In eq 24, K′ represents Ka′ or Kr′; K″ represents Ka″ or Kr″; α is a
non-negative factor less than unity, adjusting fitting objectives; n
is the number of experimental data; θexp represents θadv

exp or θrec
exp; t1

denotes t1a or t1r; t2 denotes t2a or t2r; and f(K′,K″) is the
expression for advancing angle or receding angle in eq 22. The
solutions of θadv

fit and θrec
fit have to be close to θadv

exp and θrec
exp,

respectively, on one hand. On the other hand, t1 and t2 have to
satisfy the constraint of eq 23 as much as possible for all
measured data. The fitting objective is adjusted by factor α for
accepted solutions, which is between 10−3 and 10−2.

3.1.1. Experiments of Koch et al. Koch et al. measured the
advancing and receding angles of water and ethylene glycol on
different solid surfaces.23 Solid surfaces are fabricated with
micropillars with different diameters and inter-distances. The
height of all pillars is 30 μm. The parameter ϕS of a given solid
surface is calculated by the pillars’ diameter d and inter-distance s
in a hexagonal unit cell23

ϕ π=
+

d
d s12 ( )S

2

2 (25)

In the same unit cell, the parameter r can be calculated by

π
= +

+
r

dh
d s

1
2

3 ( )
d

1/2 2 (26)

The Young contact angle θo of a certain liquid is calculated by
the measured advancing and receding angles θadv

smooth and θrec
smooth

on a smooth solid sample.23

θ θ θ= +cos
1
2

(cos cos )o adv
smooth

rec
smooth

(27)

The comparison between models and water/ethylene glycol
results are demonstrated in Figure 5. When comparing the
relationship between cos θadv(cos θrec) and ϕS, the Cassie−
Baxter model, the impregnating model, and our model are
involved in comparison. When comparing the relationship
between cos θadv (cos θec) and r, the Wenzel model, the mixed-
state model, and our model are involved. The Wenzel, Cassie−

Figure 5. Comparison between models and experiments of Koch et al.
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Baxter, and impregnating models can be directly calculated by
given ϕS and r. The mixed-state model needs fitting for an
unknown parameter ϕS′ in eq 6. As shown in Figure 5, the
experimental data are in good coincidence with the model
presented in this work. However, theWenzel, impregnating, and
mixed-state models show obvious deviation from experiments.
The Cassie−Baxter model predicts an acceptable trend but also
shows deviation from experiments. The deviation indicates that
the presumed states of these models might be incorrect under
the experimental conditions.
Themixed-wetting model assumes a variable solid fractionϕS′.

The advancing and receding angles are fitted by the mixed-
wetting model separately, the best fitting result of which givesϕS′
= 0.025 for advancing and ϕS′ = 0.624 for receding. The mixed-
wetting model is also in good coincidence with the advancing
angles but shows a wrong trend for the receding angles, as shown
in Figure 5a. There is only one parameter to be fitted, which
limits its ability to describe the nonlinear trend of the
experimental cos θ/r data, as depicted in Figure 5b. The
nonlinear trend is induced by the coordinated influence of ϕS
and r because these two variables are simultaneously changed in
experiments. The model proposed in this work has accounted
for ϕS and r and fits better the nonlinear trend, as shown in
Figure 5.
Table 1 lists the average ratio of t1a (t1r, t2a and t2r) toϕS, which

reflects if the fitting results adequately follow the constraint of |t1|
+ |t2| ≤ 1 − ϕS. As for advancing angles, t1a and t2a are not
negligible, meaning the filler in the grooves is likely to change,
either from liquid to gas or from gas to liquid. However, the
probability of gas remaining in grooves is higher than that of
liquid. The t1r of both liquids are small enough to be neglected.

This means the fraction of gas displaced by liquid almost equals
the fraction of liquid displaced by gas. Such conditions would get
close to the Cassie−Baxter state if t2r approximates 1 − ϕS. The
fitting results of receding angles are well within the fitting
constraint, but the results of advancing angles are out of limits. |
t1a| + |t2a| exceeds the limit of 1 − ϕS by 41% for water and 83%
for ethylene glycol. Complete fitting results are given in the
Supporting Information.

3.1.2. Experiments of Priest et al. Priest et al. fabricated
square micropillars or microholes on the solid surface to control
the parameters of ϕS and r.

29 The widths of pillars and holes are
w = 20 μm, heights h = 30 μm. ϕS and r are controlled by
adjusting the inter-distance d between microstructures. For
square micropillars, ϕS = w2/d2; for square microholes, ϕS = 1 −
w2/d2.29 For both structures, r can be calculated by

= +r
wh
d

1
4

2 (28)

Water is the only test liquid and its advancing and receding
angles on the smooth surface are θadv

smooth = 72° and θrec
smooth = 59°.

The Young contact angle can be computed by eq 27.
The comparison between theoretical models and experiments

on solid with micropillars is demonstrated in Figure 6a. Our
model is in good coincidence with both advancing and receding
angles. The impregnating model and the Wenzel model predict
the wrong trend of cos θ. The Cassie−Baxter model predicts the
right trend but still shows obvious deviation from both
advancing and receding angles. The results of microholes are
demonstrated in Figure 6b. The Wenzel, Cassie−Baxter, and
impregnating models have intersections with the experiment.
However, the model presented in this work adequately fit the

Table 1. Fitted Parameters for the Experiments of Koch et al.

liquid Ka′ Ka″ Kr′ Kr″ ϕ−( )t
1

1a

S ϕ−( )t
1

2a

S ϕ−( )t
1

1r

S ϕ−( )t
1

2r

S
water 8.9 0.5 0.2 0.5 0.36 1.05 0.08 0.70
ethylene glycol −7.5 0.6 −0.1 0.5 −0.78 1.05 −0.06 0.60

Figure 6. Comparison between models and experiments of Priest et al.
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nonlinear trend of cos θadv, the fitting results of which are close to
the Cassie−Baxter state for advancing angles (t1a ≈ 1 − ϕS, t2a =
0). The best-fitting results of the mixed-wetting model are
demonstrated in Figure 6a,b. For receding angles, the mixed
model predicts the wrong trend, due to the limit of only one
fitted parameter.
Table 2 lists the average values of normalized t1a, t1r, t2a, and t2r.

The fitting results for the advancing angle on the micropillars
surface slightly go beyond the constraint, |t1a| + |t2a|, exceeding
the limit of 1 − ϕS by around 10%. Other fitting results are well
within the limit. Complete fitting values of model parameters are
given in the Supporting Information.
3.1.3. Experiments of Yeong et al. Yeong et al. measured the

advancing and receding angles of water on solid surfaces
fabricated with square micropillars.29 The patterns of micro-
pillars are the same as the experiments conducted by Priest et al.
Thus, ϕS and r are computed by the same method as mentioned
above. However, the Young contact angle is not given in the
paper. Here, the average value of apparent contact angles
measured on different surfaces is taken as the Young contact
angle θo. The comparison is shown in Figure 7, where the
Cassie−Baxter model and our model give the best fitting, while
other models predict wrong trends and exhibit obvious
deviation. It can also be found that the mixed-wetting model
is in good coincidence with the advancing angles and shows
deviation from the receding angles.
From Table 3, it can be found that the fitting results of

advancing and receding are quite close to the state of Cassie−
Baxter (t1a ≈ 0, t2a ≈ 1 − ϕS). All results well satisfy the
constraint of |t1| + |t2| ≤ 1 − ϕS. The fitting results of model
parameters are given in the Supporting Information.
3.1.4. Experiments with Unknown ϕS and r. Another series

of experiments measure the advancing and receding angles of
different liquids on the same solid plate.9,30 These experiments
do not necessarily provide information about ϕS and r. Thus,
there are six parameters needing fitting in comparison with these
experiments. Usually, the Young contact angle is not provided.
For the convenience of discussion, the relationship between

cos θadv and cos θrec is used for comparison. Eliminating θo in eq
22 yields

θ
ϕ ϕ θ ϕ

ϕ θ ϕ
=

[ − ′ − ] − ″ −
+ ′ − − ″ −

K r F K

K r F K
cos

( ) ( ) (1 )

1 ( ) ( ) (1 )rec
S r S adv r S

r S adv r S (29)

wherein F(θadv) is given by eq 30.
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ϕ ϕ θ
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F
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cos (1 )(1 cos )

( )(1 cos )adv
adv a S adv
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The nonlinear optimization methods in MATLAB are used to
solve for ϕS, r, Ka′, Ka″, Kr′, and Kr″ in eq 31.
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In eq 31, θrec
exp stands for the measured data of receding angles;

θrec
fit is the fitting values of receding angles; θadv

exp is the measured
data of advancing angles; α is a non-negative factor less than
unity, adjusting fitting objectives; n is the number of

Table 2. Fitted Parameters for the Experiments of Priest et al.

structure Ka′ Ka″ Kr′ Kr″ ϕ−( )t
1

1a

S ϕ−( )t
1

2a

S ϕ−( )t
1

1r

S ϕ−( )t
1

2r

S
micropillar 2.7 0.5 0.2 0.5 0.21 0.96 0.11 0.74
microhole 3.6 0 −0.1 −0.3 0.97 0 −0.07 −0.29

Figure 7. Comparison between models and experiments of Yeong et al.

Table 3. Fitted Parameters for the Experiments of Yeong et al.

parameter Ka′ Ka″ Kr′ Kr″ ϕ−( )t
1

1a

S ϕ−( )t
1

2a

S ϕ−( )t
1

1r

S ϕ−( )t
1

2r

S
0.2 0.5 0.3 0.5 0.01 0.97 0.08 0.83
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experimental data; and f1 represents the expression of the
receding angle in eq 29.
Since there are 6 undetermined parameters, at least 6

measured data are needed for nonlinear fitting. Eleven groups
of experiments are selected for the comparison with our model,
as displayed in Figure 8.4,9,12,30−33 The model presented in this
work fits well both the nonlinear and linear relationship of
cos θrec/cos θadv.
The solid surfaces used by Ramos et al. are decorated with

nanoscale particles, and the pristine surfaces are of 0.1 nm root
mean square roughness.12 Nanoparticles are randomly dis-
tributed on the surface and the area density and geometry sizes
are given in the paper. The number of particles n within area A is
already known and the average wavelength (Ld + wd) of surface
roughness can be calculated by

+ =
−

L w
A

n
( )

1d d (32)

According to eq 13, the height of a defect hd can be computed by
Ld + wd

= + −h L w r( )( 1)/2d d d (33)

To verify the fitting results, the hd computed by the fitting results
are compared with the real height of nanoparticles. The
comparison is listed in Table 4. The experimental solid surfaces
are decorated with conical-shaped hillocks with a height of 3 nm.
The heights of a defect computed by fitting results range from
4.2 to 7.9 nm. Our model presumes a rectangular shape of a
defect, which deviates from the experimental conditions. Since
the real height of a nanoparticle is of the same magnitude with
the computed results, the fitting results of r are acceptable.
The fitting t1a, t1r, t2a, and t2r of Ramos’ experiments are shown

in Figure 9. Fitting results of other experiments can be found in
the Supporting Information. The distribution of t1a, t1r, t2a, and
t2r are well within the feasible region of the model. It should be
noted that some experiments present an obvious linear

Figure 8. Comparison with experiments with unknown ϕS and r. Points of different colors and shapes represent measured data. Lines represent the
fitting results of the model presented in this work.

Table 4. Height of the Nanoparticle12 and the Height of a Defect Computed by Fitting Results

identifier ϕS r area density/×109·cm−2 Ld + wd/nm height of a particle/nm height of a defect hd/nm

#2 0.90 1.050 1 316 3 7.9
#3 0.89 1.056 3 183 3 5.1
#4 0.87 1.066 6 129 3 4.3
#5 0.84 1.084 10 100 3 4.2

Figure 9. Distribution of t1a/t1r and t2a/t2r for the experiments of Ramos and Tanguy.12
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relationship between cos θrec and cos θadv and their fitting
parameters t1a ≈ t1r ≈ 0 (Ka′ ≈ Kr′ ≈ 0). When t1a = t1r = 0, the
fraction of gas displaced by liquid in grooves equals the fraction
of liquid displaced by gas in grooves. Substituting t1a = t1r = 0
(i.e., Ka′ = Kr′ = 0) into eq 29 yields

θ
ϕ θ ϕ

ϕ
=

″ − − − ″ −
− ″ −

K K

K
cos

(1 )(1 cos ) (1 )

1 (1 )rec
a S adv r S

r S
(34)

wherein cos θrec is a linear function of cos θadv. That is to say
when Ka′ = Kr′ = 0, the cos θrec/cos θadv relationship can be
reduced as a linear function.
The comparison with experiments indicates that the model

proposed in this work can adequately fit the experimental data,
while the prediction of other metastable contact angle models
shows obvious deviation from experiments. In most cases, the
fitting results of t1a, t1r, t2a, and t2r satisfy the constraint of |t1| + |t2|
≤ 1 − ϕS.

4. CONCLUSIONS
A contact angle hysteresis model is proposed in this work, which
presumes a variable wetting state to explain the continuous
change of the contact angle or multiple metastable angle
phenomena during hysteresis. The presumptions combine the
characteristics in the Wenzel model, Cassie−Baxter model, the
impregnating model, and the mixed-state model.13,14,16,19

Unlike these models, the fraction of liquid or gas prefilling the
grooves is assumed to be variable, so is the fraction of liquid or
gas displaced by the other phase. The variable t1 and t2 may vary
according to the external energy input, which is the external
cause of change in surface energy. These two variables enable the
continuous change of the contact angle and ensure a minimal
surface energy during hysteresis. The advancing angle θadv and
receding angles θrec are explicitly expressed by functions of the
Young contact angle θo, surface topographical characteristics ϕS
and r, and variables t1 and t2. Our model is in good coincidence
with experiments from the literature.4,12,23,26,29−33 The relation-
ship between θrec and θadv can be further obtained through our
model, which is able to fit the nonlinear or linear relationship
between cos θrec and cos θadv. Through fitting results, the
computed height of a defect is found to be of the same
magnitude with the particle decorating the solid surface, in the
experiments of Ramos et al.12 This indicates that the fitted
parameters t1 and t2 are acceptable. Furthermore, the estimation
of t1 and t2 can be further developed to provide more accurate
predictions.
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