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Combinations of geometric discontinuities and multiaxial loads appear commonly in engineering components,
which raise both stress gradient and multiaxial stress states near the notch root. This work studies the combined
critical plane approach with the theory of critical distance for fatigue analysis of notched components under
multiaxial loadings. Taking the Fatemi-Socie model for instance, different coupling sequence of critical plane and
critical distance concepts is discussed. In particular, the influence of employing the point method and the line
method of the theory of critical distance on predicting performance as well as the rationality of regarding the
critical distance as a material constant or as a function related to fatigue life are also investigated. Accordingly, 8
life assessment procedures are summarized and the optimal procedure is determined and verified by experimental
data of Al 7050-T7451 and GH4169 alloys. Results show that the majority of the predicted points fall within
the +2 scatter band according to experimental results and the procedures which employ the theory of critical
distance after using the critical plane approach and regarding the critical distance as a function related to fatigue
life provide better accuracy on fatigue life prediction than others.

1. Introduction

Fatigue is one of the most common failure modes for engineering
components. During fatigue design of these components, geometric dis-
continuities, such as grooves, keys, holes, joints as well as other irregular
structures, widely exist to meet various functional requirements. These
structures are normally called notches during fatigue analysis. The ex-
istence of notch often leads to local stress concentration at the notch
root region [1-4]. Even under uniaxial loadings, a complex multiaxial
stress field appears near the notch root region; if subjected to multiax-
ial loadings, the real stress-strain state will be much more complicated,
and fatigue cracks are prone to initiate and propagate within these re-
gions [5-8]. According to this, fatigue failure of the whole structure
may occur even without any warning of noticeable plastic deformation.
In addition, the combination of multiaxial loads and complex geomet-
ric structures is inevitable in engineering practice, especially in criti-
cal components such as aero engine turbine components with complex
transmission structures. In general, the optimal design of notched lo-
cations is vital for improving the overall performance of engineering
components [9-11].

In order to prevent the catastrophic failure of notched parts and im-
prove its operational safety and reliability in reality, it’s essential to

study the fatigue mechanism of notched parts under multiaxial load-
ing conditions [12-14]. In this regard, various methods have been de-
veloped and/or extended for multiaxial notch fatigue analysis. Among
them, some scholars attempted to apply multiaxial fatigue criterion
raised to multiaxial notch fatigue analysis directly [2,15-19]. However,
these approaches ignored the influence of notch effect on fatigue life,
thus generally yield conservative estimations. Considering the accurate
analysis of local stress-strain state is critical for fatigue damage eval-
uation, some researchers focused on calculation of stress-strain at the
notch root using either analytical or numerical methods. On the ba-
sis of the incremental deviatoric version of the Neuber rule, Ince et al.
[20,21] introduced an analytical approximate model which achieves ac-
curate estimation of local elasto-plastic notch stress-strain from pseudo
elastic stresses. Through coupling the material constitutive relations
with a critical plane-based damage parameter, the analytical modeling
approach has been presented for fatigue life assessment of notched com-
ponents under multiaxial loadings [22,23]. On the basis of a new pseudo
stress correction method, Tao et al. [24,25] presented a method for local
stress-strain computation. Particularly, by coupling with the Kanazawa
model, a fatigue life prediction model is established which describes
the non-proportional additional hardening effect well. Besides, comb-
ing with the Wang-Brown cycle count process, Tao [25] extended the
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Nomenclature
Symbols
A Model relevant parameter of the TCD

B Model relevant parameter of the TCD

by Shear fatigue strength exponent

Co Shear fatigue ductility exponent

E Elastic Modulus

Fo, Applied normal axial force amplitude

f Load frequency

G Shear modulus

K Cyclic strength coefficient

K, Stress concentration factor

AKy, Amplitude of the threshold value of the stress intensity
factor

k Fatemi-Socie parameter

L Critical distance

N¢ Number of cycles to failure

n’ Cyclic strain hardening exponent

Ska t Applied normal axial stress amplitude

St ¢ Applied shear stress amplitude

T Test temperature

Applied shear force amplitude
Elastic Poisson’s ratio

Plastic Poisson’s ratio

¢ Load phase angle

£qt Applied normal axial strain amplitude

Euy Applied equivalent strain amplitude

o Tensile strength

Onmax ~ Maximum normal stress on the critical plane

G, Plain fatigue limit

Ao, Range of the plain fatigue limit
60.2 0.2% offset yield stress

oy Cyclic yield stress

r} Shear fatigue strength coefficient
Ya Maximum shear strain amplitude on the critical plane
Yar Applied shear strain amplitude
y} Shear fatigue ductility coefficient
AM area method of the TCD

CPA critical plane approach

FEA finite element analysis

FS Fatemi-Socie

HCF high cycle fatigue

LCF low cycle fatigue

LM line method of the TCD

PM point method of the TCD

SWT Smith-Watson-Topper

TCD theory of critical distance

VM volume method of the TCD

computational methodology to fatigue life prediction of notched com-
ponent subjected to variable amplitude multiaxial loadings.

Moreover, considering the exclusive advantage of critical plane ap-
proaches (CPA) in multiaxial fatigue analysis as well as application of
the theory of critical distance (TCD) in notch effect analysis, some re-
searchers attempted to couple them for multiaxial notch fatigue assess-
ment. Through regarding the maximum shear stress plane as the critical
plane, Susmel et al. [26] integrated the point method in the TCD and
Wholer curve method for fatigue life prediction. Following the idea of lo-
cal stress-strain method, Wu [27] initially assessed the fatigue strength
of notch components by employing a new multiaxial fatigue damage
model with stress-strain data extracted from the notch roots. However,
he ignored the influence of notch effect, thus the prediction results were
overall conservative with certain scatter bands. To effectively character-
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ize the influence of damage gradient on fatigue strength, the TCD is nor-
mally introduced for model correction, and methods for determining the
fatigue critical distance of the notched parts under multiaxial loads have
been presented based on point method and line method respectively. Liu
et al. [28] combined the CPA and the TCD directly, regarding the plane
with maximum shear stress range as the critical plane, and the mean
value of the maximum effective shear stress and the maximum effective
normal stress in the halfsphere volume centers at the peak stress point as
the damage parameter, where a good agreement was indicated. Gates
et al. [1,29,30] firstly performed the stress-strain analysis of notched
parts based on pseudo stress plastic modeling method, and then fatigue
lives of notch specimens made of Al 2024-T3 alloys were predicted by
combining the modified Fatemi-Socie (FS) model with the TCD. Though
nearly all prediction points fall within +3 time scatter band, the accu-
racy and robustness of their procedure under multiaxial loadings still
have great potentials for further improvement. Thus, the combination
of critical distance/plane method is definitely promising.

In addition to the abovementioned models, for multiaxial notch fa-
tigue assessment, Berto et al. [31-35] utilized the mean value of local
strain energy density (SED) near the notch tip in the controlled volume
as the damage parameter for fatigue analysis. Ye et al. [36] established
an approximate energy conversion relationship for life assessment based
on thermodynamic analysis of cyclic plastic deformation. Meggiolaro
et al. [37] developed a “unified notch rule” for notch fatigue assessment,
which considers the influence of non-zero normal stresses perpendicu-
lar to the free-surface on fatigue life. Liu et al. [38] proposed a method
which employs the modified multiaxial crossland fatigue criterion to en-
able fatigue modeling under non-proportional stress states with varying
principal directions and the cycle jumping algorithm to increase the effi-
ciency of fatigue damage accumulation with the presence of evolution of
plasticity. Moreover, except for crack nucleation process, crack growth
also influences the total fatigue life. Hassanifard et al. [39,40] investi-
gated the fatigue crack propagation progress based on employing stress
intensity factors and microstructural parameters respectively, both of
them yield reasonable correlations with experimental data.

Recently, Luo et al. [41] combined the CPA and the TCD for fatigue
life assessment of thin-walled notch specimens with circular hole. In this
case, accurately determining the position of the dangerous point is the
key step of the analysis. By employing the analytic method, they indi-
cated that the point on the edge of the center hole always present a
uniaxial stress state, and the direction of the principal stress is tangent
to the notch edge curve. On this basis, the point on the notch edge which
experiences the maximal stress in the stable load cycle is regarded as the
critical point. Afterwards, they simplified the thin-walled structure into
a shell element in FEA. By drawing a circle of radius L about the critical
point and then connect the points on the circle to the critical point, a
series of planes can be obtained (all of the planes are perpendicular to
the plane where the circle is located). Among them, the plane with the
maximum shear stress amplitude is defined as the critical plane, and the
TCD is applied along the radial direction passes through this plane. By
introducing experimental data of GH4169, LY12CZ and TC4 alloys for
model verification, the maximum error between the predicted angle of
critical plane and the tested one is only 9.6°, which predicts the crack
initiation positions and their expansion directions accurately, thus pro-
vides a reference for the subsequent research in fatigue fracture analysis.
However, dispersion between the predicted lives and test results still ex-
ists, and the transformation from the two-dimensional shell structures to
the multiaxial fatigue analysis of three-dimensional notched structures
needs to be further explored. To conclude, the solution to multiaxial
notch fatigue analysis is still lacking, more efficient solutions are highly
expected.

In this paper, taking the FS model as the start point, different cou-
pling sequence of the CPA with the TCD for fatigue analysis of notched
components under multiaxial loadings is systemically studied. In addi-
tion, the relationship between critical distance and fatigue life is also
investigated. Accordingly, 8 life assessment procedures are summarized
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Fig. 1. Schematic diagram for determining the critical plane under multiaxial
loadings.

and the optimal procedure is determined and verified by experimental
evidence. The rest of this article is structured as follows: In Section 2, a
brief review on the CPA and the TCD is given as the theoretical back-
ground. Section 3 discusses and verifies the optimal coupling sequence
of critical plane-distance approaches by experimental data of Al 7050-
T7451 notched specimens as well as that of GH4169 alloys. Finally,
Section 4 draws the conclusions.

2. Theoretical background
2.1. Critical plane approach (CPA)

Recently, increasing attentions have been paid on the study of mul-
tiaxial fatigue [42,43]. Among them, critical plane approaches are the
mainstream of research [44-48], which connects theory with the phys-
ical observation of fatigue cracking behavior. Specifically, the concepts
of critical planes are established based on fatigue cracking mechanism
with certain physical significance, thus are more effective for multiax-
ial fatigue assessment. Fatigue life analysis based on the CPA mainly
consists of two steps: the first step is to determine the critical plane
according to different loading conditions, then develop the multiaxial
fatigue damage parameter based on the history of stress and strain on
the critical plane, and further predict fatigue life of interest. For the
critical plane, researchers have come up with different definitions [49].
To sum up, for high cycle fatigue (HCF) analysis, the critical plane can
be chosen as the maximum shear stress plane, the maximum principle
stress plane or the plane of the maximum damage parameter; while for
low cycle fatigue (LCF) analysis, options for the critical plane include
the maximum shear strain plane, maximum normal strain plane as well
as the plane of the maximum damage parameter [46]. Fig. 1 depicts the
process for determining the critical plane.

The key step of critical plane-based approaches is the determination
of the critical plane. Wang et al. [50] introduced the mathematical for-
malization in coordinate transformation, and elaborated the searching
procedure of the critical plane. Herein, a brief introduction on fatigue
strength assessment by employing the critical plane approach is attached
as follows:

(1) Through the load spectrum analysis under actual operating mode,
perform elasto-plastic finite element analysis (FEA) of the interest.

(2) Determine the dangerous regions according to the stress and strain
distribution, and extract the 12 stress-strain components of the ele-
ments (or nodes) within the dangerous regions with stabilized load-
ing cycles.

Search the critical plane corresponding to the selected CPA by
converting the coordinate system. The search of critical plane is
achieved by angular scanning of three unit vectors a, b and n at
the internal reference point O. To be specific, this procedure can be

3
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realized by changing the directions ¢ and 6 with 5° increments in
Matlab program, where 0 < ¢ < 360°, 0 < 6 < 180°.

Through performing coordinate transformation, constituent ele-
ments of the damage parameter corresponding to the critical plane
approach can also be determined, thus the predicted lifetime can be
obtained by substituting the damage parameter into the multiaxial
fatigue model.

(€))

Note that the applicability of the CPA is closely related to the fatigue
damage mechanism. More precisely, there are three cracking modes,
namely tensile failure mode (Mode I), shear failure mode of in-plane
shear loading (Mode II) as well as shear failure mode of out-of-plane
shear loading (Mode III) [49]. Correspondingly, the algorithms for fa-
tigue life evaluation based on the CPA are specified linked to the dom-
inating crack type, and the dominant parameters as well as the criti-
cal plane orientations in each failure mode are fundamentally different
[51]. Therefore, pre-evaluating the failure dominant mode and select-
ing an appropriate critical plane model is a vital step to improve the
prediction accuracy.

Yu et al. [52,53] summarized models developed on the basis
of the critical plane. Note from recent models proposed by Wu
[54] and Yu [46] that accurate life assessment under complex multiaxial
proportional/non-proportional loadings can be achieved by considering
the influence of the non-zero mean stress, which provides theoretical
support for structural integrity assessment of components under com-
plex loadings. Besides, Karolczuk et al. [51] reviewed the historical de-
velopment of critical plane approaches and systematically classified the
critical plane models by damage parameters of stress, strain or strain
energy. Moreover, the adaptive failure dominant mode and the appli-
cability under various types of loads of each method are also attached,
which provides a reference for accurate selection of critical plane ap-
proaches.

Herein, as one of the most commonly used critical plane approach in
practice, the Fatemi-Socie (FS) model [55] is chosen for feasibility ver-
ification on the combination of the critical plane-critical distance ap-
proaches. Specifically, FS criterion was developed on the basis of the
model raised by Brown and Miller [56]. Considering the friction caused
by uneven crack surfaces, which decreases the stress at the crack tip,
thus retards crack growth and extends its fatigue life span; besides, the
tensile stress disjoints the crack surface and diminishes the friction, and
then speeds up the crack propagation process, they substituted the nor-
mal strain by the normal stress term as:

Y]
Oy

’
O n,max Tf by ! <o
Ya<1 +k—> =G (2Ng)" +7,(2Ny)
where y, is the maximal shear strain amplitude, k is a material constant
which depicts the impact of normal stress on fatigue damage, 6, gy iS
the peak normal stress on the critical plane, occurring at any moment

during the stabilized loading cycle, o, is the yield strength, G is the

shear modulus, 7 ,y’ ,by and ¢, are the shear fatigue parameters. It’s
worth mentioning that the FS criterion can characterize the influence of
additional cyclic hardening on fatigue damage under out-of-phase load-
ing resulting from the rotation of principal axes. Besides, another criti-
cal plane approach proposed by Smith, Watson and Topper [57] (here-
inafter referred to the SWT model) is also employed for screening test
points, which will be elaborated in the next section.

2.2. Theory of critical distance

In virtue of the serviceability for structures with complex features
and the convenience in practice, the theory of critical distance (TCD)
has been adopted for notch fatigue analysis [58,59]. Assuming that
the elastic stress near the notch root does not attain those values fig-
ured employing the theory of continuum mechanics, to obtain an engi-
neering quantity representing the effective stress damaging the fatigue
process zone, Neuber [60,61] averaged the elastic stress over a critical
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Point for the PM
(distance L/2)

Line for the LM
Critical point

Area for the AM
(radius 1.32L)

or
Volume for the VM
(radius 1.54L)

F

Fig. 2. Schematic diagram of the TCD method for PM, LM, AM and VM.

distance from the notch root, which was named as the line method (LM).
Later, Peterson [62] pointed out that the reference stress employed to
compare with the material fatigue limit of smooth specimens for life
prediction can be simplified as the stress value at a given length from
the notch tip, which is named as the point method (PM). Afterwards,
Taylor [63] reperformed the same idea in a different way by averaging
the stresses over semicircular area near the notch root, namely the area
method (AM). Recently, Bellett et al. [64] made use of a volume aver-
age and extended the concept to a halfsphere centered at the notch tip,
which is named as the volume method (VM). The abovementioned four
categories of TCD methods are illustrated schematically in Fig. 2.
The equations of TCD are:

PM: o(L/2) =0, 2
1 2L
LM : 3L A o(rydr =o, 3)
2 7 riL
AM : T)z / / o(r,0)rdrdf = o, 4)
n(1.32L -3 Jo

3 T 3 154L )
VM : Papm— / / / o(r,0, @)r-sinfdrdfde = o, )
2z(1.54L)" Jo J-% Jo
Among them, the PM considers that fatigue failure occurs when the
stress at the point at a certain distance from the tip (surface/exterior) of
the notch reaches the fatigue limit o, of smooth specimens [65]. Anal-
ogously, the LM, AM and VM share the failure judgement/criterion, ex-
cept for different strategies to extract effective stress. In summary, dur-
ing fatigue strength assessment of notched parts/specimens, the TCD
bypasses the regions with the maximum stress level at the notch tip
while employing the point of relatively low stress level or average stress
over a given line/area/volume as judgement, thus enables the predicted
results are closer to the real fatigue lives.
Normally, the critical distance L can be obtained by [65]:

AK,, \2
()
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where AK,;, and Ao, are the range of the threshold stress intensity factor
and the plain fatigue limit, respectively. In particular, the critical dis-
tance is closely related to the grain size and the ability to retard crack
propagation of the material of interest. However, during lifetime es-
timation of notched components in the medium-cycle fatigue regime,
Susmel and Taylor [66] regarded the critical distance as a fatigue life
related function, which decreases with the fatigue life; while in their
subsequent research to assess fatigue lives of notched parts in the scope
of low/medium-cycle fatigue, the critical distance is assumed as mate-
rial constant whose value relates to neither notch geometry nor to the
number of cycles to failure [67], which can be expressed as follow:

L= AN;3 )

where A and B are model relevant parameters.

In engineering practice, as the load level rises, the volume of the
plastic zone near the notch also increases, thus a larger fatigue process
zone appears, which is in accordance to Eq. (7) as above mentioned. On
the basis of the research of Susmel and Taylor, considering the impact of
the severity of stress concentration on the critical distance, Yang et al.
[68] and Huang et al. [69] successively modified the expression between
the fatigue life and the critical distance by coupling stress concentration
factor K, (as presented in Egs. (8) and (9)), which correlates well with
tested lives.

K % L=AN} ®

— B
K" L=AN}

where m is a model relevant parameter.

However, regarding the critical distance as a function related to fa-
tigue life implies that the value of critical distance is unknown before
analysis, thus a recursive procedure must be included. Besides, using
three multiaxial fatigue criteria, Castroa et al. [70] studied the HCF be-
haviors of four kinds of steel combining the TCD; results show that the
value of critical distance is closely linked to the selected fatigue cri-
terion, which challenges the universality of TCD. Accordingly, in this
work, an optimal method for determining the value of critical distance
in the combined analysis of CPA-TCD is also included.

©

3. Combined critical plane-critical distance approaches for
multiaxial fatigue analysis

3.1. Recent progress on coupled CPA-TCD analysis

As engineering components operates, impact of multiaxial fatigue
and notch effects on fatigue damage generally exist jointly, as depicted
in Fig. 3 (in which the data points are extracted form elasto-plastic FEA
results of Al 7050-T7451 notched specimen NAl, its geometry, dimen-
sions, and load spectrum are given in Fig. 6(a) and Table 2, respec-
tively). Specifically, the distribution of elasto-plastic stress/strain near
the notch root are extracted by using the FE software ANSYS 17.0 with
20-node quadratic brick 3D elements Solid 186.

Fig. 3 depicts the inhomogeneous stress distribution along the ra-
dial direction. Based on two assumptions: (a) the critical distance is a
material relevant constant which can be obtained from symmetric uni-
axial fatigue testing, (b) damage parameters in multiaxial fatigue cri-
teria can characterize the effects of non-zero mean stress and non-zero
non-proportional loading, Taylor and Susmel [71] studied the feasibil-
ity of coupling analysis between several multiaxial fatigue criteria and
the TCD. By introducing vast amount of data from multiaxial notch fa-
tigue tests for model verification, they found that the critical plane ap-
proaches are the only multiaxial fatigue criteria which can coherently be
re-interpreted in terms of the TCD. Susmel [58] summarized the applica-
tion of TCD in fatigue analysis in recent years, and pointed out that it is
a practical and effective method for notch fatigue analysis, but its poten-
tial in fatigue life evaluation of notched parts under complex multiax-
ial loads still remains to be investigated. Besides, Castro [70] indicated
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Fig. 3. Stress distribution along the radial direction on the minimum
cross section of notched specimen NA1: (a) path diagram (red line),
(b) stress distribution of ¢, component.(For interpretation of the ref-
erences to colour in this figure legend, the reader is referred to the
web version of this article.)

(b)
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that the coupling analysis of critical plane-critical distance approaches is
worthy to be attempted, but the premise is that the combination should
be consistent with the mechanism of multiaxial fatigue failure.

Based on a new material constitutive model, Leidermark et al.
[72] analyzed the fatigue crack processing behaviors of notched spec-
imens with single crystal superalloy MD2 by combining the CPA and
the TCD. Specifically, the maximum total shear strain range on the crys-
tallographic slip systems was employed to locate the critical slip coor-
dinate, and then the damage parameters are obtained by applying the
TCD along the critical plane. Finally, the fatigue life is calculated by
Manson-Coffin equation. In addition, they also explored the rationality
that regarding the critical distance as a constant or a function related
to fatigue lifetime, and results show that the second strategy yields bet-
ter corrections than others. Moreover, Akama [73] linked the TCD with
the CPA developed by Jiang and Sehitoglu [74] and applied them to
the rolling contact analysis of railway wheels and rails; regarding the
potential starting slip system in face-centered cubic crystal structure as
the critical plane and the maximum resolved shear strain range Ay .
as the damage parameter, Huang et al. [69] evaluated the fatigue life of
DZ125 notched examples under LCF by coupling the CPA and the TCD,
which improves the prediction accuracy to within the two-time scatter
band.

3.2. Strategies for coupled CPA-TCD analysis

Combining with the previous discussion and introduction, this work
studied the following three items:

(1) Exploring the influence of the coupling sequence of the CPA and the
TCD on the life prediction. As shown in Fig. 4, there are two strate-
gies for multiaxial fatigue analysis using combined critical plane-

Critica) P12

7| d

Fig. 4. Schematic diagram of two strategies for combined critical plane-critical
distance approaches analysis
(a) Sequence 1 (CPA — TCD), (b) Sequence 2 (TCD — CPA).

critical distance approaches. Note from the subgraph Fig. 4(a), the
first plan employs the CPA before the TCD. Firstly, extract the stress
and strain components at the critical point; then, search and deter-
mine the critical plane according to its definition in the correspond-
ing critical plane model; finally, apply the TCD on the critical plane
to predict the fatigue life. While the second plan uses the TCD firstly,
as illustrated in subgraph Fig. 4(b). Along the radial direction of the
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Coupling Sequence of Application of the TCD
the CPA and the TCD PM or LM
(A) © (D)
Sequence 1 Sequence 2
CPA—TCD TCD—CPA L LM
Procedure 1 Procedure 2 Procedure 3
(A) (©) (E) (A) (©) (F) (A) (D) (B)
Procedure 5 Procedure 6 Procedure 7
(B) (©) (E) (B) (©) (F) (B) (D) (E)
Table 1
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Fig. 5. Eight procedures for life assessment.

Definition of the TCD
(E) (F)
Material FuncFlon

of fatigue
constant o
lifetime
Procedure 4
(A) (D) (F)
Procedure 8
(B) (D) (F)

Material properties of Al 7050-T7451 and GH4169 alloys [16,25].

Material T(°C) E(GPa) 6¢.2(MPa) op(MPa) Ve vy K’(MPa) n

Al 7050-T7451 25 70.3 455 510 0.33 0.5 734.5139 0.09697

GH4169 650 182 1000 1150 0.325 0.5 1950 0.15
bisecting plane of the specimen, the TCD is primarily applied start- Table 2

ing from the critical point; then, employing the CPA and thus the
predicted fatigue lifetime can be obtained.

(2) Discuss the influence on the precision of fatigue life prediction when
employing point method (PM) and line method (LM) of the TCD,
respectively.

(3) Investigate the rationality of regarding the critical distance L as a
material constant or as a fatigue life related function during life pre-
diction.

As illustrated in Fig. 5, through the free combination of the above
three research items, 8 life assessment procedures can be summarized.
For instance, in Procedure 1, the CPA is employed in the critical point to
determine the location of the critical plane firstly. Next, the TCD is ap-
plied on the critical plane. Specifically, the point method is chosen and
the critical distance is regarded as a material distance. By coupling FE
analysis and experimental results, the critical distance of each specimen
can be determined. Then, collecting critical distances of all specimens,
the law of critical distance can be established, which will be elaborated
in Section 3.3.2. Finally, the predicted lives of notched specimens can
be calculated. In the subsequent contents, the feasibility of the above-
mentioned options will be verified and their predicting performances
will be compared and discussed. Specially, the FS model mentioned in
Section 2.1 is utilized for model verification of the combination of the
critical plane-critical distance approaches, which can characterize the
influence of additional cyclic hardening effect on fatigue damage under
out-of-phase loading resulted from the rotation of principal axes.

3.3. Feasibility verification and comparison

3.3.1. Materials and experiments

Experimental data of notched specimens of aluminum alloy Al 7050-
T7451 [25] and nickel-based alloy GH4169 [16] are utilized for model
validation, and their mechanical properties are tabulated in Table 1.
Fig. 6 presents geometries and dimensions of grooved shaft specimens.
Tables 2-4 list corresponding multiaxial load conditions as well as tested
lives of each specimen, and the load ratio (including R ; and R,) are both
—1. Specially, tests of Al 7050-T7451 specimens were carried out under
Sine load waveform while GH4169 specimens under strain-controlled

43

Fatigue test results of Al 7050-T7451 notched specimens under
strain control mode [25].

No. HOC) £, (%) £4,(%) 7qe(%)  f(Hz)  Ny(Cycles)
NA1l 0 0.3 0.2121 0.3674 1 1217
NA2 O 0.25 0.1768  0.3062 1 2282

NA3 0 0.2 0.1414 02449 1 3831

NA4 0 0.18 0.1277 0.2211 1 16,034
NA5 0 0.15 0.11 0.19 1 48,671
NA6 45 0.2 0.1531  0.2651 1 2580

NA7 90 0.2 0.2 0.3464 1 1071

constant amplitude loading with a triangle wave. Moreover, an exten-
someter with a gage length of 25mm is set up for Al 7050-T7451 spec-
imens and gage length 50 mm for GH4169 specimens. Material proper-
ties and heat treatment of GH4169 alloys can be found in [75-77]. In
particular, for Al 7050-T7451 specimens, they were manufactured from
hot rolled aluminum alloy bars of 30 mm in diameter. Firstly, a solution
treatment process was performed. Then, by applying a certain level ten-
sile load, the residual stress was relieved. Next, an artificial overaging
process was employed to obtain the material’s best resistance to stress
corrosion. Finally, manufactured aluminum alloy bars into grooved shaft
specimens according to the technological requirements. For GH4169
specimens, the specimens were machined from bars with a diameter
of 25 mm. Before machining bars into specimens, a standard heat treat-
ment process is performed as follows: 970°C for 1 h and then air cooling
to 720°C for 8 h, furnace cooling with rate of 50°C/h to 620°C for 8 h
and finally air cooling.

In order to evaluate the predicting performances of each procedure
mentioned above more reasonably, multiaxial fatigue test data of Al
7050-T7451 notched examples with larger data base are employed. Be-
fore verification, a screening procedure for test points is performed.
Firstly, FE simulation of each notched specimen is carried out according
to the test load spectrum, thus the stress and strain data of the critical
point in the notch tip are obtained; afterwards, by using the FS model
[55] and the SWT model [57], fatigue life of each specimen can be then
evaluated. The relation between tested lives and predicted lives for Al
7050-T7451 notched specimens are shown in Fig. 7.
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(a) - Fig. 6. Specimen geometries and dimensions for (a)
’
@' 2 Al 7050-T7451 grooved shaft specimen, (b) GH4169
s & £ grooved shaft specimen. (All dimensions are in mm).
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Table 3
Fatigue test results of Al 7050-T7451 notched specimens under load control mode [25].
No.  ¢(©) F,(kN) T, (Nem) Sy, (MPa) S, (MPa) f(Hz) N(Cycles)
NB1 0 4.6133 3.8853 162.7082 90.9717 3 85,778
NB2 0 11.4995 9.8061 408.0743 233.6957 3 214
NB3 0 6.9227 5.9096 244.594 141.9901 3 4447
NB4 0 9.1983 7.8954 325.8599 187.8325 3 922
NB5 45 6.9165 5.9055 244.5101 141.1744 3 5984
NB6 920 6.8907 5.9276 244.5054 140.4185 3 3981
NB7 90 11.4812 9.9487 407.4768 235.8627 3 327
NB8 90 9.2128 7.9224 326.5792 188.233 3 804
Tab1e4 "! T T T ""'! T T T ""'! ',')!.
Fatigue test results of GH4169 notched specimens [16]. 10° b : ' : ooy
No. D) £4,(%) 74, (%) f(Hz)  Ny(Cycles)
NC1 0 0.00282 0.0037 0.2 1076
NC2 0 0.00419 0.00675 0.1 139 % :
NC3 0 0.00281 0.00392 0.2 871 5‘- :
NC4 45 0.00354 0.00479 0.2 642 ~ .
NC5 45 0.00357  0.00487 0.2 509 il
NC6 90 0.00397 0.0055 0.2 469 Q@ :
NC7 90 0.00238 0.00306 0.2 10,053 = :
NC8 90 0.00395  0.00553 0.2 425 B 3
NC9 920 0.00297 0.0041 0.2 2086 §
9 !
g . SO R SR R +1.5 Factor |
o L S 3 3
Lyl ’8 ----% 2 Factor
= “ ‘R A FS Model 3
, ! o SWT Model
As can be seen from Fig. 7, the FS and the SWT models give conserva- 10° k-
tive life predictions for most of the specimens when applying the stress- L N I sl
10°

strain data at the critical point for fatigue analysis directly; however,
there are still three specimens with overestimated life comparing with
the tested one, which deviates from the objective facts (which might
result from material variation as well as experimental uncertainty). It is
well known that due to the notch effect, irregular shaped components
with local stress concentration present higher LCF lifetime than that fig-
ured by extracting nominal stresses in the carve or notch tip only, for
stress levels drop from the surface into the interior of the part thus re-
tard LCF crack formation in the critical grain [78-81]. Moreover, Fig. 8
presents the calculated lifetime distribution of notched specimen NA2
along the direction applying the TCD by employing combined analy-
sis of the critical plane-critical distance approaches with two coupling
sequence, respectively. Note from Fig. 8, the points further inside the
body own higher fatigue lives than those located near the surface, which
means that the TCD can’t achieve the correction of the optimistic pre-
dicted results obtained by using the CPA. Therefore, several test results
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10°*
Tested life N, / cycle

10°

Fig. 7. Comparison between tested and predicted lives of Al 7050-T7451
notched specimens by using the FS and SWT models.

that do not correspond to objective facts were discarded before the anal-
ysis, including the test specimens numbered NB6, NB7, and NB8.

3.3.2. Validation and comparison

By combining the CPA and the TCD for fatigue analysis with different
coupling sequences (PM and LM in the TCD are employed respectively),
relationship diagrams between fatigue lives and critical distances of Al
7050-T7451 specimens are presented as shown in Figs. 9 and 10, and
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Fig. 8. Predicted life distribution of notched specimen NA2 along the direction applying the TCD. (a) Sequence 1 (CPA — TCD), (b) Sequence 2 (TCD — CPA).
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Fig. 9. Relationship diagrams between fatigue lives and critical distances of Al 7050-T7451 specimens by PM. (a) Sequence 1 (CPA — TCD), (b) Sequence 2

(TCD — CPA).

Table 5
Calculated value of the critical distance (Al 7050-T7451).

Coupling Sequence 1 (CPA — TCD) Sequence 2 (TCD — CPA)
sequence PM LM PM LM
Critical distance L (mm) 0.4990 0.7694 0.3971 0.6441

then fatigue life-critical distance curves in the form of Eq. (7) can be
obtained by fitting the data points.

Besides, the critical distance can also be treated as a material con-
stant. Herein, the mean value of critical distance of each specimen is
treated as the critical distance constant, their values in various coupling
sequence are listed in Table 5.

After determining the value of the critical distance constant or the
function between critical distances and fatigue lives, fatigue life of each
notched specimen can be evaluated using the eight procedures men-
tioned above respectively. Among them, computational process of four
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procedures which regard the critical distance as a material constant are
relatively simple. In these procedures, only the stress-strain data in the
point of the value of the critical distance constant from the critical point
are needed for fatigue strength assessment. However, the procedures
which regards the critical distance as a function related to fatigue life
are more complicated. Since only the stress-strain state of the test spec-
imen can be extracted at the beginning, neither the life nor the critical
distance is known. In addition, note from their relationship expression,
the critical distance changes with fatigue lives, thus a complex recur-
sive procedure is required. As depicted in Fig. 11, start from a given
initial life value Ny, the value of the critical distance L, can be cal-
culated according to Eq. (7); then the stress-strain state at the point
of the value of critical distance L; from the critical point can be ex-
tracted, and the damage parameter can be determined to calculate the
fatigue life Np,. If Ny # N, then assign the value of Ny, to Ny, and
continue the recursive procedure; if Ny =Np,, then stop the recursive
procedure, and output the values of the predicted life and the critical
distance.
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Fig. 10. Relationship diagrams between fatigue lives and critical distances of Al 7050-T7451 specimens by LM. (a) Sequence 1 (CPA — TCD), (b) Sequence 2
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Fig. 11. Flowchart for recursive analysis by coupling the TCD and the FS model.
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Comparison between predicted and test lives of the Al 7050-T7451
notched specimens using the abovementioned eight procedures are
shown in Fig. 12. Note from the graphs, regardless of the influence of
the coupling sequence and the employment of PM or LM in the TCD
on the predicting performance, the procedures which regard the critical
distance as a function of fatigue life yields better predictions than those
treating it as a material constant. In fact, this result can be foreseen from
the relationship diagram between testes lives and corresponding critical
distances (see Figs. 9 and 10, in which the critical distance obviously
varies with fatigue life.

To better compare the model prediction errors between each proce-
dure, an error index is employed to assess the deviation between evalu-
ated and tested results [82]:

E; =1log (N;p;/Ny,) (10)

n

E=1Zpﬂ an

g
where E denotes the mean absolute deviation, E; represents the absolute
deviation for the ith data, Ng,; and Ny; are the predicted and tested
lives for the ith data, respectively, n is the total number of specimens.
The average absolute predicted errors of the aforementioned procedures
are listed in Table 6, in which the smaller E indicates better prediction
accuracy.

Moreover, the experimental results of GH4169 alloy are also utilized
for model validation, the predicted lives and errors are given in Fig. 13
and Table 7, respectively.

Combining with the results of procedures verification by using ex-
perimental data of Al 7050-T7451 and GH4169 notched specimens, the
impacts of the abovementioned three research items on the performance
of life evaluation are summarized as follows:

(1) Coupling sequence of the CPA and the TCD:
Note from Tables 6 and 7, the procedures using the TCD after using
the CPA (Sequence 1) show relatively better predictions than those
procedures with Sequence 2.
(2) Employing the PM or the LM in the TCD:
As shown in Tables 6 and 7, when regarding the critical distance as
a material constant, the procedures employing the PM present better
precision of life predictions than those using the LM; however, when
treating the critical distance as a fatigue life related function, for
Al 7050-T7451 specimens, there are no obvious difference between
procedures using the PM and LM; while for GH4169 specimes, both
the PM with Sequence 1 and LM with Sequence 2 provide better
predictions than others.
Regarding the critical distance as a material constant or a life related
function:
It can be seen from Tables 6 and 7 that the predicting performance
of the procedures regarding the critical distance as a fatigue life re-
lated function is far superior to the procedures in which the critical
distance L is treated as a material constant. Besides, the relationship
diagrams (see Figs. 9 and 10) show that the expressions proposed
by Susmel and Taylor [67] is well able to describe the relationship
between critical distances and fatigue lives.

3

-

In summary, the procedure combing the CPA and the TCD with cou-
pling Sequence 1, and regarding the critical distance L as a function
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Fig. 12. Comparison between tested and predicted lives of Al 7050-T7451 notched specimens by using
(a) PM of TCD and coupling sequence 1, (b) LM of TCD and coupling sequence 1
(c) PM of TCD and coupling sequence 2, (d) LM of TCD and coupling sequence 2.

Table 6

Average absolute predicted errors of Al 7050-T7451 notched specimens (%).
Coupling Sequence 1 (CPA — TCD) Sequence 2 (TCD — CPA)
sequence PM LM PM LM
TCD as a material constant 37.52 41.03 39.15 45.13
TCD as a life related function 14.50 14.63 16.95 16.65

Table 7

Average absolute predicted errors of GH4169 notched specimens (%).
Coupling Sequence 1 (CPA — TCD) Sequence 2 (TCD — CPA)
sequence PM LM PM LM
TCD as a material constant 14.16 18.45 27.13 28.78
TCD as a life related function 3.21 4.59 7.42 6.78
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Fig. 13. Comparison between tested and predicted lives of GH4169 notched specimens by using
(a) PM of TCD and coupling sequence 1, (b) LM of TCD and coupling sequence 1
(c) PM of TCD and coupling sequence 2, (d) LM of TCD and coupling sequence 2.

related to fatigue life owns the highest accuracy in fatigue life assess-
ment of the two alloys. Noticed from Figs. 12 and 13 that, almost all of
predicted points fall within the +2 scatter bands. In this case, the pre-
dicted performance by employing the PM and LM in the TCD are very
close. Although the PM needs fewer calculating amounts compared with
the LM, which seems to save the computational effort. However, in fact,
owing to the critical distance L is a function related to fatigue life, thus
the value is unknown before determining the fatigue life. Therefore, the
procedure of extracting the stress-strain data and calculating the distri-
bution of the damage parameters on the entire path along the direction
on which the TCD is applied is inevitable, which occupies most of the
calculating resources. Once the relevant information on the entire path
is obtained, the difference in the amount of computation when employ-
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ing the PM and the LM can be ignored. Thus, in general, there is no big
difference on the precision of life prediction by employing either the PM
or the LM.

4. Conclusion

In this work, taking the FS criterion for instance, different coupling
sequence of the CPA with the TCD for multiaxial fatigue assessment of
notched components is studied. Moreover, the influence of employing
the PM and the LM of the TCD on predicting performance as well as
the rationality of regarding the critical distance as a material constant
or as a fatigue life related function are also investigated. Accordingly,
8 life assessment procedures have been summarized, and experimental
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data of Al 7050-T7451 and GH4169 notched specimens under multiaxial
loadings are utilized for model verification and comparison of the eight
procedures. The following conclusions can be drawn:

@

(2)

3

(€]

The influence of the coupling sequence of the CPA and the TCD on
prediction performance is investigated and discussed, results show
that the procedures using the CPA before the TCD own better pre-
diction accuracy than that after the TCD.

A comparison of employing the PM and the LM of the TCD for fatigue
life prediction is performed. On one hand, when regarding the crit-
ical distance as a material constant, the procedures employing the
PM present better precision of prediction than those with the LM; on
the other hand, when treating the critical distance as a fatigue life
related function, for Al 7050-T7451 specimens, there are no obvious
difference between procedures using the PM and the LM, and for
GH4169 specimes, the PM with Sequence 1 as well as the LM with
Sequence 2 provide better predictions than others.

The rationality of regarding the critical distance as a material con-
stant or as a function related to fatigue life is investigated. Research
indicates that the methods of regarding the critical distance L as a fa-
tigue lifetime related function provides better correlations than oth-
ers.

By verifying and comparing the eight procedures, the procedures
which couple the CPA and the TCD with Sequence 1 and regarding
the critical distance as a function related to fatigue life provide better
accuracy on fatigue life prediction than others. In these cases, there
is no much difference in prediction performance between using the
PM and the LM in the TCD.
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